ANZIAM J.46(2004), 171184

PONTRYAGIN’S MAXIMUM PRINCIPLE FOR
OPTIMAL CONTROL OF A NON-WELL-POSED PARABOLIC
DIFFERENTIAL EQUATION INVOLVING A STATE CONSTRAINT

MI JIN LEE! and JONG YEOUL PARK

(Received 25 August, 2003; revised 18 November, 2003)

Abstract

In this paper, we study Pontryagin’s maximum principle for some optimal control problems
governed by a non-well-posed parabolic differential equation. A new penalty functional
is applied to derive Pontryagin’s maximum principle and an application for this system is
given.

1. Introduction

In this paper, we shall study Pontryagin’s maximum principle for optimal control of a
non-well-posed parabolic differential equation of the form

ay .

5+Ay+ fo,t,y)=u in Q=Qx(0,T),

y=0 on ¥=9Qx (0, T) y@O) =y,

with the state constrairf(y) C S, whereQ is a bounded open subset with smooth
boundaryd 2, f is a continuous functiorf; : L?(Q) — X andX is a Banach space.
The cost functional is given by

.
J(y.w) =/ [9(t, y(©)) + h(u(t))]dt.
0

Solving the control problem for infinite-dimensional systems and observations has
been a big issue in the area of mathematical systems theory for more than thirty
years. Inthe memorial work of Lion$], linear optimal control theory for distributed
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parameter systems was developed to a considerable extent by using fundamental resul
on the existence and regularity of solutions to linear partial differential equations.
Barbu [1, 2] contributed greatly to optimal control theory for nonlinear systems.
The theory of nonlinear accretive operators and of nonlinear differential equations of
accretive type has occupied an important place among functional methods in the theory
of nonlinear partial differential equations since its inception in the 1960s. Its areas
of application include existence theory for nonlinear elliptic and parabolic boundary
value problems and problems with a free boundary.

For another approach to the optimal control problem using the maximal principle for
optimal control for some nonlinear equations, we refer to Li and Ydhfpf example.
Casast al. [3] studied Pontryagin’s maximum principle for some parabolic equation
with gradient state constraints. Raymond and Zidahidonsidered time-optimal
control problems governed by semilinear parabolic equations with pointwise state
constraints and unbounded controls and derived a Pontryagin’s principle for boundary
controls. In particular, in recentyears, there has been growing interest in Pontryagin’s
principles for control problems governed by non-well-posed differential equations.
Some systems may have no global solution (global in time), or have more than one
solution for each control. The timal control problems governed by such systems
are called non-well-posed optimal control problems. Wahd (] dealt with optimal
control problems for a non-well-posed elliptic differential equation. Moreover, Wang
[9] obtained Pontryagin’s maximum principle for parabolic differential equations with
two-point boundary state constraints.

The purpose of this paper is to derive Pontryagin’s maximum principle for optimal
control of a non-well-posed parabolic differential equation involving state control. In
particular, this paper deals with the cost functional which may be non-smooth and a
convex set of controls while Wan@][dealt with a non-convex control set. To derive
Pontryagin’s maximal principle, we shall introduce a new penalty functional which
can transform the original optimal control problem into an optimisation problem with
a parameter and use the method in Bath2] to obtain the necessary conditions for
the optimal solution of the optimisation problem.

The paper is organised as follows. In Sectiynve present the preliminaries and
hypotheses of the paper. In Sectidnwe derive Pontryagin’s maximum principle
for optimal control of a non-well-posed parabolic differential equation. Finally, in
Sectiord, we give an application.

2. Preliminaries

Throughout this paper, we denote yc R", n > 3, a bounded open subset with
smooth boundar§2. LetQ = Q2 x (0, T) forsome fixed > OandX = Q2 x (0, T).
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We denote by, ), the inner productin.?($2) and by(, ) o the inner productih.2(Q).
LetY = H2Y(Q) N L%(0, T : H3(2)) where
dy dy %y

2,1 _ 2 oz 2
A™(Q = {ye L 5 By o

e L%(Q); i, | :1,...,n}
and

W01,2n/(n+2)(g2) — {w = L2n/(n+2)(Q) . a_w c L2n/(n+2)(Q) | -1 n

aX 9 9 9

w =0 on BQ}.

Let (K, d) be a separable metric space and deffine- {u : Q — K is measurable
andd(u,v) = t({(x,t) € Q : u(x,t) # v(x,t)}), wherer denotes the Lebesgue
measure irR". Then(U, d) is a complete metric space.

The problem P) studied in this paper is as follows:

.
determine infJ(y, u) = inf/ [g(t, y(t)) + h(u(t))] dt (P)
0

such that

ay(x, 1)
at
y(X9 t) =0 on 27 Y(X’ 0) = y07

+ Ay(x, t) + f(x, t, y(x, 1)) =u(x,t) in Q,

with the state constrairft (y) C S.
We assume the following hypotheses.

(H;) Let A be the second-order elliptic differential operator
n
B ay
Ay=-Y —(a;0—=].
’ in—:l % <a"(X)3XJ>
wherea; ; € CX(),a,;(x) = a;;(x)inQforalli, j =1,..., nand for some, > 0,
n
Y @066 = co® + - +67)
ij=1

forallx € Q and(6,, ..., 6, in R".
(Hy) g:[0,T] x L2(RQ) — R'is measurable ihand for every > 0 there exists
L, > Oindependent af such thag(t, 0) € L>(0, T) and

lgt, y) — g(t, 2| < L lly — zll4
forallt € [0, T, [Iylln + lIzllh <.
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(Hs) The functionalh : U — R is convex and lower semicontinuous (I.s.c.).
Moreover, there exist; > 0 andc, € R such that(u) > ¢;|jul|Z + c,forallu € U.
(H) f:Qx[0,TIx RxK — Riscontinuousand, : x[0, T]x RxK — R
is continuous, wheré, denotes the derivative df to the third variable. Moreover,

| f(X’ tv y)| S Al[al(X9 t) + |y|r1] (21)

forall (x,t) € Q,y € Randu € K, whereA; > 0,a, € L*(Q), a,(x,t) > 0 a.e.
inQ,1<r;<n/(n—2). Also

|06t Y] < Aglaa(x, t) + |y ] (2.2)

forall (x,t) € Q,y € Randu € K, whereA, > 0,a, € L"(Q), a(x,t) > 0 a.e.
in Q.

(Hs) Let X be a Banach space with the duél strictly convex. LetS c X be
a closed convex subset with finite codimensionality. Then L2(Q) — X is of
classC!.

Let (y*, u*) be optimal for problemR). In order to get the maximum principle for
(y*, u*), we need the following additional assumption.

(Hs) F'(y*)D, — Shas finite codimensionality iiX for somer > 0, whereD, =
{zeY:lzlly <r}

3. Pontryagin’s maximum principle for ( P)

In order to introduce the approximating control process, we give approximations
g° of g andh, of h as follows. The approximatiog® : [0, T] x L%(Q) — Riis
defined by

gt.y) = / o(t, Py — £A, 1oy (1) A,
RN

wherep, is a mollifier inR", N = [¢71], p, : L%Q) — X, is the projectior_?(Q)
on X, which is the finite-dimensional space generated&y_,, where{g}>, is
an orthonormal basis ih?(2). HereA, : R" — X is the operator defined by
A () = ZiN:lria, T = (1,7, ..., 7,). The approximatiorh, : L?(Q) — Ris
defined by

h.(U) = inf{|lu — v[[?,q,/(26) + h(u) : u € L*(Q)}.
Now we introduce the following approximation proble®c{:

determine infJ,(y,u) overall (y,u) e Y x L%Q), (P?)
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where
T T 1
sy = [ gmdis [ hwdtsFiu- iy,

1 . 1
+—~/ 1y =y dxdts e + ds(F)F
2
+— H—+Ay+ f(x,t,y)

(3.1)
L2(Q)

Heref = n/(n — 2). Note that by Sobolev’s imbedding theorevnhC L% (). Thus
for eache > 0, J, is well defined orY x L2(R).

LemmMA 3.1. Problem(P¢) has at least one solution.

PROOF. Let d = infy yevx12(q) J(Y, U). By the hypothesesH,) and (Hs) it is
obvious thatl > —oco. Let (Y, Un) € Y x L?(Q) be such that

d<J(YmUn) <1/m+d. (3.2)

By virtue of (3.1), {(Ym, Un)} is bounded inLZ (Q) x L2(Q) and{(dy/dt) + Ay +
f(x,t,y)} is bounded inL?(Q). By (H,), {f(x,t,y)}is bounded inL?(Q). Thus

{Ym} is bounded inY. Therefore we can extract a subsequence, still denoted by
{Ym, Un}, such that

Un — 0 weakly in L2(Q) as m — oo,

Ym — ¥ weaklyin Y as m — oo,
Ym(X) — ¥(X) a.e.in Q as m — oo. (3.3)

On the other hand, sinckis continuous, we have that

fX, t, ym(X)) — (X, t,y(X)) a.e.inQ asm— oco. (3.4)
Since{ f (x, t, ym)} is bounded in_L?(Q), by (3.4), we get that

fx,t,ym) — f(x,t,9) weaklyin L?(Q) as m — oo.

Hence

% + A + (Xt V) — % +AY+ f(x, .9 weaklyin L*(Q). (3.5)

By (3.9, it follows that

2 2

liminf

m—o0

(3.6)

Y
a—yt+Aym+f<x,t,ym>

ot

LZ(Q) L2(Q)
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By (3.3 and by Sobolev's imbedding theorem,
Ym — ¥ strongly in L?(Q) as m — oo. (3.7)

By (3.7) and by hypothesisHs), we have that

1 1
—[e + ds(F(ym)? = —le +ds(F(¥)]* asm — oo. (3.8)
2¢ 2¢

On the other hand, by3(3) and by the hypotheseslf) and (Hs), we deduce that
. ! 1 ) 1 .
liminf /(gg(ym)+hg(um))dt+—/(um—u*) dxdt+—~/|ym—y*| dxdt
m— oo 0 2 Q 2I’ Q
! 7 ~ 1 ~ *\2 1 - *\ 2F
> / (g’“’(y)+hg(u))dt+—/(u—u) dxdt+—~/(y—y) dxdt. (3.9

Combining 8.2), (3.6), (3.8) and @.9), we infer thatJ,(y, () = d. Thus(y, 0) is
a solution of problem®¢). This completes the proof.

LEMMA 3.2. Let (Y., u,) be optimal for problen{P?). Then, on a subsequence
of ¢, denoted in the same way, — y* strongly inY andu, — u* strongly inL?(Q).

PrOOF. Itis clear that
(e, Up) < Jo(y", U). (3.10)

By (3.10 and by a standard argument if] [see Theorem 2.2, Proposition 2.15 of
Chapter 2), we get that

limsup J. (., U:) < g(y") + hu’) = J(y", u"). (3.11)

&—0

By virtue of (3.1), (3.11) and hypotheses+,) and (Hs), {Y.} is bounded L% (Q),
{u,} is bounded in_%(Q) and

2
/ [aa% + Ay, + f(x,t, yg)] dxdt < 2Ce (3.12)
Q

for some positive consta@ independent of.
By the subsequence argument as in the proof of Lei®rhave may assume that

y. — ¥ weaklyin Y and strongly inL?(Q),
u, — 0 weaklyin L%(Q) (3.13)
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and

%+M+W&WQ%+M+mmmmmwmm@ (3.14)

for somey € Y andi € L?(Q).
It follows from (3.12 and @.14) that

9y ) .
Y Ay + f —-0 ,
L PATHICGLY) in Q (3.15)

y=0 onX.

By (3.1) and @.11), we also have thate + ds(F(y.))]?/2¢ < C. This implies

thatds(F(y.)) — 0 ase — 0. By (3.13 and by hypothesisHg), we have that
F(y.) — F(y). Hence

F( esS (3.16)
Thus it follows from @.15 and 3.16) that
J(y", u") < J(y, 0). (3.17)
Sinceh is weakly lower semicontinuous amds continuous, we have that
liminf[g*(y:) + h:(u.)] = g(§) + h(D). (3.18)
By (3.1), (3.17) and @.18, we obtain that
liminf J.(y:, u) = Iy, u"). (3.19)
By (3.1), (3.11), (3.13 and @.19, we infer that

y. — y* strongly inL% (Q) weakly inY ass — 0 (3.20)
and
u, — u* strongly inL?(Q) ase — 0. (3.21)

Itis clear that
” f(X7 tv ys) - f(X’ t’ y*)”LZ(Q)

1
s/lyg—y*l / £, t,y* +s(y. — y)ds|dx dt (3.22)
Q 0
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By (H,) and by Sobolev’s imbedding theorem

<C, (3.23)
L"(Q)

1
H/ foO& 6y +s(y. —y)ds
0

whereC > 0is independent of. Thus from 8.20), (3.23 and by applying Sobolev’s
imbedding theorem and Holder’s inequality 842, we obtain that

f(x,t,y.) — f(x,t,y*) strongly inL?(Q) ase — 0. (3.24)
By (3.12, we have that

(Y. — Y

ot +A(y8_y*)+[f(x’t1y8)_f(X’tiy*)]_’_us_U*_)O

strongly inL?(Q) ase — 0, which together with3.21) and 8.24) yields thaty, — y*
strongly inY ase — 0. This completes the proof.

THEOREM 3.3. Let (y*, u*) be optimal for problen{P). Suppose thatH,;)—(Hs)
hold. Then there exigh € L2(Q) N L2/™2(0, T : W, *""%(Q)) with (Ao, &) # O
anda € ag(y*) such that

ap

ﬁ - Ap_ f;(X, t1 y*) p— [F/(y*)]*fo = )"Oa in Q9 (325)
p € Adh(u®), (3.26)
(6o, ¥ —F(Y)x-x =0 V¥ €S (3.27)

PROOF. Let (z,v) € Y x L% Q) be arbitrary but fixed. Sey” = y. + pz,
u? =u, + pv, p > 0. Then

Js(yf’ Uf - Js(y87 us)
0

By the hypothesesH,) and (Hs), we obtain that

T ~e Py — ¢ T
/ Mdtﬁ/ (Vg'(y.). 2 dt asp — 0,
0 0

T
/ ha(Uf) - hs(us) dt
0 P

HereVg® andVh, are the Fechet derivatives of andh,, respectively.
Itis easy to check the following:

>0 forall p>0. (3.28)

. (3.29)
—>/ (Vh,(u,),v)dt asp — 0.
0

1 /[(ug’—u*)z—(ug —u*)?]dxdt— /(ug—u*)v dxdt asp — 0  (3.30)
2p Jq Q
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and
1 . ) )
— /[yf—y*)zr—(yg — y)¥ldxdt— /(yg—y*)zflz dxdt asp — 0. (3.31)
2p Jo Q

By (2.1) and @.2), one can easily show that as— 0

1 o 2
{[% + Ay’ + f(x, t,y") — u§]

2ep Jo | L ot
2
_ [% + Ay, + f(xt,y.) — ug] dxdt}
1
- _/ <%+Ay&‘+ f(X7tv ys)_uzs)
& Q ot
0z ,
X (a + Az+ (X, t, y.)z — v) dxdt (3.32)

Using the hypothesisHs), we obtain that ap — 0
[e + ds(F (y/)]* — [& 4 ds(F (¥.)]? R [e + ds(F(Y.))]
&

(& F'(¥)Z)y. o »

2ep
(3.33)
where
Vds(F(y.)) if F(y) ¢S
& € 9ds(F(¥.) = {0 it F(y.)eS
and
1 it Ry ¢S
8 llx- = {0 if F(y,) eS.
Let
h=—" and p = — ©39
e+ ds(F(y.) e+ ds(F (%))

Then by the definition o8, and 3.29—(3.34), it follows from (3.28 (asp — 0) that

Ao / [V (y.)Z + Vh,(u,)v] dxdt
Q

+A8/(u8 —u)v dxdt+ AS/(yg — y9)7 1z dxdt
Q Q

9Ye 0z )
+ Ms/ ( ayt +Ay8+ f(X, t, ys)_ug> (a‘kAZ—f— fy(X9 t’ yg)Z—v> dxdt
Q

+/ F'(Y.)"é.zdxdt> 0 (3.35)
Q
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forall (z,v) € Y x L2(Q).
Letp, = w.[9Y./0t + Ay, + f (X, t,y,) —u.]. Itis clearthatp, € L%(Q). Letting
z=0in (3.39, we obtain that for alb € L?(Q)

e [/ Vh,(u,)vdxdt+ / (U, —u"v dxdt} —/ p.v dxdt> 0,
Q Q Q
which implies that
p. = A.[Vh,(u,) + (U, —u"] € L% Q) a.e.inQ. (3.36)

Lettingv = 0 in (3.35, we obtain that
0=, [/ Vgt (y,)zdxdt+ / (. —yH¥ 'z dxdt}
Q Q
+/ F'(Y.)*€.2 dxdt+/ P: (2_'[2 + Az+ fi(x,t, yg)z> dxdt (3.37)
Q Q

for all z € Y. By (H)), we obtain thatf/(x,t,y)p. € L*™?(Q) and
(Y. —y*)? 1 e L2V™2(Q). Onthe other hand, itis clearthatvg®(y.) € L?(Q) and
F'(y,)*€. € L%(Q). Thus, by 8.37), we infer thatp € L2V/™+20, T; W2 ™2 (Q))
and satisfies iIfQ

_ap,
ot

+ 00 YO P+ A VO (V) + A (Y. — V)T T+ F/(Y)'6. = 0. (3.38)

Note that conditions3.36) and 3.39 can be regarded as necessary conditions for
(Y., u,) to be optimal for problemsH®).

Next we are going to pass to the limit i8.86) and 3.39 and derive necessary
conditions for(y*, u*).

First we deal with 8.36). It is obvious from 8.34) that 0< A, < 1. Thus we may
assume that

Ae = Ao, & — & weakly starinX* ase — 0. (3.39)

By Lemma3.2, u, — u* strongly inL2(Q). Then using a standard argument ) [
Chapter 3], we yield that there exigtse ah(u*), such that

Vh,(u,) — B weaklyinL‘Q) ase — 0. (3.40)

Now it follows from Lemma3s.2, (3.36), (3.39 and .40 that{p.} is bounded in
L2(Q). So we may assume that there exists a funcianL?(Q), such that

p. — p weaklyinL?(Q) ase — 0. (3.41)
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By (3.39—(3.41), we may pass to the limit for — 0 in (3.36 and obtain that
p € Aod0h(u*). This gives 8.26).
Now we considerd.39. By (2.2, (3.41), Lemma3.2 and Sobolev’'s imbedding
theorem, we have that, for some const@nhdependent of,
I f);(X, t, Yo) PellLzvinia@ < C. (3.42)

By Lemma3.2 and 3.39 we infer that there exists € dg(y*), such that, on a
subsequence af denoted in the same way,

LV (Y,) — ra weaklyinL?(Q) ase — O. (3.43)
By Lemma3.2and Sobolev’s imbedding theorem, we infer that

re(Ye — YH* 1 — 0 strongly inL* "2 (Q). (3.44)
On the other hand, by3(30, Lemma3.2and by Hs), we obtain that

F/(Y.)'E. — F'(y")*& weakly inL*(Q) ase — 0. (3.45)
Thus by 8.38 and 3.42—(3.45), there exists a function
p € L2+ (0’ T W02n/<n+2> (Q))

such that, on a subsequencepflenoted in the same way,

p. > p weaklyinL2V/™2, T : W2 "?(Q)) ase — 0 (3.46)
and
p.(X) — p(x) a.e.inQase — 0. (3.47)

By Lemma3.2and @.47), we can easily imply that
f O Y. (0) p.(X) — (X, 1, y* (X)) p(x) a.e.inQ. (3.48)
It follows from (3.42) and (3.48 that
fx.t,y)p. — fy(x.t,y)p weaklyinL>”™?(Q) ase — 0. (3.49)

Now by (3.43—(3.46 and 3.49, we may pass to the limit irB(39 and obtain 8.25.
On the other hand since € ads(F(y,)), we have that

(&, —F(Y))x-x <0 forally € S
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By Lemma3.2and by Hs), we yield thatF (y,) — F(y*) strongly inX. Thus for all
v esS

(e ¥ = F(Y D xex = s F(Y) = F(Y))xex > 0 ase — 0. (3.50)

By taking the limit fore — 0in (3.50, we get 8.27).
It remains to show thatiq, &) # 0. First we note that by3(34),

1<t +|&lx- <2 foralle > 0. (3.51)

Now we suppose, = 0. It follows from 3.51) that there exist constanés> 0
andg; > 0 such that

& Nlx- =6 >0 foralle < &;. (3.52)
Using 3.35), (3.36 and 3.50), we obtain that
(6. F'(yz—v + FOY)),. o

+/ Ps [g—tz + Az+ f (X, t, y)z — v] dxdt> —n,(z, v) (3.53)
Q
forall (z, v) € L2020, T : W2 ™?(Q)) x L2(Q), where
ne(Z,v) = A, {/ [VO*(Y.)Z+ Vh.(u,)v]dx
Q

+/(u8 —u)vdxdt+ / (Y. — yH¥ zdx dt}
Q Q
+ (& [F'() = F'(yD1Z+ F(Ye) = F(Y)y. - (3.54)

For anyz € D, and everye > 0, by takingv,(2) = 9z/dt + Az+ fi(X,t, y,)zin
(3.53, we deduce that

(& F'YIZ= ¥ + F(Y))g x = —1:(Z, v:(2)) (3.55)

forallze D, ande > 0. By (H,;) and by Lemm&3.2, there exists a positive constant,
denoted by, > 0 again, such thatf/(x, t, ¥;)[lnq < Cforalle < &, whereCisa
constant independent ef Then by Holder’s inequality and by Sobolev’s imbedding
theorem, we infer that

” f);(X9 t, ys)Z”LZ(Q) <Cr (356)

forall ze D, ande < ¢, whereC is independent of andz.
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Using the definition ob, andD, and 3.56, we check that
lve(2) |2y < C forall ze D, ande < &;. (3.57)
By (Hs) and by @3.50), we infer that
(& [F'(y.) — F/(y*)]z)X*,X — 0, uniformlyinze D,. (3.58)
Now it follows from (3.54), (3.57) and (.59 that
n:(Z,v:(2)) — 0 ase — 0, uniformly inz € D;. (3.59)

By (Hg), F'(y*)D, — S+ {F(y*)} has finite codimensionality ixX. Thanks to §]
(see Lemma 3.6 of Chapter 4), we conclude 8%9), (3.595 and @.59 that&, # 0.
Hence

(%o, §0) # 0. (3.60)

Finally, if F’(y*)* is injective and.q = 0, then by 8.26), we havep = 0. Thus it
follows from (3.25 that F'(y*)*&, = 0 which implies that, = 0. This contradicts
(3.60. Soxq # 0 in the case that’(y*)* is injective. This completes the proof.

4. Application

In this section we apply Theoref3to a non-well-posed parabolic system.
LetQ = Q x (0, T), 2 Cc R®be a bounded domain with smooth boundafy.
We consider the following problent():

.
determine infl(y, u)=inf/ [g(t, y(t)) + h(u(t))] dt P)
0

such that

ay(x, t) B 3 .
o1 AYy(X, 1) =y (X, t) +u(x,t) inQ, @.1)

yx,t) =0 on X, yX,0 =Yy

with the state constrairft (y) C S.

We consider the control setto b= {u: Q — R: m < u(x,t) < M} where
m < M. Let f(x,t, y) = —y°. One can easily check thatsatisfies all the conditions
in (H,). For eachu € L?(Q), system 4.1) has, in general, no global solution (see
for example g, Chapter 7]). This is a non-well-posed system. Moreover, we assume
thatg, h and F satisfy (H,), (Hs), (Hs) and (He). Then the following theorem is
immediate from Theorerd.3.
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THEOREMA4.1. Let (y*, u*) be optimal for problenfP’). Suppose thatH,), (Hs),
(Hs) and (He) hold. Then there existp € L2(Q) N L¥5(0, T : W,"*°(2)) with
(Mo, &) # 0anda € dg(y*) such that

(1]

2

—_—

(3]
(4]
(5]
(6]
(7]
(8]
(9]

(10]

Ip(x, t |
_pgi ) + Ap(X, 1) — 3y*2(X, ) p(X, t) — [F'(y* (X, )]"& = Ao in Q,

p € rdh(u®),
(§07 K[f - F(y*))x*x < 0OV w e S
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