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Abstract

The time fractional diffusion equation with appropriate initial and boundary conditions in
ann-dimensional whole-space and half-space is considered. Its solution has been obtained
in terms of Green functions by Schneider and Wyss. For the problem in whole-space, an
explicit representation of the Green functions can also be obtained. However, an explicit
representation of the Green functions for the problem in half-space is difficult to determine,
except in the special cases= 1 with arbitraryn, or n = 1 with arbitrarye. In this

paper, we solve these problems. By investigating the explicit relationship between the
Green functions of the problem with initial conditions in whole-space and that of the same
problem with initial and boundary conditions in half-space, an explicit expression for the
Green functions corresponding to the latter can be derived in terms of Fox functions. We also
extend some results of Liu, Anh, Turner and Zhuang concerning the advection-dispersion
equation and obtain its solution in half-space and in a bounded space domain.

1. Introduction

Applications of fractional derivatives can be dated back to the 19th century. For
example, Caputo and Mainardi found good agreement with experimental results when
using fractional derivatives for the description of viscoelastic matefig)<fl]. More
recently, the idea has emerged that the space atigherfractional partial differential
equation, obtained from the standard partial differential equation that replaces the
space-derivative and/time-derivative by a fractional derivative, may mazurately
describe some physical problems than the corresponding standard partial differentia
equation. More and more works by researchers from various fields of science and
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engineering deal with dynamical systems described by fractional-order differential
equations (FDES), which have been used to represent many natural processes i
physics B, 28, 33, finance P5, 27] and hydrology b, 7]. For example, the fractional
diffusion equation (TFDE) and the fractional advection-dispersion equation (TFADE)
have been widely researched] [L2, 17, 30]. From a physical viewpoint, they are
obtained from a fractional Fick law replacing the classical Fick law, which describes
transport processes with a long memoty][ Nigmatullin [22, 23] pointed out that
many of the universal electromagnetic, acoustic and mechanical responses can b
modelled accurately using fractional diffusion-wave equations. For example, a TFDE
has been explicitly introduced in physics by Nigmatull28] to describe diffusion

in special types of porous media which exhibit a fractal geometry. Gétad [13]

also presented a TFDE describing relaxation phenomena in complex viscoelastic
materials. Roman and Alemang€] investigated continuous-time random walks on
fractals. Gorenflet al. [16] generated discrete random models suitable for simulating
random variables whose spatial probability density evolves in twweprding to a
TFDE.

Wyss 32] and Schneider and WysaJ] considered the time fractional diffusion and
wave equations and obtained the solution in closed form in terms of Fox functions.
Other research has considered the same equation and space and/or time FDES f
different motives. Recently, Anh and Leonenko also considered the same fractional
diffusion-wave equations3[ 4] and the heat equatior?]. Gorenflo, Luchko and
Mainardi [14] used the similarity method and the Laplace transform method to obtain
the scale-invariant solution of the time fractional diffusion-wave equation in terms of
the Wright function. Agrawal presented a general solution for a fractional diffusion-
wave equation defined in a bounded space domain by the finite sine and Laplace
transform techniquel]. Gorenflo and Mainardi considered random walk models for
space fractional diffusion processé$]| The spacedime fractional diffusion equation
has also been treated by Mainardi, Luchko and Pagnini as a Cauchy problem and its
fundamental solution (or Green function) was investigated with respect to its scaling
and similarity propertiesZ1]. Benson, Whearcraft and Meerschaéitdonsidered
the space fractional advection-dispersion equation and gave an analytical solutior
featuring thex-stable error function. Liet al. [18] considered the space fractional
Fokker-Planck equation and presented its numerical solution. Recentit &lij19]
also treated the TFADE and derived the complete solution of this equation with an
initial condition. Many other FDEs, such as the Black-Scholes equation, also were
considered. Professor Meerschaeéitp(//unr.edu/homepage/mcubed/ ) has
pointed out that fractional derivatives are almost as old as their integer-order cousins.
Recently, fractional derivatives have found new applications in engineering, physics,
finance and hydrology. In physics, fractional derivatives are used to model anomalous
diffusion, where a could of particles spreads differently than the classical Brownian
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motion model predicts.
The results presented in this paper are based on the works of Schneider and Wys
[29] and Liuet al [19].

2. The time fractional diffusion equation

We consider the equation

a“u(x, t
% — AU, O<a <1, 2.1)
with the fractional derivative defined in the Caputo se®$e [
d"p(t) B
dow | ar a=nen
dt- /(t nald(p(t)dr, n—1l<ao<n,
r(n —a) den

whereyp is a continuous function. Properties and more details about Caputo’s fractional
derivative can be found in2D, 24]. The Laplace transform of a function(t),
0 <t < oo, is defined as follows20, 24]:

5P = Lie®) = Llo®); p) = / e Ply(t) dt. (2.2)
0

There is a fundamental formula

a n-1
5% { dd(ift)’ p} — pa(ﬁ(p) o kX:(; paflfk(p(k)(0+)’ n—-1<a«o <n, ne N. (23)

We refer to 2.1) as the time fractional diffusion equation (TFDE). For this equation,
there are a series of papers (s€€][and the references therein) which consider
the following two basic problems, which are initial value problems (IVPs) or initial
boundary-value problems (IBVP) respectively:

Problem I: The TFDE in a whole-space (IVP)

uxx,0" = f(x), xeR", (2.4)
u(x", Foo,t) =0, t>0; (2.5)

Problem II: The TFDE in a half-space (IBVP)
ux, 0" = f(x), Xxe D, (2.6)
Al t) — “§—XU<X°’ t) =v(x",t), t>0, (2.7)

ux", +o0,t) =0, t>0, (2.8)
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with given sufficiently well-behaved functionsandv. The notation is as follows:

=R"I xR, D =R" x{0}, X= (X, Xp,...,%,) €D,
X' = (Xg, Xpy .y Xno1) € R X0 = (X, Xa, ..., Xp_1, 0) € OD.

For problem |, the solution has been obtained by Schneider and \2&jss [
u(x, t) =/ dyG*(Ix —yl,t) f(y),
[RH
whereG“(x, t) is referred to as the Green function or fundamental solution, which

is intended to be the solution for the IVP corresponding to the initial condition
f(x) = 5(x) (wheres denotes the Dirac delta distribution):

G(r,t) = a L2 lezp (22/ar 2/ap-1

1D
(n/2,1/a), (1, 1/a) )’

whereH(2) is a Fox function (oM -function) [24, 31].
For problem Il, as the propagation equatiariy is linear, it is sufficient to consider
separately the problems

{(1) f£0, v=0; 2.9)

2 =0, v#0,

which Schneider and Wyss called first and second type problems respectively. They
also obtained solutions in terms of their corresponding Green functions. However,
they only derived an explicit representation of the Green functions for the first type
problem and that for the second type problem for some special cases. In fact, the
second type problem can be further subdivided by the choige @fin (2.7):

1 r2=1 u=0;
2 A=0, pu=1; (2.10)
B A#£0, u=1
Then their solutions may be expresséé][as
t
u(x,t) =/ d“ly/ dzGS (X" — Y. X)), t — D)oy, 1), (2.11)
Rn-1 0

where the indice$ = 1, 2, 3 correspond to the casgs 0f (2.10. However, Schneider
and Wyss 29 did not succeed in finding explicit representations & except in
the special cases = 1 with arbitraryn, or n = 1 with arbitraryx. For the special
case whem is set to be one, they found th@t (j = 1, 2) are non-negative. They
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then wanted to know whether this remains true for arbitrawith 0 < « < 1. They
pointed out that this question remained openrfor 1.

Based on the work of Schneider and Wyss, we try to resolve the above questions.
In other words, we provide explicit representations@&jr(j = 1, 2) and show that
they are indeed non-negative for arbitrargnd O< « < 1.

2.1. The TFDE in one spatial dimension In order to motivate the technique and
for simplicity, we first focus our attention o2 () in one dimension, that is,

d*u(x,t)  d%u(x,t)

™ oz O<a<l1t>0. (2.12)

The following basic initial and boundary conditions are considered:
(a) The Cauchy problem (IVP)

ux, 0 = f(x), —oo <X < 400, (2.13)
U(FFoo,t) =0, t > 0; (2.14)

(b) The signalling problem (IBVP)

ux,0n =0, x>0, (2.15)
ut, t) =g(t), u(+oo,t)=0, t=>0. (2.16)

The solutions of the Cauchy and signalling problems were derived respec@ly [
to be

+00
uex, t) =/ dy G(Ix —yl.H f(y)

e}

and

t
u(x,t) =/ dr GI(x,t — 1)g(7),
0

whereG{ and G{ are the corresponding Green functions which represent the so-
called fundamental solutions, obtained whigix) is set to beS(x) or g(t) to bes(t)
respectively. It should be noted th@g (x, t) = G%(|x|[, t) since the Green function
is an even function oX.

Applying the Laplace transforn2(2) to (2.12 with respect to variableand using
the formula R.3) with (2.13 for f (x) = §(x), we obtain

~ 92 ~
P *G(X, p) — S(X)p* ! = 552 Ce (X P):



322 F. Huang and F. Liu [6]

Because of the singular terdix), we have to consider the above equation separately
in the two intervalx < 0 andx > 0, imposing the natural boundary conditiogsl{)
and the necessary matching conditiong at 0. Then we obtain

o/2—1

Go(x, p) = pTe*P“”'X'. (2.17)

For the signalling problem, the same application of the Laplace transforéh1g (
with (2.15 leads to

Brx, p) = e = 0D
S 9

= W2 (X% ). (2.18)
Returning to the time domain and lettirg= x~%“t, we obtain the solution
G2 (X, 1) = X 2w, (X 7°t) = Zt M wy2(2).

Herew; (0 < B < 1) denotes the one-sided stable (@vlj probability density9]
characterised by its Laplace transfoiip(p) = e . In fact, it can be explicitly
expressedq9] as

wp(X) = BIXTPHE (xl

=1/8.1/8))
From 2.17) and .19, we recognise that for > 0,
0 ~a ~a
a_st(X’ p) = _aXGc(X’ p)’
and in the time domain we obtain the relation
t
XGI(x,t) = =Gg(x,t), X,>0.
o
Then we can obtain the explicit representation@grwith 0 < o < 1
z
Gz (X9 t) = _wa/z(z) = ailtxilia/zwa/z(txiz/a)9
aX
which is in agreement with the known result 29].

REMARK 1. We can easily show thab¢ is a probability onR, for G¢(x,t) =
G¢(]x], t) and thatw,(z) is a probability orR ..

REMARK 2. We can obtain similar results for4 « < 2 if we add another initial-
value condition(du/at)(x, 0) = 0.



[7] The time fractional diffusion equation and the advection-dispersion equation 323

2.2. The TFDE in ann-dimensional half-space Using a similar method to that
outlined above, we can trea.() in ann-dimensional space, that is to say, we will
analyse the Green function id.(L1) corresponding to the second type of problem II.
We useg(k, x,, p) to denote a Fourier transform with respect to variableand a
Laplace transform with respect to variablfor the functiong(x, t), that is,

+00
gk, X, p) =/ d”lee”‘XT/ dte P'g(t).
Rn-1 0

For problem I, the Fourier-Laplace transform f@X) with the initial condition
(2.4) for f(x) = 3(x) leads to
= 1 2A 9%
‘G — p*s = —k°G* + —G“.
p P76 (Xn) + ax2
Taking into account the boundary conditichg) and the necessary matching condi-
tions atx, = 0, we derive

o—1
G (K, X, P) = B e, (2.19)

2 /pa + k2
For problem I, the application of the Fourier-Laplace transform2td)(with (2.6),
where f (x) = 0, leads t?G¢/dxZ = (p* 4 k*)G?, with the general solution

GT(k, Xn, p) = A(k’ p)e*\/ p* +k2xqn + B(k, p)e+ /p“+k2xn'

The coefficientsA andB are determineq by the conditior 7)—(2.8) with v(x", t) =
8(xT)8(t), thatis,G¢(k, 0, p) = 1 anddG4(k, 0, p)/dx, = —1. Consequently,

G2 (K, Xy, p) = € VPH angd (2.20)
_ 1 ST
Gi (K, Xn, p) = ———=8" VP, (2.21)

/pa_|_k2

From 2.19—-(2.21), we recognise that for, > 0,
aipé‘j(k, X, P) = —aX,G*(K, X,, p) and
0 ~a ~a
a_XnGz(kv Xn7 p) = _Gl(kv Xn’ p)
Returning to the spacéme domain we obtain the relation
t
X G (X, 1) = —GY(x, 1), Xy > 0, (2.22)
o

G4(x, 1) =/ dyG!(x",y,t), X, > 0. (2.23)
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First, we can obtain an explicit representation@&t,
GY(X, 1) = ax,t 7 1G¥(x, t)

= 2'ax,t e A HE (21xt“/2

(L,a/2)
(n/2,1/2),(1,1/2) )

Then an explicit representation f& follows from (2.23).
Itis obvious that forj = 1, 2,

G‘j’(x,t) >0, xeD,t>0.

For the particular choices that= 1 orn = 1, the results are in good agreement with
those in R9].

3. The time fractional advection-dispersion equation

As an application of the derived theory we extend the above analysis to the time
fractional advection-dispersion equation (TFADE) which Eial [19] investigated
recently. Furthermore, we seek the solution for the TFADE in a bounded domain
using the same approach as ij.[ The TFADE is obtained by replacing the time
derivative in the advection-dispersion equation by a generalised derivative ofcorder
with0 < o < 1:

*°C(x, 1) dC(x, 1) 9°C(x, 1)
= —V + D 9
ot oX ax?
with the initial condition

t >0, (3.2)

C(x,0) = Cy(x), (3.2)

wherev > 0, D > 0 andd*C(x,t)/dt* is a Capato’s fractional derivative. This
system can be expressed by the following integral equation:

B 1 t vt dC(X, 1) 3°C(X, 1)
C(x,t) =C(x,0) + %/o (t—r1) |:—v % + D e } dr

withn—1 <« < n,n = 1. Toreduce the above equation to a more familiar form, let

vé X
C(x,t) = St —, = —, 3.3
(x.1) = ue )exp(zﬁ) f-— (3.3)
with the initial condition
vé
Cx,0=C = ,0 ——.
(%, 0) o(X) = Uu(é )exp( 2\/5>
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The TFADE is then reduced §] to

22u(é, ‘[) 5
UE b = U, owm/( [ T u(s,r)] de
d2u(&, t
=u¢, 00+ D [ 8(52’ ) _ wAU(E, t)] (3.4)
and
& vé‘
= 3.5

whereu? = v2/4D, D~ is the fractional integral of order [24] and its Laplace
transform is given by

Z{D %)} = miﬂ{t“ N2} = pU@(p, a>0.
According to the properties of the Laplace and Mellin transforms and the Fox function,
Liu etal found the Green function for the reduced TFABE—(3.5) in the half-space
domain € > 0), that is,

ue,t =/ Gl (I —yl,tu(y, 0)dy, (3.6)
0
where
o _ 1 — 12t —r2/(4t%0) 11 10 (1—3c/2,a)
Gﬂ(r,t) = ZW ; e Hi; (0 (—1/2,1) )do. (3.7)

3.1. The solution of the TFADE in the half-space domain Infact, the above results
(3.6—(3.7) can easily be extended to the Cauchy problem3di) (n the whole-space
domain with

C(x,0") = Cy(X), —o00 < X < +o00,
C(F00,t) =0, t >0,

which corresponds to the reduced TFADE4) for & € R by the relation 8.3). The
solution is obtained by using the same technique as that oftLal [19]

+00
Ut = / G.(1€ — v, Ho(y) dy.

e}

An explicit representation fa?,. is also obtained:

+o00
efuzt“afrz/(m"a) H]:_If (O' l(l - 30[/2, O[)) dO',

Gl 1) = (-1/2,1)

1
2/ mte J_
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with a Laplace transform of the form

~ pail a2
GZC(S’ p)=——6€ petuflgl (3.8)

2 /pa+'u2

The signalling problem ford.1) in the half-space domain is considered with

C(x,0nH =0, x>0,
C(0%,t) =gt), C(+oo,t)=0, t=>0.

It corresponds to the reduced TFADE4) for & > 0 with

ue¢,0"H =0, £>0, (3.9)
u0,t) = g(t), u(+oo,t)=0, t>0. (3.10)

The application of the Laplace transform &4) with (3.9) gives

I*UE, p)
9&2
with the general solution

U, p) = Ae” PrtitE | Bev Pt

= (u* + pHUE, p),

Taking into account the boundary conditios1(0), that is,

U, p) =9(p), U(+o0, p) =0,

the coefficientsA andB are determined, then

UE, p) =G(pe Vs =g(pGiyE, p) = L{G%E D g}, (3.11)
where

Gly(E, p) = e VP (3.12)
The inverse Laplace transform &.(1) gives
t
UE 1) = GEy(&. 1) # g(t) == / d7Ge, (6.t — 1)g(1).
0
From 3.12 and @3.8), we derive that for > 0,

0 ~ ~
a—pG“s(r, p) = —cerZC(r, p).

I
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Returning to the spaciéme domain we obtain the relation
o t o
rGHC(r,t) = EGHS(r,t), r > 0.
Consequently, we obtain explicit representationsGr as

Gig(r,t) = art™'Gu (r, 1)

—12tYo —r2/(4t%) H]:_If (O' l(l - 30[/2, O[)) dO'

B ar /+ooe
9 [mte+2 | o (-1/2,1)

3.2. The solution of the TFADE in a bainded domain In this section we seek

the solution of the TFADEZ.1) in a bounded domain & x < +/DL with the initial
condition 3.2). We further consider the following boundary conditions:

C(,t) = C(+/DL,t) =0, t=>0.

By the relation 8.3), we obtain another form of the reduced TFADE

d*U(E, t) d°u(&, t)
—n = —uPu(E, t) + T O<é&<L,t>0, (3.13)
with the boundary conditions
u@©,t) =u(L,t) =0, t=>0, (3.14)

and initial condition 8.5). Taking the finite sine transform 03 (L3, and applying the
boundary conditions3(14), we obtain

°u(n,t)

pre —u2a(n, t) — (@n?i(n,t), t >0, (3.15)

wherea = /L, nis awave number anm(n, t) = fOL u(y, t) sin(any) dyis the finite
sine transform ofi(y, t). The finite sine transform oB(5) is

a(n, 0) = /L Co <i> exp(—i> sin(ang) d¢. (3.16)
0 VD 2D

Applying the Laplace transform t®(15 and using the initial condition$3(16), we

obtain

s*~th(n, 0)

—_——. 3.17
s* + u? + (any? (3.17)

a(n,s) =
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Noting the Laplace transform pair of the Mittag-Leffler function

o—1

E, (ct") <% pp_c, N(p) > [, ce%, (3.18)

o

where the Mittag-Leffler functioik, (z) with « > 0 is defined by the following series
representation, valid in the whole complex plagd]{

[ee}

Zn
EE2=Y —— %.
+(2) ;F(anJrl)’ ze

We then obtain the pair

s*~th(n, 0) 2
s* + u? + (any?

E.[—(1* + @m?)t)]a(n, 0).

Thus we can first apply the inverse Laplace transform and then the inverse finite sine
transform for 8.17) to obtain

2 L
ueéE,t) = EZ E.[—(u?+ (@n?)t*)] sin(an*;‘)/0 Co (%) e "4/2/D sinany) dy.
n=1

By the relation 8.3), we can obtain the solutio@(x, t).

4. Conclusions

We consider the time fractional diffusion equation and the advection-dispersion
equation respectively in amdimensional whole- and half-space. We investigate the
explicit relationships between the problems in whole-space with the corresponding
problems in half-space using the Fourier-Laplace transfa@rtr). Then fundamental
solutions of the problems in half-space are obtained under the precondition that the
fundamental solutions of the problems in the whole-space are known. We resolve
some of the remaining problems stated #9][ Furthermore, the time fractional
advection-dispersion equation in a bounded space domain is also considered. It
solution is derived by the finite sine and Laplace transforms. In future research, we
will consider their applications in hydrology and numerical simulation.
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