ANZIAM J.47(2005), 5163

EXISTENCE OF SOLUTIONS AND OPTIMAL CONTROL
PROBLEMS FOR HYPERBOLIC HEMIVARIATIONAL
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Abstract

In this paper we prove the existence of solutions for hyperbolic hemivariational inequalities
and then investigate optimal control problems for some convex cost functionals.

1. Introduction

In this paper we shall study the following optimal control problem:
Minimise J(y, u, v)
subject to a hyperbolic hemivariational inequality of the form

y'(t) —aAy'(t) — BAY(t) + E(t) = Bu(t) a.e.t € (0, T),
yt)=0 onT,

y0) = VYo, YO0 =y,

EX, 1) € (X, t,v(X, 1), Y(X,1)) a.e. (x,1t) € Q,

(1.1)

where @ is a bounded domain iR"(n > 1) with sufficiently smooth boundary
I=90Q,Q=Qx (0,T),y = ady/dt,y" = d?y/ot?, Ay = Y., 8%y/9x?, anda
andp are positive real numbers. Hepés a discontinuous and nonlinear multi-valued
mapping by filling in jumps of a locally bounded functibpu andv denote the control
variables,B is a bounded linear operator and the cost functidrgl u, v) is given by

i
Iy, u,v) = / {9(y(®) + hu@®), v} dt, (1.2)
0
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whereg andh are convex functionals. From a physical point of vigwin (1.1)
represents displacemeny, velocity andy” acceleration. Recently, the theory of
variational inequalities, which is closely related to the convexity of the energy func-
tionals involved, has been considerably developed and optimal control problems for
such variational inequalities have been investigated by many authdtsq, 19. It

is well known that the existence of solutions for variational inequalities is based on
monotonicity arguments and the derivation of the necessary optimality conditions is
based on the subdifferentials of convex analys]s ©n the other hand, following the
work of Duvaut and Lions4], several new types of variational problems in an inequal-
ity form have been investigated. The background of these variational problems is in
physics, especially in solid mechanics, where nonconvex, nonmonotone and multi-
valued constitutive laws lead to hemivariational inequalities. We refé&2and [14]

to see some applications of hemivariational inequalities. The existence of solutions for
hemivariational inequalities has been proved by some autBpt9[13, 16, 17, 19].

But there is not much literature dealing with optimal control problems for hemivaria-
tional inequalities and as far as we know there is no literature deriving the necessary
optimality conditions for the corresponding optimal control problems because these
are more complicated than those for variational inequalities due to the lack of convex-
ity of the energy functionals. Haslinger and Panagiotopoubprioved the existence

of optimal controls for coercive hemivariational inequalities and i and Ochal

[11] showed the existence of optimal control pairs for parabolic hemivariational in-
equalities. Panagiotopoulo&f] considered an application problem for hyperbolic
hemivariational inequalities with a multi-valued reaction-velocity law such as the last
inequality of (L.1). Motivated by his work, we attempt to prove the existence of so-
lutions for hyperbolic hemivariational inequalities of the forinl) and the existence

of optimal control pairs for the optimal control probler®) (see Sectiort below).

The plan of this paper is as follows. In Secti@nassumptions and notation are
given. In SectiorB, the existence of a solution to the probleinlj is proved using

the Faedo-Galerkin method and finally in Sectibthe existence of solutions to the
optimal control problemF) is investigated.

2. Assumptions and notation
Throughout this paper we denote
(, Z)=/V(X)Z(X)dx and I|y||2=/ [y dx.
Q Q

We denote by(-, -) the dual pairing betweeh}(2) and H (). LetU be a real
Hilbert space of variable, L?(Q) a space of variable, and%,q x #.q @ nonempty
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subset ofL2(0, T;U) x L?(Q). We denote by - ||x the norm of a Banach spac¢ée
Now we assume the following conditions concernitigl—(1.2).

HYPOTHESIS(Hyp.b). b: Q x R?, b(x,t, n, &) — Ris alocally bounded function
satisfying the following conditions:

(i) biscontinuous im uniformly with respect t@, thatis, there existg > 0 such
thatforall(x, t, n, &) € Qx R?andforalls > 0, there existy = y (8, X,t,n, &) > 0
such thatb(x,t,n, &) —b(x,t,n, &) <8if [n —n'| <y and|§ — &'| < €.

(i) (x,t) = b(x,t,n, &) is continuous orQ for all n € R and a.e¢ € R.

(i) (x,t,&) — b(x,t,n, &) is measurable i) x R forall n € R.
(iv) [b(x,t, 1, &) < wo(X, 1)+ pa(L+[n| +[€]), forall (x, t, n, &) € Q x R? with
a nonnegative functiop, € L?(Q) and a positive constat; .

The multi-valued functiorp : Q x R? — 2% is obtained by filling in jumps of a
functionb(x, t, n,-) : R — R by means of the functions ,b.,b,b: R — R as
follows:

b.(x,t,n &) = |eséslini’o(x, t,n,s), b.(X,t,n, £) = esssup(x, t, n, s),
S—El=e Is—¢|<e

b(x.t.n. &) = lim b, (x.t,n. ), b(x.t.n. &) = lim b.(x, t.n.£),
(X, t, 1, &) = [b(X, t, 1, &), b(x, t,n, £)].

REMARK 2.1. Let j : Q x R? — R be a locally Lipschitz continuous function with
respect to the last variable obtained frorby integration, that is,

£
j(X,t, naS) :/ b(x,t,n,f)df.
0
Then the following relation hold<[:

(X, t,n, &) =0j(X,t,n, &),

where d denotes the generalised gradient of Clarke (see for exanpléol the
definition of and the relevant results for Clarke’s generalised gradient).

We shall need a regularisation loflefined by
0"0x . §) =m [ box.tn. &~ oypme) dr,

wherep € C((—1,1)), p > 0and /", p(r)dr = 1.
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REMARK 2.2. It is easy to show thai™(x, t, n, &) is continuous irt forallm e N
and thab_, b,, b, b, b™ satisfy the same conditiciiyp.b) (iv) with possibly different
constants ifb satisfies(Hyp.b) (iv). So, in the remainder of this paper, we denote
different constants by the same symbol as original constants.

HYPOTHESIS (Hyp.B). B : L?(0, T;U) — L2(0, T;L?%(Q)) is a bounded linear
operator.

HYPOTHESIS(Hyp.U). %aq is a closed convex subset bf(0, T;U) and#,4 is a
compact subset df?(Q).

HYPOTHESIS(Hyp.Q). g : L?(R2) — R is proper, convex and continuous. Moreover
there existk; > 0 andk; € R such thagg(y) > ky||y|| + ko, for all y € L2(Q).

HYPOTHESIS(Hyp.h). h : U x L%Q) — R is a proper, convex and lower semi-
continuous functional satisfying(u, v) > ks([lull3 + [[v]|?) + ke, for all (u,v) €
U x L?(®) and for somek; > 0 andk, € R.

For details on the definition of convexity and lower semicontinuity of functionals
and the relevant results, we refer the reader8,t8][

DEFINITION. Given(u,v) € L?(0, T;U) x L% Q), Yo € Hy(2) andy; € L*(Q),
y is said to bea solutionof (1.1) if y € L>(0, T; HJ(2)), Y € L>(0, T; L%()) N
L2(0, T; Hy(2)), Y’ € L%0, T; H1()), there existE € L2(0, T; L)) and the
following identities hold:

t t t
/(y”(S),w>dS+a/ (Vy/(S),Vw)dSJrﬂ/ (Vy(s), Vw) ds (2.1)
0 0 0

t t
+/ (E(s),w)ds:/ (Bu(s), wyds, Vtel0,T],Yw e Hy(Q),
0 0

B(x,t) € p(X, t,v(X, 1), Y(X, 1)) a.e.(x,t) e Q, (2.2)
y0) =Yo, YO0 =y (2.3)

3. Existence results for hemivariational inequalities

In this section we are going to show the existence of solutions to the proklém (
using the Faedo-Galerkin approximation.

THEOREM3.1. Assume thatHyp.b)and(Hyp.B) hold. Let(u, v) € L?(0, T;U) x
L2(Q) and (Yo, Y1) € Hg(2) x L2(€2). Then the problenil.1) has a solution.
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PROOF. We represent bfw; } ;-1 a basis irH} (€2) which is orthogonal i 2(€2). Let
V,, be the space generated by, w,, . .., wy,. We may chooséyo,) and(yim) in Vi,
such thatyon — Yo in HJ(Q) andyi, — Y1 in L(Q). Letyn(t) = Y1, gim(Dw;
be the solution to the Cauchy problem:

(Y, w) + @ (VY (1), Vw) + B(VYm(D), Vw) + (b"(t, v(t), ¥, (1), w)  (3.1)
= (Bu(t), w), VYw € Vy,
Ym(0) = Yom,  Yn(0) = Yim. (3.2)
By standard differential equation methods, we can prove the existence of a solution to

(3.D—(3.2) on some intervalo, t,). This solution can then be extended to the closed
interval [0, T] using thea priori estimates below.

Stepl: A priori estimates. Replacingw by y/,(t) in (3.1), we get

Ei / 2 / 2 ég 2
5 gp YmOI" + VYR O + 5 VYOI
= —(0"(t, v(1), Yu (1), Y (D) + (Bu(t), y,(1). (3-3)

By (Hyp.b)(iv), there existg; > 0 such that
/Ot Ib™(S, v(S), Yn(S)) 1> ds
= /Ot/ Ib™(x, s, v(X, S), Y/, (X, $)[*dx ds
o
< 2l tolarg, +2ui/0t/9<1+ (X, 9] + Iy, (x. )2 dx ds

t
< cit 22 / IyL()I2ds (3.4)
0
and hence

t
/ (b™(s, v(S), Ym(9)), Ym(S)) ds
0

t 1/2 t 1/2
s(/ IIbm(s,v(s),y;(S))llzdS) (f IIy:n(S)IIZdS>
0 0

1 t
<3 ler@i+y [iyers). 35)
0

By (3.3) and @.5), we have

B

1 t
Ell)/,’n(’t)ll2 + EIIVym(’E)II2 + Ot/ IVYyn(s)lI*ds
0
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1 B
§||y1m|| + 5 IIVVOmII + 5 /IIBU(S)II ds+ /llym(S)ll ds
1
+5 icl+(2ui+l)/ ||y,’n(S)||2dS}
0
t
=c+c [ Iy@ltds (3.6)

0

Here and in what follows we ugé to denote a generic constant independeninof
Gronwall’s inequality implies that

t
IYLOI2 + [VYm® 2 + / IVy.(9)|2ds < C. (3.7)
0

From 3.4) and 3.7) we also get

t
f Ib™(s, v(S), Y, (S)?ds < C. (3.8)
0

So we can extend the solutioyg(t) to the whole intervalO, T]. Finally we will
obtain an estimate foy,;,. From 3.1), we get for allw € Vp,,

(ym(®), w)| = | — (VYL (1), Vw) — B(VYn(t), Vw)
— (b™(t, v(1), Y (1), w) + (Bu(t), w)|. (3.9

So, by a density argument, we have froBn/j—(3.9) that
(y!) is bounded inL2(0, T; H (). (3.10)

Step2: Passage to the limit. From thea priori estimatesd.7), (3.8) and ¢.10), we
have subsequences (in what follows we denote subsequences by the same symbols
original sequences) such that

Y — Y weakly* in L>=(0, T; HX(R2)),
y. >y weakly inL2(0, T; H(2)) and
weakly* in L=(0, T; L%(Q)), (3.11)
Yy =y weakly inL2(0, T; H-%(Q)),
b™(v,y.) — E weaklyinL2(0, T; L3()).

Now we can take the limin — oo in (3.1). Therefore we obtain

Y'@®), w) +a(Vy(t), Vw) + B(Vy(t), Vw) + (E(t), w)
= (Bu(t), w), Yw € Hy(RQ). (3.12)
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Step3: yis a solution of(1.1). Let¢ € CY([0, T]) with ¢(T) = 0. By replacingv
by ¢ (t)w; in (3.1 and integrating by parts the result o6r T), we have

- 0, $ Ow dt+ o / (90, 6O U+ (g, $O0)
+/3/0T(Vym(t),¢(t)ij)dt+/OT(bm(t, v(t), YD), ¢ (Hw)) dt
:/OT(Bu(t),mt)wj)dt. (3.13)
Similarly from (3.12 we get
T T
—/0 (Y’(t),¢’(t)wj)dt+a/0 (VY'(t), ¢(O)Vwj) dt 4 (y'(0), ¢ (O)w))
+ﬁf0T(VY(t),¢(I)ij)dt+/OT(5(t),¢(t)wj)dt
=/OT(Bu(t),¢(t)wj)dt. (3.14)
Comparing 8.13 and @.14) we infer that
lIm (yim =y, wj) =0, j=12....

This implies thaty;,, — Yy'(0) weakly in H=1(2). By the uniqueness of the limit,
y'(0) = yi. Analogously, takings € C?([0, T]) with ¢(T) = ¢'(T) = 0, we can
obtain thaty(0) = y,. Next we will show that2(x, t) € ¢(X,t, v(X,t), (X, 1)) a.e.
(x,1) € Q. By (3.11) and the Aubin-Lions compactness lemni§ fve get

y,, — Yy strongly in L3O, T; L%())
and hence
y (X, t) - y(x,t) ae.(x,t) e Q.
Letn > 0. Using the theorems of Lusin and Egoroff, we can choose a suwbse®
such that mea®) < n,y € L*(Q \ w) andy,, — Yy uniformly on Q \ w. Thus,
for eache > O, there is anN > 2/¢ such thatly, (x,t) — y'(X,t)| < €/2, for all

(X,t) € Q\wandm > N. Then, if|y/,(X,t) —s| < 1/m, we havey'(X,t) —s| < €
forallm > N and(x,t) € Q \ w. Therefore we have

b.(x,t, v(x, 1), Y(X, 1)) < b™(X, t, v(X, 1), y,,(X, 1))
< b.(x, t, v(x, 1), Y(X, 1)),
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forallm> N and(x,t) € Q\ w. Letg € L?(Q), ¢ > 0. Then

b (x,t, v(x, 1), y'(X, )¢ (x, t)dx dt
Qw

< b™(x, t, v(X, 1), (X, t))p (X, t) dx dt
Qw

< b (X, t, v(X, 1), Y(X, 1) (x, t)dx dt (3.15)
Q\w

Lettingm — oo in (3.15 and using 8.11), we obtain

b (x,t,v(x, 1), y'(X, )¢ (x, t)dx dt
Qw

< / EX, D)o(x,t)dx dt
Qw

< b (X, t, v(X, 1), Y(X, 1) (x, t)dx dt (3.16)
Q\w

Lettinge — 0"in(3.16), we inferthate (x, t) € (X, t, v(X, 1), y(X, 1)) a.e. inQ\ w,
and lettingn — 0" we getE (X, t) € p(X, t, v(X, t), Y (X, 1)) a.e.inQ. Therefore the
proof of Theoren8.1is complete. O

4. Existence of the solutions of the optimal control problem

We denote by¥ (u, v) the set of all solutions of the problem.() for a given
(U, v) € UagXx #aq. TheorenB.limpliesthat? (u, v) # @forany(u, v) € agx #ag-
Let us consider the following optimal control probleR):(

Minimise {J(y, U, v): (U, v) € %ag X #aq, Y €. (U, v)}. (P)
For our purpose we need the following proposition.
PROPOSITION4.1. For a given(u, v) € Zaq X #aq, the following estimate holds

sup {”y”L“(O,T;HUl(Q)) + 1Y llteo.1i2@ntz0.mHi@) + ||y//||L2<0,T;H*1(Q>)}
ye.& (u,v)

= C(yO, Y1) + C (HUHEZ(Q) + ”ulﬁz(oj;u)) ’

whereC > 0 and c(yo, Y1) is a positive constant depending on the initial data
andy;.
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PROOF Lety € “(u, v), theny satisfies 2.1)—(2.3). Replacingw by y'(s) in
(2.1) and using Young'’s inequality, we get

l t
SO+ ZI9y0 1 +a [ 19y @)1ds
0
1 ' 2 1 ' — 2 ' / 2
< c0n v + 5 [ IBUSIPds+ 5 [ 2GSt [ Iy©lFds (@)
0 0 0
By the assumption oh (see(Hyp.b) (iv)) and Remark2.2, we can easily show that
t t
[ 1z@rds=cc {/ Iy © I+ ||v<s>||2>ds} . 4.2)
0 0
By the Gronwall lemma, we get frord ()—(4.2) that
t
YOI+ 19501+ [ 19y @)12ds
0
t
<c(Yo, Y1) +C {/ (v + 1Bus)[1?) dS} : (4.3)
0

Moreover, we have from2(1) that for allw € Hg (2) andt € [0, T]
t t t
/(y”(s),w)ds: —a/ (Vy’(s),Vw)ds—ﬁ/ (Vy(s), Vw) ds
0 0 0

t t
—f (E(s),w)ds+/ (Bu(s), w) ds.
0 0

By (4.2) and @.3), we infer that

t
1Y 12071 30 < (Yo, y1>+C{ f (||v<s>||2+||Bu<s>||2>ds}. (4.4)
0

SinceB is a bounded linear operato#.8) and @.4) complete the proof of Proposi-
tion4.1 O

THEOREM4.2. Assume that the conditions of Theor&rh, (Hyp.U), (Hyp.g)and
(Hyp.h)hold. Then the optimal control proble(R) has at least one solution.

PrROOF Letd = inf{J(y,u,v) | (U,v) € Zag X #ag, ¥ € (U, v)}. By the

assumptions og andh, it is clear thatd > —oco. Let (Vn, Uy, vn) € % (Un, V) X
Uaq X Wag be a minimising sequence, that is,

t t
/(y;’(S),w)dSJra/(Vy;(S),Vw)ds
0 0
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t t
+,3/ (VYn(S),Vw)dS-F/ (En(s), w)ds
0 0

=/l(Bun(S),w)d& vt € [0, T], Vw € Hj (), (4.5)
En(x, t) eo<p(x, t, on(X, 1), yo(x, 1)) a.e.(x,t) € Q, (4.6)
YO =Y, ¥%O) =W (4.7)
and
d<J¥nUpvy)<d+1/n, n=123,.... (4.8)

From (Hyp.h)), (Un, vy) is bounded iy x #aq C L?(0, T;U) x L?(Q). Accord-
ingly a subsequence can be determined such that

U, — u* weaklyinL?(0, T;U). (4.9)

By (Hyp.U), Z.q is weakly closed, and hencé € %,q4. Also, since#,q is compact
in L2(Q) and(v,) is bounded in#.q, we infer that

v, — v* strongly in L?(Q) and v* € #4q. (4.10)
Therefore, by Propositio#.1, we get

(yn) is bounded inL>(0, T; H}(S2)),
(y;) isboundedinL>(0, T; L?(22)) N L0, T; Hy(2)), (4.12)
(y!) is boundedinL?(0, T; H ().

This together with the fact tha} || Eq(s)[1?ds < C+C [, (I Y4(S) 1>+ llva(9)[1?) dsim-
plies that(Z,) is bounded ir_?(0, T; L?(R2)). Therefore we get, along subsequences,
that

Yo — Y* weakly* in L*(0, T; Hy (), (4.12)
y, — y* weakly* in L*(0, T; L3Q)) and weakly inL?(0, T; Hy(2)), (4.13)
y, — y* weakly inL?(0, T; H 1)), (4.14)
E, — E" weakly inL?(0, T; L%()). (4.15)

Therefore, using4.9)—(4.15 and lettingm — oo in (4.5), we conclude that
t t t
/ <y*”(S),w>dS+a/ (Vy*/(S),Vw)dSJrﬁ/ (Vy*(s), Vw) ds
0 0 0

t t
+/ (E*(s),w)ds:/ (Bu'(s), w)ds, Vte[0,T],Vw e Hy().
0 0
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To show thaty* € . (u*, v*), it is sufficient to show that
E*(X, 1) € (X, 1, v"(X, 1), y'(X, 1)) a.e.(x,t) € Q.

Indeed, by 4.13, (4.14) and the Aubin-Lions compactness lemma, weyjet> y*
strongly inL?(0, T; L?(2)) and hencey/ (x,t) — y*(x,t) a.e.(x,t) € Q. By the
theorems of Lusin and Egoroff, for a given> 0 we can choose a subsetc Q such
that mea&w) < n andy;, — y* uniformly onQ \ w. Thus, for eacls > 0, there is
a positive integeN such thafy/ (x, t) — y*(x,t)| < €/2, for all (x,t) € Q \ w and
n > N. On the other hand4(6) implies that

b, (X, t, vn(X, 1), v, (X, 1)e(x, t)dx dt
Qw

E /
Q\w

< be2(X, t, vn(X, 1), Yi(X, D) (X, t) dx dt (4.16)
Q\w

(1]

n(X, Do (X, t)dx dt

forany¢ € L2(Q) with ¢ > 0.
Noting that, fom > N,

b, (X, t, va(X, 1), Y (X, 1)) = essinfb(x,t, va(X, 1), S)
</ Is—ypl<e/2

> essinfb(x, t, v,(X, 1), S)

Is—y"|<e
= DE (Xv t9 Un(Xv t)? y*/(x’ t))

and
b 2(X, t, vn(X, 1), Yi(X, 1)) = esssu(X, t, va(X, 1), S)

[s—ypl=<e/2

< esssul(x, t, vy(X, 1), s)

Is—y¥|<e

= BE (Xv t? vn(xv t)7 y*/(xs t))a

we get from ¢.16) that

b, (X, t, vn(X, 1), Y7 (X, t)¢(x, t) dx dt
Q\w
5/ En(X, D)o (x,t)dx dt
Q\w

< b (X, t, va(X, 1), Y¥(X, t)P(X, t)dx dt (4.17)
Q\w



62 Jong Yeoul Park and Sun Hye Park [12]
Lettingn — oo in (4.17) and using 4.10 and(Hyp.b) (i), we conclude that

b, (x, t, v* (X, t), Y’ (X, t)e(x, t) dx dt
Qw

E v/
Q\w

< b (X, t, v¥(X, t), y'(X, ) (X, t) dx dt (4.18)
Q\w

[l

X, Do (x,t)dx dt

Lettinge — Ot in (4.18, we infer thatE*(x,t) € (X, t, v*(x,t), y’(x, 1)) a.e. in
Q\ w, and lettingn — 0" we getZ*(x,t) € p(x,t, v*(X, 1), y¥(X, 1)) a.e. inQ.

Hence(y*, u*, v*) € .7 (U*, v*) X %aq X #aq IS @an admissible pair for problen®);

Taking the limith — oo in (4.8) and using the lower semicontinuity af we conclude
that

d < Jy', u, v < lim J(Yn, Uyvp) < d.

Thus(y*, u*, v*) is a solution of the optimal control problerR)( O
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