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The Hutchinson–Barnsley theory for infinite iterated function systems
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NOTE ON THE SCHWARZ TRIANGLE FUNCTIONS

Mark Harmer

We show the rationality of the Taylor coefficients of the inverse of the Schwarz triangle
functions for a triangle group about any vertex of the fundamental domain.

1. Introduction

In the paper [3] of the same title Lehner shows that the (inverse of the) Schwarz

triangle functions for the Hecke triangle groups have rational Fourier coefficients about

the cusp along with an asymptotic formula for the coefficients. Here we generalise this

result to show that the Taylor coefficients of any Schwarz triangle function are rational

about any vertex of the fundamental domain (in appropriate coordinates).

We consider the triangle groups Γ; ie. groups generated by pairs of reflections across

the sides of the hyperbolic triangle Δ with angles

𝜋𝛼 = 𝜋/𝑚, 𝜋𝛽 = 𝜋/𝑛 and 𝜋𝛾 = 𝜋/𝑝

at the vertices for positive integers 𝑚, 𝑛 and 𝑝 with

1/𝑚+ 1/𝑛+ 1/𝑝 < 1

(see [1]). A fundamental domain 𝒡 of Γ consists of the union of a copy of Δ with its

reflection through any one of its sides.

The Riemann mapping theorem tells us that it is possible to find a conformal map

𝜑(𝑧) = 𝑤 from the upper half plane to Δ—the classical Schwarz triangle functions [4].

The inverse function 𝜓(𝑤) = 𝑧 is a single valued meromorphic function which is auto-

morphic with respect to the group, that is, 𝜓(𝑤) = 𝜓(𝑔𝑤) for all 𝑔 ∈ Γ. Here we prove

the simple result that 𝜓(𝑤) has rational Taylor coefficients when expanded about any of

the vertices of the fundamental domain in appropriate coordinates.

Received 15th June, 2005
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386 M. Harmer [2]

2. Schwarz-Christoffel mappings to regions enclosed by circular arcs

A detailed discussion of the theory of Schwarz-Christoffel mappings may be found

in [4]. To summarise, given a region Δ ⊂ 𝔺 enclosed by three circular arcs with angles

{𝜋𝛼, 𝜋𝛽, 𝜋𝛾} at the respective vertices {𝐴,𝐵,𝐶} we can find an holomorphic function

𝜑(𝑧) =
𝑧1−𝑐𝐹 (𝑎′, 𝑏′; 𝑐′; 𝑧)

𝐹 (𝑎, 𝑏; 𝑐; 𝑧)

which maps the upper half plane

𝔺+ = {𝑧; ℑ𝑧 > 0}
onto the interior of Δ and is continuous to the boundary. Here the numerator and

denominator are linearly independent solutions of the hypergeometric equation

𝑧(1− 𝑧)𝐹𝑧𝑧 +
[
𝑐− (𝑎+ 𝑏+ 1)𝑧

]
𝐹𝑧 − 𝑎𝑏𝐹 = 0

with constants 𝑎, 𝑏, 𝑐 given in terms of the angles by

𝑎 =
1

2
(1− 𝛼 + 𝛽 − 𝛾)

𝑏 =
1

2
(1− 𝛼− 𝛽 − 𝛾)

𝑐 = 1− 𝛼 .

The function 𝐹 is the hypergeometric function and the arguments in the numerator are

given by

𝑎′ = 𝑎− 𝑐+ 1 =
1

2
(1 + 𝛼 + 𝛽 − 𝛾)

𝑏′ = 𝑏− 𝑐+ 1 =
1

2
(1 + 𝛼− 𝛽 − 𝛾)

𝑐′ = 2− 𝑐 = 1 + 𝛼 .

The vertices 𝐴, 𝐵 and 𝐶 of Δ are the images of points

𝐴 = 𝜑(0), 𝐵 = 𝜑(∞) and 𝐶 = 𝜑(1)

on the real axis. Then it is easy to see that 𝐴 = 𝜑(0) = 0 lies at the origin, 𝐶 lies on

the positive real axis and the arcs 𝐴𝐵, 𝐴𝐶 are straight lines, see [4] for details. In fact

Δ is a hyperbolic triangle with the vertex 𝐴 at the origin of a scaled Poincaré disc model

of the hyperbolic plane, see figure 1 (here the orthogonal circle 𝒞0 does not have radius

one).

The normalisation 𝜑(𝑧) = 𝜈𝜑(𝑧) so that 𝒞0 has radius one and Δ is a hyperbolic

triangle in the standard Poincaré disc is given by

𝜈 =

√
cos(𝜋𝛼+ 𝜋𝛽) + cos(𝜋𝛾)

cos(𝜋𝛼− 𝜋𝛽) + cos(𝜋𝛾)
· cos(𝜋𝛼− 𝜋𝛽 − 𝜋𝛾) + 1

cos(𝜋𝛼 + 𝜋𝛽 + 𝜋𝛾) + 1
· Γ(𝑎′)Γ(𝑏′)

Γ(𝑐′)
· Γ(𝑐)

Γ(𝑎)Γ(𝑏)
.
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A
C

B

C0

∆

Figure 1: The image Δ of 𝜑.

For details of this messy calculations see [2]. It is clear from this that

𝜑(𝑧) = 𝐺(𝛼; 𝑧)/𝐺(−𝛼; 𝑧)

where

𝐺(𝛼; 𝑧) =
√
𝜈𝑧𝛼𝐹 (𝑎′, 𝑏′; 𝑐′; 𝑧).

It is interesting to note that 𝐺 is the solution of an eigenvalue equation

𝒧𝛽,𝛾𝐺 = 𝛼2𝐺

with eigenvalue 𝛼2 where 𝒧𝛽,𝛾 is an operator proportional to the hypergeometric operator

and independent of 𝛼.

3. Rationality of the Taylor coefficients

The function 𝜑(𝑧) = 𝑤 is a Schwarzian triangle function. We may analytically con-

tinue 𝜑 through the real axis, avoiding the singular points {0, 1,∞} which correspond

to vertices of Δ, to get a map from the cut Riemann sphere to the union of Δ and Δ

reflected through one of its sides—together forming a fundamental domain of Γ. Contin-

uing in this way 𝜑 is an infinitely many-valued function on the Riemann sphere minus

{0, 1,∞}. On the other hand the inverse function 𝜓(𝑤) = 𝑧 is a single valued meromor-

phic automorphic form: there is a single pole at 𝐵, and for a suitable definition of the

group action it is automorphic,

𝜓(𝑔 · 𝑤) = 𝜓(𝑤)
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for all 𝑔 ∈ Γ ([4, page 308]).

We now show that, in suitable coordinates, the Taylor coefficients of 𝜓(𝑤) at each of

the vertices of the fundamental domain 𝒡 are rational. In our argument we shall assume

that each of {𝑚,𝑛, 𝑝} are finite however this is not essential—the case of a cusp having

been dealt with in [3].

We begin by considering the Taylor series of 𝜓(𝑤) about the order 𝑚 vertex 𝐴 = 0;

due to automorphy it has the form

𝑧 = 𝜓(𝑤) = 𝑤𝑚 + 𝑐2𝑤
2𝑚 + 𝑐3𝑤

3𝑚 + · · · .

Conversely the Schwarz triangle function has an order 𝑚 branch point at the origin

𝑤 = 𝜑(𝑧) = 𝑧1/𝑚(1 + 𝑑1𝑧 + 𝑑2𝑧
2 + · · · )

= 𝑧1/𝑚𝐹 (𝑎′, 𝑏′; 𝑐′; 𝑧)

𝐹 (𝑎, 𝑏; 𝑐; 𝑧)
.

Now the 𝑎, 𝑎′ et cetera are rational and expanding 𝐹 in a hypergeometric series about

the origin we see that as a result all the 𝑑𝑖 will be rational. This in turn implies that in

𝑤𝑚 = 𝑧(1 + 𝑑′1𝑧 + 𝑑′2𝑧
2 + · · · )

𝑤2𝑚 = 𝑧2(1 + 𝑑′′1𝑧 + 𝑑′′2𝑧
2 + · · · )

...

𝑤𝑘𝑚 = 𝑧𝑘(1 + 𝑑
(𝑘)
1 𝑧 + 𝑑

(𝑘)
2 𝑧2 + · · · )

the 𝑑
(𝑘)
𝑖 are also rational. Substituting for the powers of 𝑤𝑚 in 𝜓(𝑤) we solve for the 𝑐𝑖

and see that they too are rational.

For the other vertices we define suitable coordinates about the vertex using a linear

fractional transformation. Let us bracket 𝜓(𝑤) with linear transformations

𝜓′(𝑤) = 𝑇 ∘ 𝜓(𝑆−1 ∘ 𝑤)

where

𝑆 ∘ 𝑤 = 𝑒𝑖𝑡 𝑤 − 𝑑

1− 𝑑𝑤

maps the hyperbolic triangle in figure 1 so that the vertex 𝐵 (in turn 𝐶) is placed at the

origin of the (scaled) Poincaré disc model and the triangle is rotated so that one side is

on the real axis and one vertex in the first quadrant. Here |𝑑| < 𝜈−1 and 𝑑 = 𝑑𝜈2 as we

use the scaled Poincaré disc. Then we put

𝑇 ∘ 𝑧 =
−1

𝑧 − 1

(
in turn

𝑧 − 1

𝑧

)
which is the shift {0, 1,∞} → {1,∞, 0}, (in turn {0, 1,∞} → {∞, 0, 1}). We claim that

𝜓′(𝑤) is the inverse of a Schwarz triangle function constructed as above with the angles
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shifted {𝛼, 𝛽, 𝛾} → {𝛽, 𝛾, 𝛼} (or {𝛼, 𝛽, 𝛾} → {𝛾, 𝛼, 𝛽}). Indeed it is easy to see that

𝜓′(𝑤) has the same action mapping the upper half plane to the appropriate hyperbolic

triangle with the distinguished points {0, 1,∞} going to the vertices. The uniqueness

of this conformal map follows from the Riemann mapping theorem and the fact that we

are mapping distinguished points to the vertices—so that 𝜓′(𝑤) must correspond to the

inverse of the constructed Schwarz triangle function. Consequently, we apply the above

argument to get the rationality of the Taylor coefficients of

𝜓(𝑆−1 ∘ 𝑤)

about 𝐵 (and likewise 𝐶)—it is clear that 𝑇 will not effect rationality. In these coordi-

nates the Taylor coefficients of the automorphic function 𝜓(𝑤) are rational about each

of the vertices of the fundamental domain.
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