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Where to look for the zeros of a polynomial

Stefan Veldsman*

Abstract

The well-known Kronecker construction of an extension of a ring containing a
zero for a given monic polynomial over the ring, is usually given as a quotient
ring of a ring of polynomials. This quotient ring can also be seen as a matrix
ring. In this note, a description of this matrix ring is given.

One of the early joys of a first undergraduate course in ring theory (or abstract
algebra), is the result that any monic polynomial over a ring with unity will always
have a zero in the coeflicient ring or in an extension thereof. This well-known
result of Kronecker is usually shown by embedding the coefficient ring into the
quotient ring of the polynomial ring over the ideal generated by the polynomial.
As such, the elements are cosets which can also be written as polynomials of formal
sums, all with degree less than the degree of the starting polynomial. Products of
such formal sums give powers of the indeterminate which must be reduced to the
required degree by using a rule prescribed by the starting polynomial.

More than often, the beauty and significance of this process and result is lost on
the students at this early stage of their training in algebra. This is mainly due
to their discomfort of working with rings where the elements are cosets or formal
sums.

There is a more natural way to view this ring extension which requires a minimum
number of tools. Most introductory texts will refer to this only in the exercises (if
at all) by considering one or two special cases. The particular case that is usually
mentioned is the one that leads to the circulant matrices.

Here we will present the general case. This approach, using matrices, is not new
in the sense that bits and pieces of the ideas involved have appeared in different
contexts elsewhere. However, the simplicity and the minimal requirements of the
method does warrant wider exposure. A further advantage of this approach is that
many properties of the extension ring can be expressed in terms of well-known
linear algebra concepts.

We start by illustrating the idea with an easy example before we outline the gen-
eral approach. If Z[z] denotes the ring of polynomials over the ring of integers
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Z, let h(z) = 2® + 22 — 1 € Z[x] and let M3(Z, h) be the set of 3 x 3 matrices
defined by:

a b c
Ms(Z,h) = ¢ a—2c b a,b,ce
b ¢c—2b a—2c

This set of matrices, which has been chosen in a very specific way to be outlined
below, is a subring of the ring M3(Z) of all 3 x 3 matrices over Z. The ring Z can
be embedded into M3(Z, h) by

IS
o o e
o O
Q OO

The polynomial h(x) = 23 + 2z — 1 over Z can thus be regarded as a polynomial
over M3(Z, h) and it has a zero in M3(Z, h) namely

0 1 0
t=10 0 1
1 -2 0
Indeed,
h(t)=t>+2t -1
0 1 01> 2000 1 0 1.0 0
—lo o 1] +]/0o 2 0ollo o 1|l=]o 1 0
1 -2 0 00 2|1 =2 0 00 1
The matrix
0 1 0
t=10 0 1
1 -2 0

is the well-known companion matrix of the polynomial h(z) and plays an impor-
tant role in the development of the theory below.

We start by recalling the Kronecker construction of the required ring extension.
This is followed by introducing suitable notation to describe the multiplication in
this ring and to define the matrices required in the ring extension. The necessary
computational rules are established to show that the Kronecker construction is
isomorphic to this ring of matrices.

Let A be a commutative ring with identity 1. Let

1

h(z) == a® — pp_12® 1 — . —prx — py € Alz]

be a monic polynomial of degree k over A, k > 2. The commutativity of A is
assumed for convenience of exposition; most of the initial results will be valid
under the weaker assumption that the coefficients pg,p1,...,pr—1 of h(x) are in
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the centre of A. Let H denote the ideal in A[z] generated by h(z). As is well
known, A can be embedded into A[z]/H and

Alz]

k-1
N {a1 +agy+asy’ +-+ a0 € A yF = Zpiyi}
=0

where a + H is identified with @ € A and z + H with y. The polynomial h(x)
over A can be identified with h as a polynomial over A[z]/H and h(y) = 0. The
set {1 =19°19,92, ...,y 1} is linearly independent over A. Addition in A[z]/H is
straightforward and the multiplication is as usual for polynomials except that all
powers ¥t 1 > 0, must be reduced to linear combinations of 3°,y, 42, ..., y* !
using y* = Zi:ol piyt. To give the general rule for this multiplication, we fix some
notation.

For i and j nonnegative integers, define elements e(i, j) of A inductively by:

1 ifi=j=0,
e(i,j):=<0 if i =0 or j = 0 but not both,
e(t—1,j—1)+pj_1e(t—1,k) forl1<j<kandi=123,....

For later use, note that

(i 5) 1 if1<i=j<k,
627 = . . . .
J 0 f1<j<k,i#j

and e(k +1,7) =p;j_1 for j =1,2,3,... k.
Our first observation, which can easily be verified by induction on s, is:

Property 1. Fori > 1,1 <j<kand1<s<min{i,j},

e(i,j)=e(i—s,j—s)+ Y elk+1,j—1e(i—1k)
=1

=e(i—s,j—9)+ ij,le(z’ —1,k).
=1

The main tool used in describing the multiplication in A[x]/H is:

Property 2. For any s > 1, y* = Zle e(s +1,7)y’~t. In particular, for [ > 0,
yktl = Z?:l e(k+1+1,5)y ! and if 0 <4 < k — 1, the coefficient of 3* in y*+!
ise(k+1+1,i+1).
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.. . k oAl
Indeed, for s = 1, it is straightforward to check that > ., e(2,7)y’ L' = 9. Sup-
pose thus s > 1 and that the statement is true for s. Then

s+1

v =9y

[
E

e(s+1,7)y’ by the induction assumption

j=1
k—1 k

= e(s+1,5)y’ +e(s+1,k)2pj,1y3_1 since y* = ijyJ
j=1 j=1 j

(e(s+1,5—1)+pj_1e(s+1, k‘))yj_1 + (e(s+1,0) + poe(s + 1, k))yo

<
||
N

M- 1

(e(s+ 1,7 —1) +pj_1e(s+1,k)y’ !

<
I
—

-

e(s+2,5)y’ ! as required.

<
Il
i

The product of two elements from A[x]/H is then given:
Property 3.
(a1 + agy +azy® + - + akyk_l)(bl +boy + b3y’ + -+ by )

_Z(ZGZ(HI z+z (k+s—1,i)bs_ HS))yi—l_

I=1
To verify this statement, note that for 0 < ¢ < k — 1 the coefficient of 3 in the
product above is:
arbiy1 + as(b; + coefficient of ¢ in bkyk)
+ as(bj—1 + coefficient of y® in (bk_lyk + bkyk+1))
+ -+ ap(bj—ry2 + coefficient of Y
in (bp—ry2ty™ + bp—rpsy" T+ + by )
4+ ag(b;_gio + coefficient of y* in (bgyk + byt 4+ bkyk+(k_2)))
= a1bip1 +az(bi +e(k+ 1,0+ 1)b) +az(bi—1 +e(k+1,i 4+ 1)bp_y
+e(k+2,i41)by)
+tar(bi_rratelk+ 1,0+ 1)bg_ryo +e(k+2,9+ 1)bp_ris3
+ote(k+r— 1+ 1)by)
+ - Fap(bi—gro telk+ 1,0+ 1)bs +e(k + 2,7+ 1)b3
+-telk+(k—1),i4+ 1)bg)

k l
= Z ap <bil+2 + Z e(k +s—1,1+ ]-)blirs) .

=1 s=2
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Hence the result follows (making the necessary adjustments in the final statement
for the coefficient of y*~! rather than that of y* as determined above).

In order to write the elements a; +ay+azy?+- - -+apy* ! of A[z]/H as matrices,
each y*~! will be replaced by a k x k matrix E;,i = 1,2,3, ...,k These matrices
will be described by using the row matrices e, defined below. We do not distinguish
between 1 x k row matrices and k-dimensional vectors from A* = AQA®--- @ A

and use whatever is more convenient in a particular situation. For each r > 1, let

ey 1= [e(r, 1) e(r2) - e(rn k)] .
Then, for example,
ey =[100---0], e=[010---0,..., e =1[00---01],
€k+1 = [Ppo P1 P2 " DPik—1]
and
ek+2 = [PoPk—1 Po +PiPk—1 Po +P2Pk—1 *** Do+ Pk—1Pk—1]-

Sometimes ey is denoted by p. At times we will also need the k& x 1 column
vectors
e(r, J)
e(r+1,5)
e(ryj) = . forr>1land1<j<k.
e(r+k—1,7)

For r > 1, let E, be the k x k matrix with ith row e,4;_1 (or jth column ¢(r, 5)).
This means

er:—l
E. = .
LEr+k—1
e(r,1) e(r,2) e(r, k)
B e(r+1,1) e(r+1,2) e(r+1,k)
_e(r—i—k.—l,l) e(r+/<;.—1,2) e(r—i—k'—l,k)
= [c(r, 1 e(r,2) - elr k:)] ,

where the (i, j)th entry is given by e(r +i—1, 7). In particular, Fy = Iy, the k x k
identity matrix and

0 1 0 0
0 0 1 0
Ey =
0 0 O 1
Po P1 P2 ... Pk-1
is the companion matrix of the polynomial h(x) = z¥ —pp_12*¥~1 — .- —p1x — pp.

This matrix has been around for a long time; amongst others it has been shown
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that the Cayley—Hamilton theorem is valid and so h(z) = char(E2) = det(zI) —
E5) where char denotes the characteristic polynomial of Es and det denotes the
determinant. Moreover, h(z) is the minimal polynomial of E5. The entries of the
matrix E, = [e(r +1i — 1, j)], ., satisfy the recursion

e(r+i—1,j)=e(r+i—2,j—1)+pj_1e(r+i—2,k) forall 4,7 =1,2,3,...,k.

This recursion can also be expressed in terms of the rows and columns. Let
o: Ak— A* denote the shift function o([a1 az -+ ax]) :=1[0 a1 ag -+ ap_1].
For example, o(e,) = e,41 for r = 1,2,3,...,k — 1 and o(ex) = 0. Note that o
is an A-module homomorphism (both left and right) and for any r» > 1, e,41 =
o(er)+e(r, k)p where p denotes the row vector p :=ex11 =[po p1 P2 -+ DPr—1]-
Moreover,

M=

ery1 = e(r+1,0)e

N
Il
i

(e(r,l = 1) + pr—re(r, k))e

Il
M=

~

1

|
™=

e(r,l —1)e; +e(r,k)p

~

1

and it follows that o(e,) = Zle e(r,l — 1)e;. In terms of the columns, it can be
shown that c¢(r,j) =c(r—1,7 — 1)+ pj_1c(r —1,k) for r > 2 and 1 < j < k. The
products of the matrices FE, are described in:

Property 4. For any r,s > 1, E.FEs = F.,_1. In particular, this means E,.F, =
EE, and B} = E;y forall i =1,2,3,....

For r =1 or s = 1, the statement is clearly true; suppose thus r > 2 and proceed
by induction on s. For s = 2, E, Fy = [a;;], say, where a;; = e(r+i—1) e ¢(2,j)".
Here e denotes the dot product and (-)* denotes the transpose. Thus

k
aijzz (r+i—-10e(2+1—-1,7)

=e(r+i—1,7j—1)+pj_1e(r+i—1,k)
=e(r+1i,j)
=e(r+1+i—-1,7)

since 1 <l <k, 1<j<kande(l+1,7) =0unless!+1=jorl=k. But thisis
just the (7, 7)th entry of E,;; which shows E,Ey = E,1; for all » > 2. Suppose
the result holds for all » > 2 and some s > 2. Then E,.Es;1 = E.(EsE2) =
(E’I‘ES)E2 = (Er-l-s—l)EQ = E(r+sfl)+1 = E(T+(s+1))71 as required.

Our next objective is to show that the matrices E, can be expressed as a linear
combination of F, Fs, ..., Ex and we start with:
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Property 5.

k
Ewp1 =Y paFEr
=1

Firstly, using induction on ¢, it can be shown that
i

e(k+i,5) =Y e(k+1,j—i+De(k+1-1,k)

=1
for 1 <i<kandi<j<k. Secondly, from the first part
k k
dek+LDe(i+1-1,k) = > e(k+1L0e(i+1—1k)
=1 I=k—i+1

= e(k+1,k—i+le(k—1+1-1k)
I=1
= e(k+1i,k)
since e(i+1—1,k) =0 for i+1—1 < k—1. We now show that Fy41 = Zle e(k+
1,1)E; by comparing the rows of the two matrices. The first row of Ele e(k +
1L,LOE) is
e(k+1,1)es +e(k+1,2)ea+---+e(k+1,k)eg
=le(k+1,1) e(k+1,2) - e(k+1,k)]
which is also the first row of Ej 1. Let 1 < ¢ < k and suppose the ith row of Fy11
coincides with the ith row of Zle e(k+ 1,1)E;, that is
epri=elk+1,De;+e(k+1,2)ej41 4+ +elk+ 1,k)eirk—1-
The (i + 1)th row of Ej41 is egxqit1 = o(ep+i) + e(k + 4, k)p. On the other hand,
the (i + 1)th row of Zf}:l e(k+ 1, 1)E) is:
e(k+1,1)eir1 +e(k+1,2)ei42 + - +elk+ 1,k —i)eiq (i)
telk+1,k—i41)eiroiyq1 + - +elk+1,E)ery
=e(k+1,1)(o(e;) +e(i,k)p) +e(k+1,2)(o(ei41) +e(i + 1,k)p) + - -+
+elk+1,k—i)(o(eg—1) +elk—1,k)p) +elk+1,k—i+1)
x (o(er) +e(k,k)p)+ - +elk+1,k)(o(epti—1) +e(k+i—1,k)p)
=ole(k+1,De;+e(k+1,2)e;01+---+e(k+1,k—i)ep_1
+elk+1,k—i+1l)eg+---+elk+1,k)erri—1)+ (e(k+1,1)e(i, k)
+e(k+1,2)e(i+1,k)+---+e(k+1,k—i)e(k —1,k)
telk+1,k—i+De(k,k)+---+e(k+1,k)e(k+i—1,k)p

k
= o(egti) + (Ze(k +1,0e(i+1-1, k))p

=1
=o(epti) +e(k+i,k)p

= €k4it+1
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as required.
Property 6. For any r > 1, E, = Zle e(r,)E, = Zle e(r, )ELL

The first equality can be verified by using (5) above and induction on r and the
second equality follows from (4).

Let M (A) be the ring of all k£ x k matrices over A and let My (A, h) := {a1 F1 +
asFs + -+ apEy | a; € A}. In view of properties (4) and (5) above, My (A4, h)
is a subring of M (A). If we define EY := E; (which is just Ij) and recall that
Ei = E;y 1, we can write My(A,h) = {a1EY + asFE> + azE3 + -+ + akE§71 |
a; € A} and think of My(A,h) as the subring of M (A) generated by {Es} U
{aEy | a € A}. This is sometimes written as A[Fs] = {f(E2) | f(z) € Alz]}.
Even though My, (A) is not commutative, My (A, h) is commutative. The powers of
E5 are reduced to linear combinations of Ey, Ea, ..., Ej using (4) and (5) above.
We want to determine the product of two elements in My (A, k) explicitly. Let
Zle a; E;, E?Zl b;E; € Mi(A,h). For 1 < r < k the coefficient of E, in the
product (Zle aiEi)(Zle b;E;) is given by:
a1b, + a2(b,.—1 + coefficient of E, in by Eg41)
+ a3(br—2 + coefficient of E, in (by—1Fg41 + bk Eri2)) + - - -
+ a(by—i41 + coefficient of E,.
in (bg—t1+2Bk+1 + bk—143Ek12 + -+ + b Egqi-1))
+ -+ ap(br—k+1 + coefficient of E,
in (b2Ept1 +b3Eky2 + -+ + bpEpri—1))
1

= Z ay(br—i41 + Z bp—i4se(k+s—1,7)).

=1 5=2
Thus
k k k k l
(Z a,EE) (Z b,Ez) = Z (Z aj (brl+1 + Z bka»se(k +s— 17 T))>Er
i=1 i=1 r=1 =1 s=2

From the preceding, we thus have
Theorem 1. For the unital commutative ring A and h(z) = zF — pp_qxht —

-~ —prx — po € Alz], the quotient ring

Alx]/H = {al +agy + azy® + -+ apyt?

k—1

a;i € A,y* = Zpiyi}
=0

is isomorphic to My (A, h).

The ring A has the canonical embedding into My, (A, h). This ring of matrices con-
tains a zero for h(x) regarded as a polynomial over My (A, h), namely its companion
matrix Ey. Indeed, h(Ey) = E5 =Y pi 1B = B =Y i ES L =0 (by
(5)). Moreover, any zero for h(z) which is already present in A remains a zero for
h(zx) in Mg (A, h). By iterating this process, one can obtain as many different zeros
for h(x) in a suitable matrix extension of A as is desired (see the examples below).
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One of the main advantages of working with matrices from My (A, h) rather than
formal sums a; + aoy + asy® + - - + axy® !, is that no reductions are necessary
when calculating products. The price to pay for this is that the elements of the
extension ring containing the zeros for the polynomial are k x k matrices rather
than just formal sums or k-dimensional vectors. The examples below include many
of the well-known special matrix rings.

Examples

(a) Let h(z) = 2% + 1 € R[z]. Then

M, (R, h) = { [_“b 2}

where R and C denote the real and complex numbers respectively. The polynomial
h(z) has two zeros in My(R, h), namely

a,beR}§C,

0 1 0 -1
EQZ |:_1 0:| and —E2: |:1 0:|

Let C; := My(R,h). Repeating this procedure, h(x) has at least four zeros in
Cy :=M3(Cq, h) (€ My(R)), namely

0 1 0 0 0 -1 0 0
10 0 0 1 0 0 0
0o 0 o 1| ™ Jo o0 o -1
0 0 -1 0 0 0 1 0

0 0 10 00 -1 0
0 0 0 1 00 0 -1
10 00 ™ |y o 0 o
0 -1 0 0 01 0 0

(the new E and —FE5 in M(Cq,h)). Then Cz := My(Cy, h) (C Mas(R)) will
have at least six zeros for h(x) regarded as a polynomial over C3. In general,
Cpt1 := My(C,, k) will have at least 2(n + 1) zeros for h(x).

The general form of the polynomial above is h(z) = 2* + 1 € R[z] which leads to
the k x k skew-circulant matrix ring

al as ce ag

— Qg aq .. Af—1
Mk(Ra h) = . . . . a; (S R

—as —asz ... ay
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(b) Let h(x) = 2* — 1 € R[z]. Then

a; ag ... Q.
ap ai; ... Af—1
M (R, k) = . a; €R
a2 asg aq
is the k£ x k circulant matrix.
(c) Let h(z) = 2% € R[z]. Then
a; az as ... ar
0 a; az ... Af—1
Mk(R, h) — 0 0 a ... QAf—2 a; € R
O o0 0 ... aq

(d) Let h(z) = 2% + = + 1 € Za[z]. Then

wzan={[s 1)

is the well-known four-element field.

a,bEZQ}

We conclude with a few remarks to highlight the role of results from linear algebra
in the properties of the ring My (A, h).

k=1 ... —px—po € Alz] of degree

Property 7. For any given h(z) = 2% — pp_12
kand r > 1,
r=1 if k is odd,

Do
det(E,) =
et(E) {(—1)T1p61 if k is even.

Once again, an induction on r provides justification for this statement. If pg is a
unit, then E; ! exists and

i e O S S

Po Po Po Po

) 1 0o ... 0 0
Eyx"=10 | A 0 0 € My (A, h).

0 0 1 0

Note that by (4) above, E;rll = (Ey Y.

Property 8. As mentioned earlier, the Cayley-Hamilton theorem is valid which
means for h(z) € A[x] we have h(zx) = char(Fs) = det(zI; — E2) and h(E2) = 0.

Property 9. For M € M(A,h), M will be a unit (i.e. it is invertible) if and only
if det(M) is a unit of A. In such a case, M~! = g(M) for some g(x) € Alx]
(cf. Corollary 7.25 of Brown [1]) which means M~! € My (A4, h). We conclude
by describing det(M) for M € My (A, h) where A is an integral domain. Sup-

pose h(x) = 2% — pp_12¥1 — ... — pjz — pg € A[x] has a factorisation h(x) =
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(r —wy)(x —wa)...(x —wyg) for some w; € A. Suppose M = Zle a; Bt Then
f(z) == a1 +agx + -+ + arz®~ € Alz] and f(E2) = M. We show det(M) =
flwi)f(wa) ... f(wg). Indeed, using Theorems 8.54 and 8.50 of Brown [1], it fol-
lows that det(M) = R(h, f) = f(w1)f(ws)... f(wg) where R(h, f) denotes the
resultant of h(z) and f(x).

A special case worth mentioning is the following. For each i > 0, let

".ﬁl "él %1
(2 (2 ?
w1+2 w2+2 e wk+2
(2 (2 ?
W)= | “ wsy Wy
itk—1  itk—1 itk—1
wq ws wy,
Let D(ay,as,...,ax) be the k x k diagonal matrix with a; in position (4,4). For any

§>0,W(j+1)=W()D(wi,ws, ... wk) and so W(j) = W(0)D(w!, w3, ... ,wi).
Recall that

1 1 1
w1 ) WE
2 2 2
W)= | “ w2 Yk
k—1 k—1 k—1
Wy Wy W

is the well-known Vandermonde matrix with det(W(0)) = [[,.;(wi —wj). Since
h(w;) = 0, wF = Z?lej_le_l and so E,W(0) = W(1). Hence EIW(0) =
W(j) = W(0)D(wl,wj, ... ,wl) for any j > 0. Then

MW (0) = W(O)D(f(wn), f(ws), - ().

If det(WW(0)) is a unit, then
(W(O))ilMW(O) = D(f(wl)a f(w2)a SRS f(wk))

M has eigenvalues f(wi), f(w2),...,f(wg) with corresponding eigenvectors
(1,wy,w?, ... ,w’ffl), (1,ws,w3, ... ,wgfl), v (Lwg,wi L ,w’,jfl) respectively.
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