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Cohen and Whitaker [1] investigated some first-order recurrence relations related to the Chebyshev
polynomials of thefirst kind, 7,,(x), defined for non-negative integer n by

1

tn(z) = cos(ncos™ " x), |z |< 1.

For n > 2, these satisfy the Chebyshev recurrence relation
Tpio =22T,1 —T,, To=1, T)=uz.
For example, the recurrence relation
Xpp1=2X2-1, Xo=X,
can be written as
X1 = Th(X,) = cos(2cos™ ! X,,).
Repeated application leads to the closed form

X, =cos(2"cos ™ z) (= Ton(x)).

For suitably restricted x this sequence of polynomials may then be considered to be the closed-form
solution of the first-order recurrence relation given above. (The trigonometric form is more stable
numerically than the explicit polynomial form.)

The underlying method can be applied to other recurrence relations.
Given
Xpy1=NWX,), Xo=uz,

then
X, = h"(x)

where the superscript denotes repeated function composition. If A™ can be easily written in closed
form then the recurrence relation has been “solved”. Otherwise it may be possible to find functions
fandgsuchthat h = f o go f~1. (Thereisclearly an analogy here with matrix algebrain terms of
equivalent matrices). If g™ ismore easily expressible in closed form then a solution can be obtained
by setting

Xng1=fogo fH(Xy)
whence

Xp=fog"of H(a)

for suitably restricted .

The function ¢ can also depend on n. in thiscase
Xnt1=fogno f_l(Xn)
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with

Xn:fognogn_lo---oglof_l(ar).
Of course, for a given function A, finding a useful “equivalent” function ¢ is a matter of some art. In
the following we shall consider those recurrence relations which arise from given functions f and g.

Also, z isto be suitably restricted in each case for the solution to be valid, and a # 0, b, c and d are
real constants and n and p are non-negative integers.

la Let f(#) = acosf + band g(f) = ph. The associated recurrence relation is then
Xn—0

Xn_|_1 = atp ( > + b, XO = T.

Since g™ (#) = p™0, the closed-form solution is
X, = acos <p" cos ! <$ — b>> + 0.
a

Xpi1 =222 -1 (p=2,a=1,b=0),

Xpy1 =15 — 2bz, + 5 +b-2  (p=2,a=2),
Xnt1 =4$2—3xn (p=3,a=1,b=0), and
Xpy1=87p —82 -1 (p=4,a=1,b=0).

n

Particular cases include:

1b. Now let f(0) = acos@ + b and g, (#) = nf. The associated recurrence relation is then

Xp,—0
a

X,, = acos (n!cos_1 (m — b)) +b.
a

Properties of other trigonometric functions can aso be used.

Xn+1 = aly ( > + b; Xo = xr,

with solution

2a W,(z) = tan(n tan™! x) defines a sequence of rational functions which satisfies

xz+ W,

Wont =
n

Wy = 0.

Letting f(0) = atanf + b and g(¢) = p() givesthe recurrence relation

X, —b

With solution analogous to 1a above. Particular cases include:

2X,,
Xn+1:1—X£ (p:27a:]-,b:0)7
-3X, + X3
Xn+1:w (p:3,a:1,b:0), and
4X, —4X3
Xpoy = —n n —4a=1,b=0).
L= exzyxd P4 )
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2b. Generalising, the rational functions determined by

- ( tanc + Wy (x) >

Wi () = tan(c + tan™" x) T 1 Wa(a) tanc

satisfy the same recurrence relation as W, () with Wy = tang. with f(f) = atanf + b and
g(0) = ¢ + po, the associated recurrence relation is

A X, —b

with solution

n —1 r—b

X, =atan | ¢g" [ tan +b
a

where "1

p J—

c +p"0 p#1,

gu@)=q p-1 7

cn+ 0 p=1.

Examples of recurrence relations for which closed-form solutions can be found include:

tanc+ X,,
Xpyo1=——— =1,a=1,b=0), and
+ 1— X, tanc (p 4 0)
t 2X, — X2t
X1 = anc+ 5 tanc (p=2,0a=1,b=0).

1—-2X, tanc — 22

2c. f(0#) = atanf + b and g, (#) = nd gives results analogous to 1b above. g, () = n + pf leads
to the recurrence relation

tann + W, (‘””—_b)
Xn == S b7 X =4,
i a(l—W—p(%)tann * 0=

with solution
X,, = atan (Qn (tan‘1 (x;b))) +b
where
=D nle =Dy gz,
Gn(0) =gnogn_10---0g1(f) = (p_lzbz
Ssn+1)+60 p=1

2
Finally, trigonometric functions need not be used.

3a f(0) = ab? + band g(0) = 6P givesthe recurrence relation

X, —b

a

p
Xn+1:a< > +b, XOZ.’E,

and solution
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Examplesinclude:
Xnp1 =X, 20X, +0°+b  (p=2,a=1), and
Xni1=X2+3X2+3X,+2 (p=3,a=1,b=-1).
Precisely the same recurrence relations are obtained by use of f(6) = ae® + b and g(6) = pb.
3b. Consider the general first-order quadratic recurrence relation
Xpi1=AX24+2BX, +¢, Xo=r,

Where A # 0, B and C' arereal constants. This can be reduced to solving arecurrence relation of the
form X,, .1 = X2 + ¢ in the following manner.

Let £(0) = ab? + b and g(0) = c + 62, then the genera quadratic recurrence relation is obtained

When 2
, C —'— .

a =

The solution for n > 1 isthen

z—0b 2
Xn:a<g"_1< +c>> +b
a
where the n — 1 superscript denotes function composition and GG,, = g™ () satisfies
Grny1=G24+¢, Go=0,
which is of the form stated above.

3c. Let f(0) = Wld and g(f) = cf. The associated recurrence relation is
Xn

c+d(l-c)X,’

Xn+1 = Xo =z,

with closed-form solution .

c+d(l—c)z

f(0) = giz + b with g(0) = co + can + (ca + can)0, c; integer or real as appropriate, alows
a wider variety of recurrence relations. (Mathematica gives closed-form solutions for ¢™(#) when
00201:00r02:00r03:0.)

X, =

For each of the recurrence relations presented in cases 1, 2 and 3 above, inverse recurrence relations
can also be developed in the manner of [1] by considering

Yns1=h""(Ya) = Fog, o fTHym), w0 =,
Where g7 is an inverse function of g, possibly chosen separately for each n. Solution methods
similar to those presented above may thus be useful.
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