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Comment on ‘Counting paths in a grid’

Michael D. Hirschhorn*

Abstract

In a recent note in the Gazette, Albrecht and White consider P, », the num-
ber of paths from a cell in row 1 to a cell in row m of an m x n grid of cells. 1
obtain a simpler recurrence and a simpler closed formula for Pp, n, and give
an asymptotic formula in the case m = n as m — oo.

This is a comment on the article ‘Counting paths in a grid” by A.R. Albrecht and
K. White [1]. Let 7y, for all m,n > 1 be the number of paths a chess-king can
take from (1,1) to (m, n), moving up, right, or diagonally up and right. The r,, ,
form the array

n
1 2 3 4 5
m 1 1 1 1 1 1
21 3 5 7 9
31 5 13 25 41
4 1 7 25 63 129
5 1 9 41 129 321

If we add the columns, we obtain the a, ,, where a,, , is the number of paths
from (1,1) to (m, ¢) for some g with 1 < g < n. The a,,,, form the array

n
1 2 3 4 5
m 1 1 2 3 4 )
21 4 9 16 25
3 1 6 19 44 85
4 1 8 33 96 225
5 1 10 51 180 501

If again we add the columns, we obtain the P, ,, where P, , is the number of
paths from (1, p) to (m,q) for some p,q with 1 < p < ¢ < n. The P,,,, form the
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array
n
1 2 3 4 )
m 1 1 3 6 10 15

2 1 5 14 30 55
3 1 7 26 70 155
4 1 9 42 138 363
5 1 11 62 242 743

The 7y, 5, the a,, , and the P, , all satisfy the recurrence

Tmn = Tmn—1 + Tm—1,n + Tm—1,n—1-

)

The generating functions are
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If we write
we find that
m—1\/n—
= 22", )( )’
k>0
—1
o =22 (") (1)
k>0
-1\ /n+1
P, = .
()G )

This last formula gives a quick way of calculating P, .
From these formulas, I can prove that
Pom < %Tm_‘_l)m{_l and P /Tm41,m+1 — % as m — 0o,

and so (see [2])
1

PmAm ~
: V167v/2m

(V2+ 1)+ as m — .

We know that

1
Pm,m/{(\/i‘i‘ 1)2"”'1} —1 asm — oo.
16mv/2m
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We can examine the quantity

g=1 Pm,m/{\/w;m(ﬁJr 1)2’”“}.

By choosing values of m up to 10® and using MAPLE to 40 digits, I find that mgq
seems to approach a limit as m — oo, and that limit is ¢; ~ 0.824524. If that is
indeed the case, then

1
Pm)mw7(\@4—1)2’”Jrl (1—6—1—1— ) as m — oo.
167v/2m m
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