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Banach spaces and their operators

Philip A.H. Brooker∗

My research attempts to relate the geometry of a Banach space X to algebraic
properties of B(X), the Banach algebra of (norm-)continuous linear operators from
X to itself. This relationship is highly dependent upon the choice of X, and I am
currently most interested in the case where X is of the form C(K), where K is a
compact, Hausdorff topological space and C(K) is the linear space of all contin-
uous functions f : K −→ R, equipped with the complete norm ‖f‖ = sup{|f(k)|
| k ∈ K}.

The first use of my Lift-Off Fellowship was to fund my travel to and from the
‘Functional and Nonlinear Analysis Workshop’ at the University of Newcastle in
October 2010. At this conference I presented the main results from my PhD thesis
to an audience that included international experts in Banach space theory, some
of whom have considered in their own research the notion of fragmentability of
a topological space by a (usually) incompatible metric —a concept at the heart
of my doctoral research on Banach spaces and their operators. I benefited greatly
from this opportunity to present my research to a specialist audience and from the
many stimulating conversations with other conference participants.

The second use of my Lift-Off Fellowship was to provide financial support for
me to continue my research on a part-time basis between the completion of my
PhD and the commencement of my current postdoctoral position. During this
time I was complementarily supported by the Mathematical Sciences Institute of
the Australian National University, whose facilities I used to support my research
as a visiting Fellow. The aim of this research was to advance our knowledge of
fragmentability of bounded subsets in the dual space of a C(K) Banach space,
where the subsets carry the relative w∗-topology (that is, the topology of point-
wise convergence on elements of C(K)) and the standard operator norm of the
dual space as a metric. (Recall that the dual of a Banach space X is the space of
all norm-continuous linear operators from X to the scalar field R.)

During my research as a Lift-Off Fellow, I obtained precise results in this direction
for a large class of compact Hausdorff spaces K for which fragmentability in the
dual of C(K) was previously not fully understood. This class includes all compact
Hausdorff K that are homeomorphic to a compact ordinal. (Every ordinal carries a
natural Hausdorff topology generated by ordinal intervals; an ordinal is compact in
this topology if and only if it is a successor ordinal.) Previously, precise information
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about fragmentability was known only for those compact ordinals smaller than
ω1 · ωω , where ω denotes the first infinite ordinal and ω1 the first uncountable
ordinal. (See [2], especially p. 2232, and the references contained therein.)

A possible new research front regarding the general problem of classifying the lat-
tice of closed, two-sided ideals in Banach algebras of the form B(X) also developed
during my Lift-Off Fellowship. Until recently, the only Banach spaces (up to iso-
morphism) for which the closed ideal structure of B(X) was fully understood were:
the classical spaces `p(I), 1 ≤ p < ∞, and c0(I), for I an arbitrary set; the spaces
(
⊕

∞

n=1
`2(n))c0 and (

⊕
∞

n=1
`2(n))`1 , which are the respective c0-direct sum and

`1-direct sum of the sequence (`2(n))∞n=1 of n-dimensional Hilbert spaces; and the
recently constructed L∞ Banach spaces X for which the compact operators are
of codimension 1 in B(X). (See [1], [4] and the references contained therein.) The
closed ideal structure of B(X) is fully understood for only a few Banach spaces.
During my time as a Lift-Off Fellow I was able to extend this very short list. In par-
ticular, I was able to show that for a certain class of compact Hausdorff spaces K,
any nontrivial closed, two-sided ideal in B(C(K)) is either the ideal of compact
operators or the ideal of operators having norm-separable range. The existence
of nontrivial examples of such spaces K is established by Koszmider in [3] under
the assumption of Martin’s Axiom. The result I obtained suggests that further
examples may be added to this list via a path through general topology and set
theory; I hope to investigate this in future work.

I gratefully acknowledge the valuable support provided by the Australian Mathe-
matical Society in the form of the Lift-Off Fellowship. I also warmly acknowledge
the hospitality of the Mathematical Sciences Institute at the Australian National
University during my time there as a visiting Fellow. I look forward to acknowl-
edging this vital support in future publications that arise from the research that I
have carried out as a Lift-Off Fellow.
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