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Abstract

In mathematical programming, an important tool is the use of active set strategies to update
the current solution of a linear system after a rank one change in the constraint matrix. We
show how to update the general solution of a linear system obtained by use of the scaled
ABS method when the matrix coefficient is subjected to a rank one change.

1. Introduction

The ABS methods, introduced by Abaffy, Broyden and SpedicHtcake a general
class of algorithms for solving linear and nonlinear algebraic systems and have beer
extensively applied to several types of linear systems. The basic algorithm works on
a system having the form

Ax=Db (AeR™ xeR"beR". (1.1)

The scaled ABS method is one of a class of methods (for solving a linear system of
equations) that are generalisations of the basic ABS algorithm, with an extra paramete
vector available at each iteration. It can be seen that the scaled ABS method is &
realisation of a very general class of algorithniz €]).

On the other hand, in a number of problems, after solving a linear system and
computing solutions of it, we need to find the solutions of a new system where the
coefficient matrix is modified. (Examples of modifications are changing, deleting or
adding rows or columns to the matrix.)

In this paper, we show how to update the general solution of a linear system after a
rank one change in the coefficient matrix of the system. We also show how to compute
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the general solution of a rank one perturbed system
(A+wHx=b (AeR™ xeR"beR" m<n), (1.2)

whereu € R™, v € R", if the general solution ofl(.1), obtained by the application of
a scaled ABS algorithm, exists.

On the other hand, with an appropriate choice of parameters, almost all important
algorithms for solving linear systems can belong to the scaled ABS method. (For
example (se€])), the QR method, LU, Huang, Hestenes-Stiefeland Lanczos methods
[6, 7], a number of conjugate gradient-type algorithms and also the Voyevodin class
of methods §]). The new methods can be used for computing a solution of a system
after a rank one perturbation of the coefficient matrix.

Special instances of systerh.?) may appear in the following forms:

e changing theéth column or thd th row of the coefficient matrix to the zero
vector (by choosing = —a,v =¢) or (u=eg, v’ = —a) respectively);

e changing theth column or theth row of the coefficient matrix (by choosing
v = € Ooru = g respectively),

wheree is thei th unit vector with appropriate dimension asda; are the th column
and thei th row of matrix A respectively.

We know that solving the above system is often necessary and very important in
mathematical programming problems, such as methods using the active set strateg
the simplex method or the dual simplex.

In Section2, we briefly describe the ABS method and the scaled ABS algorithms
to solve linear systems. In Secti@ we show how to update the solution after a
rank one change and present the resulting algorithm. In Seé¢tiase demonstrate
an application of the new algorithm for linear programming and an application of the
new algorithm for a family of theexcant methods for nonlinear progrening.

2. The scaled ABS algorithm for solving a linear system

The scaled ABS algorithm for solving a linear system of equations is a generali-
sation of the basic ABS algorithm (se2 B]). A basic ABS algorithm starts with an
initial vectorx; € R" (arbitrary) and a nonsingular matrk{; € R™" (Spedicato’s
parameter). Given thag is a solution of the first — 1 equations, the ABS algorithm
computes the solution of the given equations by performing the following steps (see
[2] or [3]):

(1) Determinez (Broyden's parameter) such thetH,a, # 0 and sefp, = H,"z.
(2) Update the solution by, ., = X + «; pi, where the step sizg is given by

a = (b —a'x)/a p.
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(3) Update the Abaffian matriki; by

Hiaw H;
Hy=H - —7—
w; Hia

wherew; € R" (Abaffy’s parameter) is arbitrary provided thaf H;a # 0.

NOTE. It can be shown that

(1) s = Ha =0ifandonly ifg is linearly dependent on the vect&s ..., a_;

(see B]). Indeed ifs = 0 andt; = b, — ax; = 0 then theth equation is redundant;

if § = 0 andt; # 0 then the system of equations is incompatible and hence lacks a
solution.

(2) If the system is compatible, the ABS algorithm computes a solwjgn of
system {.1) and a matrixHn,,; so that Nul(H],,) = Null(A). Hence the general
solution of the system has the fosm= Xn.1 + H.,;S, s € R".

The scaled ABS family of algorithms is the essential generalisation of the ABS
algorithms obtained by introducing a new parameter, called the scaling vector, at
each iteration. The scaled ABS class of algorithms is formally and computationally
different, but equivalent, in the sense of generating the same set of iteratesome
general procedures for a linear system and shows that a fundamental characterisatic
of the scaled ABS algorithm is that it contains all possible algorithms of a very general
iteration that find the solution, from an arbitrary starting point, in a number of steps
no greater than the number of equations.

Now to introduce the scaled ABS class, let us consider, instead of the original
system (.1), the following scaled system:

KTAX = Kb, (2.1)

whereK = (ki, ..., ky) € R™Mis an arbitrary nonsingulan x m matrix. Then the
above system is equivalent to systetml, any solution of one being a solution of the
other. Note that, by letting € R™ be theith column ofK , we can write systen?(1)
componentwise in the form

kiTAX=kin, i=1,...,m,
or, also by introducing the unscaled residual vecterr (x) € R™,

r(x)y=Ax—>b
in the form
k'r(x)=0, i=1,...,m.
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So if we apply the basic ABS algorithm to the scaled system, it is immediately seen
that the relevant recursions are obtained by simply replagiagdb; respectively by
ATk andb"k;. So we get a solution of the original systein1).

Notice moreover that the full matrik does not appear explicitly, since at tith
step only itsith column is used. Therefot€ need not be defined initially, it being
sufficient to definek; at theith step as an arbitrary vector linearly independent from
ki, ..., ki_1. The vectorg; are called scaling vectors.

Note that ifx; is a solution for system2(1) and p is a vector in the null space of
KTA, thenx = x; + ap, for any scalat, will also be a solution toZ.1). Thus if H
is a matrix, the columns of which span the null spac&dfA, thenx = x; + aHz,
for arbitrary scalaw and vector, solves the systen2(2).

LetK' = (ki ..., k) and assume that, the current approximation in iteration
is a solution for the first — 1 equations in4.1), that is,

KAy =K' 'h. (2.2)

We choose the matri¥d, € R™" so that the columns dfl; span the null space of
Ki' A, that is, equivalent wittH; ATk; =0, 1< j <i — 1, then we let

Y=Y — o HiTZi’ (2.3)

wherez ¢ R", o; € R.
Itis clear thaty;,, satisfiesK' Ay,; = K'"b. We determine the scalar € R so
thaty; ., satisfies théth equation as well, that is,

K+ Ay, = Kb, (2.4)
Definingr; = Ay, — b and considering4.3), (2.4) is equivalent to
ki =kl Ap, | <i, (2.5)

wherep;, = H."z is the search direction defined at fttle iteration. In @.4), for j =i
we have

k'ri =ik Ap. (2.6)

(Note that ifk" Ap # 0 thene; = k'ri/k" Ap.)
For j <i — 1, using the induction hypothesi&.p), (2.5 becomes
aiijAp =0, j<i-1,
or
(HAK) (z)=0, j<i-L1
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So the following property is needed:
HAk, =0, j<i-L1 (2.7)

AssumeH; to have this property. Lef,, be defined asd, ; = H; + g f.", where
fi, 0 € R" are defined so that they also satistyd. We must then have

(H, + 0 fIT)ATkJ =1, J Sl -1

To achieve the above, it will suffice to defige= —H; ATk and f; = H"w;, where
w; € R" satisfies

wiT H ATk = 1. (2.8)
Therefore we obtain
Hi+l = Hi — Hi ATk| wIT Hi' (29)

The relations?.3), (2.6), (2.8) and @.9) define the scaled ABS algorithm. Below, we
give an outline of this algorithm for solving a linear system.

THE SCALEDABS ALGORITHM.

(1) Givenx; € R", ky arbitrary nonzero vectors, and; € R™" an arbitrary
nonsingular matrix, seét= 1.

(2) Compute the vectag = H ATk. If 5 # 0 goto (3). Ifs = 0, compute
T =r'k. If 7 =0, setx,; = X, Hi;1 = H and go to (6), theth equation is
redundant, otherwise stop, the system has no solution.

(3) Determinez € R" such thaz'H, ATk # 0 and sefp, = H,"z.

(4) Update the estimate of the solutionXy; = X, — «; p;, where

rrk
YT Ak
(5) Update the Abaffian matrikl; by
H.i=H = H Ak wiT Hi, (2.10)

wherew; € R"is arbitrary and satisfies| H; ATk, = 1.
(6) Ifr; =0, stopx;, 1 solvesthe system. Otherwise give ave&ior € R" linearly
independent fronky, ..., k.. Increment by one and go to (2).

We now list some properties of the scaled ABS algorithm (2e8@]].

e Let H; € R™" be an arbitrary nonsingular matrig, ..., a, be linearly
independent vectors iR" (m < n) andH; be a sequence of matrices generated by the
update formulaZ.10 in the scaled ABS algorithm. Then
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(@) Fori < j <m, the vectorsH; ATk; are nonzero and linearly independent.
(b) Fori =1,...,m,thevectoraATky, ..., ATk are nonzeroand linearly indepen-
dent, and form a basis for NgH, ;).

e The residual vector ix;,, is orthogonal to the first columns ofK, that is,

Ki'r,,1 = 0 whereK' = (ki, ..., k) and any vectoy such that the residualy) is
orthogonal to the first columns ofK has the form
y =X+ H,s (seR". (2.11)

Moreover any such vectgrcan be obtained at thi¢h step of the scaled ABS &g, 5
by suitable choice of,.

So in particularx;,; solves the first equations of systenil(1l) and every solution
of the firsti equations of 1.1) can be written in the form2(11). In particular, the
general solution ofX.1) is given byX = Xmn1 + HJ,;S, s € R".

e If rank(A) = g < m and the system has a solution then the scaled ABS
algorithm computes a solutiondnsteps (in exact arithmetic). In addition, all solutions
of (1.2 have the fornk = x4.1+ HJ, S, s € R", whereH,, is the Abaffian obtained
by an application of the scaled ABS algorithm to the independent rows of nfatrix

3. Solving rank one perturbed linear systems

We now consider the following perturbed system:
(A+uvH)x=Db, xeR"
This system can be transformed into the following form:

[Im u] [ﬁ} x=bh, xeR" (3.1)

wherel,, € R™™ s the identity matrix. Assume that the system is a determined or
an undetermined systerm(< n). The system3.1) is equivalent to the following
systems ofm 4+ n + 1 equations:

[Im uly=b, yeR™, (3.2a)
[ﬁ} Xx=y, xeR" (3.2b)
The general solution of3(29 is characterised by the following theorem.

THEOREM 3.1. The general solution of3.23 has the form

y= [g} N [ﬂt, teR (33)



[7] Solving rank one revised linear systems by the scaled ABS method 231

PrOOF. First observe that3(3) satisfies

[ln u]ly=[ln u][b_tUt]=b—ut+ut=b.

Conversely, ley be a solution of the systen3.g and let

y=|:¥], teR, ye R™

Then we havey = b — ut so
_[b—ut] [b LY
Y=l ¢ |Tlo]"|2]|"
Now, by substituting .3) into (3.2 we obtain
Al _ b —ut
N t
AXx = b — ut, (3.4a)
X =t. (3.4b)

or

Using the search directions of the original systelni)((obtained by the application
of a scaled ABS algorithm), the solution of the syst&§ can be written as

Xma () =X (1) + )i (P,
i=1

where the step size is a linear function of, that is,

k'ri(t) ¢ (b—ut— Ax()
KTAn_K< k' Ap )

i—1

X (1) =xu(t) + Y _ejt)p;.

=1

ai(t) =

and

So, if we letx; be a linear function of (t € R), that is,x;(t) = x? + xit,
xi, x? € R, then it is obvious that; (t) andx (t) are linear functions of, that is, for
everyi =1,...,m, o (t) = o? + o't andx; (t) = x? + x't. Accordingly, we have

Xmea () =X (1) + Y " (p =X+ Xt + Y (@ +eo't)p

i=1 i=1

= <Xf+2afpi> - <X%+Zaﬁpi> t.
i=1 i=1
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Thusxm,1(t) =r, +ryt, where

rl—X1+ZO‘ P = x!— ZKT(quA)ﬂ) b,

k' Ap
K (b — Ax?) &9
rz_x1+2a p =X+ Z TAn P
Therefore the general solution .49 has the following form:
K =Xmu1() + Hy iz, ze R teR,
= KX=r+nt+H.,z zeRteR
We thus have the following result.
THEOREM 3.2. The general solution of the systefax = b — ut is given by
X=r,+rt+H; .,z (ZeR" teR), (3.6)

wherer, r, are given by3.5).

Now, by substituting §.6) into (3.40 we can obtain the general solution of the
perturbed systeml(2). After substituting we obtain
v HL ZH vt T, =t (3.7)

We consider the following two cases.
Case 1. Hy,;v = 0 implying thatv' is a linear combination of the rows of the
matrix A.
In this case,§.7) is written as
(1 — le’l)t = 'UTrz. (38)
There are three possibilities fd3.8) as we outline below.
(@) @Try # 1). Inthis situation, the general solution df ) is given by
. v'r,
X=r,+ (1——1)T|’1> I’l—I—HrLlZ, Z e Rn.

(b) (vry = 1andv'r, = 0). Then 8.7 becomesr, = (1 —v'ry)t = 0. Since
v'r, = 0, then B.7) is satisfied for any arbitrary value tf Therefore in this case the
general solution is given by

= 2+r1t+Hm+lz zeRteR
or

. z A
R = (Hp.r) <t> +r,=HTg+r,, geR™.
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() ('ry=21andvr, # 0). Then the systeni(2) has no solution.

Case 2.H,,,1v # 0.
In this case, we use the basic ABS method and its properties (respectively with the
choiceky,.1 = ey, in the scaled ABS method). Set

Pni1 = Hr;1r+1zm+1’ where Zr-rr1+1 Hm+1v # 0,
t — 0 Xyt (D)
Xt 2(t) = X1 (1) + Gy 1 P where o,y = ——————,
V' Pmya

T T
Hpo =Ho + Hypovwy o Hyy, wherew  H v #0

so the general solution of the total systeht is

)A( = Xm+2(t) + Hr;1r+2q
(le’l — 1)t + ’UTrz

=rit+r,— T Pmi1+ Hanl
m+
UTrz 1-— le’l q
=|r,— —— Hool1 + ——— R".
( 2T Pm+1 pm+l> * |: mi2f1 ¥ VT Pt pm+l] |:t] Ae

Now, considering the above results, we propose the following algorithm for solving
the perturbed systen ().

ALGORITHM 1.

(1) LetHp, be the Abaffian matrix ang,, ..., p, be the search vectors obtained
by applying the scaled ABS algorithm fdr.(). Letx, = Xt +x2 be a linear function
oft (t € R).

(2) Fori:=21until mdo

1 . Xl o kiT (u + A)ﬂl) p

_ k(b — AX)
i+1 7 N kITAn (B)

KAp

2 .2
X1 =X +

X
(3) Computes = Hy1v.
(4) If (s # 0)thencomputep = H].,z..,, wherez] . .H_ ,v # 0 and then

A UTrz ~ T 1-— le’l T
X=1TI;— m Pmi1, H = |:Hm+2rl + m pm+1] .
Else{s = 0}.
If (vTry # 1) then compute

UTrz A
),Z = D E— I’l + rz, H = H 1-
(1— vTI’1> m
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If (v'ry = 1and v'r, # 0) then system {.2) has no solution and stop.
If (vTry = 1andv'r, = 0) then set

),Z == rz, HA - (Hn]r+l> .
Iy
(5) Stop.

(If the perturbed system has a solution, then the general solution of syst&nis(
givenbyXx = X+ HTg, (g € R" ORg € R").)

REMARK 1. It can be seen that the algorithm, after substitutinfpr b, without
changing the other steps, can solve the systdm- uv™)x = b, x € R", using the
solution of system.1) (whereb € R™ is an arbitrary vector).

REMARK 2. In the case when the coefficient matixand vectolb are integer and
we need to find the integer solution of a system, a similar problem was solved by
Amini and Mahdavi-Amiri B].

4. Applications of the algorithm

4.1. Application of the algorithm to linear programming Consider the following
linear programming problem:

AXx = b,

min ¢c'x s.t.
X Z O’

wherex € R", A€ R™" n>m.

At any iteration of the simplex algorithm (or dual-simplex), assume Bhahd N
are the basic and nonbasic matrices respectivelgg, are the vectors of elements
corresponding td, N. We know that in simplex or dual-simplex methods, at any
stage we need the information below]f

x=B"'b, C=c§—cfB*N.

So we need solutions of the systeB® = b andBTy = cg. So, in any iteration, in
the time at which a new variable is added to the basic elemgntar{d one variable
exits the basic elements;(, the basic matrixB is revised by a one rank change
B=B+ve,wherev =a; —q.

So we need to find solutions of the following systems:

(B+ve)x=Db and (B" +gv')y =cs.

The algorithm in Sectio3 can be used to solve these systems.
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4.2. Application of the algorithm to nonlinear programming  An important

class of known optimisation methods is the quasi-Newton methods, and one of the
important and effective subclasses of this family is theasit method. This type of
method is like Newton's method with line search, except tBats replaced by a
symmetric positive definite matri,, which is corrected or updated from iteration to
iteration. Thus théth iteration has the following basic structure:

(a) Sets, to be one solution of systeBs, = —Qk.
(b) Line search along, giving Xx.1 = Xk + oS-
(c) UpdateBy giving By, ;.
The initial matrix can be any positive definite matri%]{

Generally, the matri®, ., can be computed frorB, by a rank one update or a rank
two update.

The most important rank one update is given by

(y = By — BT
(y —BdS

Bii1= B+

wheres = X1 — X andy = g1 — G- Heregy is the gradient vector iRy.
Now for computings,, By at any stage, we can use AlgoritHnfior generating the
solutions of systenB,s, = —g, using the solutions of the previous system.

NOTE. Itis necessarythat we use the scaled ABS method in the first step for solving
the first system.

REMARK 3. If By, is computed fronB, by a two rank update (for example a DFP
or BFGS updateH]), we can use Algorithni twice in any step.
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