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Abstract

This paper deals with the existence, uniqueness and qualitative properties of nonnegative
and nontrivial solutions of a spatially heterogeneous Lotka-Volterra competition model with
nonlinear diffusion. We give conditions in terms of the coefficients involved in the setting of
the problem which assure the existence of nonnegative solutions as well as the uniqueness
of a positive solution. In order to obtain these results we employ monotonicity methods,
singular spectral theory and a fixed point index.

1. Introduction

In this work we are mainly concerned with the existence and uniqueness of nonnegative
solutions for the problem




L1.w
m/ = w.½− a.x/w − b.x/z/ in �,

L2.zn/ = z.¼ − d.x/z − c.x/w/ in �,

w = z = 0 on@�;

(1.1)

where� is a bounded domain ofRN with regular boundary@�, Lk, k = 1;2, are two
second-order uniformly elliptic operators of the form

Lk := −
N∑

i; j =1

ak
i j .x/Di Dj +

N∑
i =1

bk
i .x/Di k = 1;2; (1.2)

with ak
i j ;bk

i ∈ C1.�/; m;n > 1; ½;¼ ∈ R anda;b; c;d ∈ C1.�/ nonnegative and
nontrivial.
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Problem (1.1) provides us with the steady-state solutions to a related evolutionary
problem, which models the behaviour of two competing species, with population
densitiesw.x/ and z.x/, inhabiting�. We refer to [13] for the meaning of each
coefficient and details about the model.

Whenm = n = 1 (linear diffusion), (1.1) has been extensively studied in recent
years. In the case whena;b; c andd are strictly positive functions, see for example
[6, 7, 8, 9, 11, 12, 18, 19, 20, 24, 27, 32] and the references therein. Whenb and/or
c vanish in a domain of� (this means that, for instance,z does not interact withw in
the setB0 := {x ∈ � : b.x/ = 0}), problem (1.1) was studied in [21, 25] and [27].
And finally, recently the case whena vanishes in a part of� but all other coefficients
and functions are strictly positive over� has been analysed in [17] and [26], where
essential qualitative changes occur. Observe that in this case positive constants are
not supersolutions of (1.1) and, in fact, it is shown that thea priori bounds are lost for
some values of½ and¼ and a new kind of positive solutions appear (which are infinite
over a region of� and finite on the rest of�) that govern the behaviour of a related
evolutionary problem.

However, model (1.1) is less known whenm;n > 1, and it has only been analysed
under more restrictive hypotheses, with constant coefficients (the homogeneous envi-
ronmental case) in [13] and whena andd are strictly positive in [28] and [30], all of
them withL1 = L2 = −1. These new parameters.m;n/ were introduced in [22, 29]
by describing the dynamics of a biological population whose mobility depends upon
its density. In this context, it means that the diffusion, the rate of movement of the
species from high density regions to low ones, is slower than in the linear case, giving
more realistic results. Mathematically, this mainly has three consequences which
distinguish this system from the one withm = n = 1: the strong maximum principle
does not apply (and so, unlike the linear case, there can exist nonnegative and non-
trivial solutions which are not positive in all�), a priori bounds for all the solutions
of (1.1) and for all the values of½ and¼, even whena or d vanishes, exist and that
the linearised method cannot be applied directly.

In order to study (1.1) we make the appropriate change of variableswm = u and
zn = v, which transforms (1.1) into




L1u = u1=m.½ − a.x/u1=m − b.x/v1=n/ in �,

L2v = v1=n.¼− d.x/v1=n − c.x/u1=m/ in �,

u = v = 0 on@�.

(1.3)

Since only nonnegative solutions have physical interest, there are four types of so-
lutions: the trivial solution, the semitrivial solutions.u;0/ and .0; v/, those with
both components strictly positive, thecoexistence states, and those where at least one
component could vanish in a part of�, thesemicoexistence states. Observe that a
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semicoexistence state could also be a coexistence state (see Proposition3.3). Some-
times, we are able to prove that a semicoexistence state vanishes in a region of� (see
Theorem3.4), and so it is not a coexistence state.

The paper is structured as follows. Observe that the semitrivial solutions satisfy
the following equation, the reason for our study in Section2,{

Lw = f .x/w1=r − g.x/w2=r in �,

w = 0 on@�;
(1.4)

whereL is an operator of the form (1.2), f; g ∈ C1.�/ with g ≥ 0, g 6≡ 0, f can
change sign andr = m or n. Although the semitrivial solutions givef ≡ ½ (or¼) and
so constant, it will be very useful to study (1.4) when f changes sign. This equation
has been previously studied in [3, 13, 14, 23] and [31], assuming more restrictions on
the data of (1.4). We collect the main results of these works, and as a consequence we
obtain that the semitrivial solution.u;0/ = (respectively.0; v/) exists and is unique
if, and only if,½ > 0 (respectively¼ > 0).

We then study the existence ofdead cores(see [16]) of the solutions of (1.4). Given
a solutionw of (1.4); if the set�0 := {x ∈ � : w.x/ = 0} is nonempty, it is called a
dead core ofw. We demonstrate a result which assures the existence of a dead core
for any nonnegative solution of (1.4) under suitable hypotheses (see Theorem2.4). A
direct consequence of our result is that any nonnegative solution of (1.4) has a dead
core if the maximum off is small. To our knowledge, the above results pertaining
to the existence of a dead core have been obtained whenL = −1, see [3], [13], [16]
and [31], with their proofs being based on the radial properties of the Laplacian. In
this way our result generalises previous work.

In Section3 we carry out an analysis of the existence of semicoexistence, co-
existence states and dead cores of the system (1.3). Using the results of Section2
and monotonicity methods, we obtain results which can be summarised as follows.
Suppose½ ∈ R.

• Assume½ ≤ 0: if ¼ ∈ .−∞;0] only the trivial solution exists, if¼ ∈ .0;∞/

only the trivial and the semitrivial solutions.0; v/ exist.
• Assume½ > 0: there exist positive values¼∗.½/, ¼∗.½/, ¼1.½/, ¼2.½/ with

¼1.½/ < min{¼∗.½/; ¼∗.½/} and¼2.½/ > max{¼∗.½/; ¼∗.½/} such that

– if ¼ ∈ .−∞;0] only the trivial and semitrivial solution.u;0/ exist;
– if ¼ ∈ .0; ¼1.½// there exists at least a semicoexistence state.u; v/ and the

componentv has a dead core;
– if ¼ ∈ .¼1.½/; ¼2.½// there exists at least a semicoexistence state;
– if ¼ ∈ .¼2.½/;∞/ there exists at least a semicoexistence state.u; v/ and the

componentu has a dead core;
– if, moreover¼∗.½/ < ¼∗.½/, then if¼ ∈ .¼∗.½/; ¼∗.½// there exists at least a
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coexistence state.

Analogous results can be obtained when we fix the parameter¼. It’s worth mentioning
that the existence of¼1.½/ > 0 was shown in [13] when all the coefficients were
positive constants. To our knowledge, the existence of¼2.½/ > 0 is new. In Remark4
we give a biological interpretation of this result.

In Sections4 and5 we study the uniqueness of coexistence states of (1.3). For
that we use the fixed point index. Observe that becausem;n > 1 the linearisation
of (1.3) around the trivial or semitrivial solutions do not exist, so we cannot apply
the results in [10] (see also [24] and [27]) to compute their indices. So we will build
appropriate homotopies for that. To compute the index of a coexistence state we can
use a linearisation. In this case the linearisation of (1.3) around a coexistence state
leads us to a eigenvalue problem of the form{

LU + MU = ¦U in �,

U = 0 on@�,
(1.5)

whereL = diag.L1; L2/ andM = .mi j /, 1 ≤ i; j ≤ 2 with mi j ≥ 0 for i 6= j and
mi j blowing up near@� in a controlled way. Following [15] and [27] we define a
specific order and establish the existence of the principal eigenvalue of (1.5) as well as
a characterisation of its positivity by means of the existence of a supersolution. Now,
we prove that, again with fixed½ > 0, there exists a unique coexistence state when
¼ belongs to a subset of.¼∗.½/; ¼∗.½//. Furthermore, ifm = n anda;d are strictly
positive functions we have uniqueness of the coexistence state ifbM or cM is small.
The results about the uniqueness of the coexistence state of (1.3) are also, we believe,
new.

2. Preliminaries. The degenerate logistic equation

We consider the Banach spaceX := C1
0.�/ ordered by its cone of nonnegative

functionsP, whose interior is

int.P/ := {u ∈ X : u.x/ > 0 for all x ∈ � and @u=@n < 0 on @�};
wheren denotes the outward unit normal on@�. We say thatu ∈ X is nonnegative,
u ≥ 0, if u ∈ P, andu is positive,u > 0, if u ∈ int.P/.

Givenq ∈ L∞.�/ andL an operator of the form (1.2), we denote by¦1.L + q/ the
principal eigenvalue ofL + q subject to homogeneous Dirichlet boundary conditions.
Moreover, if we denote by' ∈ int P the unique positive eigenfunction associated
with ¦1.L + q/ normalised such that‖'‖∞ = 1, then it is well known that

@'

@¹
< 0 on@�;
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for ¹ any direction out of�. Recall that as positive constants are supersolutions ofL,
then

¦1.L/ > 0: (2.1)

Finally, for f ∈ Y := C0.�/ we write

fM := max
x∈�

f .x/ and fL := min
x∈�

f .x/:

2.1. Existence of solutions In this section we study the semitrivial solutions of
(1.3). Observe that if the solutions of (1.3) are of the form.u;0/ and.0; v/, then they
satisfy equations of the following type:{

Lw = f .x/wq − g.x/wp in �;

w = 0 on @�;
(2.2)

whereL is an operator of the form (1.2), f; g ∈ C1.�/ with g ≥ 0, g 6≡ 0, f can
change sign andq andp satisfy

0< q < 1; p > q: (H )

Our first result gives us the existence of a nonnegative solution of (2.2) and lists some
useful properties. For a proof of this result see [14] for instance.

THEOREM 2.1. Assume(H ). The following assertions are true.

(1) There exists a maximal nonnegative and nontrivial solution of(2.2) if, and only
if, fM > 0. We denote it by�[L ;q;p; f;g].
(2) The following estimates hold:

�[L ;q;p; f;g].x/ ≤ f 1=.1−q/
M eq=.1−q/

M e.x/ x ∈ �;
.�[L ;q;p; f;g]/M ≤ . fM eM/

1=.1−q/;
(2.3)

wheree ∈ C2.�/ is the unique solution of{
Le = 1 in �;

e = 0 on @�:
(2.4)

(3) If w ∈ C1.�/ is a nonnegative subsolution of(2.2), thenw ≤ �[L ;q;p; f;g].
(4) Let fi ∈ C1.�/, i = 1;2, be such thatf1 ≤ f2, then�[L ;q;p; f1;g] ≤ �[L ;q;p; f2 ;g].
(5) If fL > 0, then any nonnegative solution of(2.2) is positive. Moreover, in this

case there exists a unique positive solution and it satisfies

"'.x/ ≤ �[L ;q;p; f;g].x/; x ∈ �;
where" is the unique positive root of¦1.L/"1−q + gM"

p−q = fL .
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REMARK 1. If we consider fL as a real parameter, then it is easy to prove that as
fL → ∞, ". fL/ = O. f 1=.1−q/

L / whenp ≤ 1 and". fL/ = O. f 1=.p−q/
L / whenp > 1.

2.2. Existence of dead cores In order to state and prove the main result, we need
some preliminary results.

LEMMA 2.2. Let R> 0 and
 > 0. Consider the problem{
Lw = −Rwq − g.x/wp in �,

w = 
 on @�.
(2.5)

Then there exists a unique nonnegative solution of(2.5).

PROOF. For the existence we use the sub-supersolution method. Indeed, it is easy
to prove that.w;w/ = .0; 
 / is a sub-supersolution of (2.5). For the uniqueness we
can apply [1, Theorem 2].

The following technical result is fundamental in our study. Moreover, it generalises
[31, Lemma 7] and [3, Lemma 2.5], where a similar result was proved whenL = −1
andg.x/ ≡ 0.

LEMMA 2.3. We fix
 > 0andþ > 2=.1−q/. LetŽ0 be such that for allx; x0 ∈ RN

such that0 ≤ |x − x0| ≤ Ž0,

|x − x0|þq + þ|x − x0|þ−1L.|x − x0|/

+ þ.1 − þ/|x − x0|þ−2
N∑

i; j =1

ai j .x/Di .|x − x0|/Dj .|x − x0|/ ≥ 0: (2.6)

Then, for all0 < Ž < dist.x0; @�/, the unique nonnegative solution,w, of (2.5) in
B.x0; Ž/ is such thatw.x0/ = 0 provided that

R ≥
(




min{Ž; Ž0}þ
)1−q

: (2.7)

REMARK 2. Observe that sinceþ > 2=.1 − q/, thenþq < þ − 2< þ − 1, and so
the existence ofŽ0 satisfying (2.6) is guaranteed. Moreover, sinceþ > 2, (2.6) can be
considered in a classical sense.

PROOF. Consider the function

8.x/ :=
{
81.x/ := R1=.1−q/|x − x0|þ if x ∈ B.x0; Ž0/,

82.x/ := R1=.1−q/Ž
þ

0 if x ∈ B.x0; Ž/ \ B.x0; Ž0/,
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with 8 ≡ 81 if Ž ≤ Ž0. By the choice ofþ, we have that81 ∈ H 2.B.x0; Ž0//.
Moreover,@81=@nL ≥ 0, on@B.x0; Ž0/, wherenL stands for the conormal associated
with L, that is,.nL/i := ∑N

j =1 ai j n j . Indeed, forx ∈ @B.x0; Ž0/ we have

@81

@nL

.x/ = R1=.1−q/þ|x − x0|þ−3

(
N∑

i; j =1

ai j .x/.x
i − xi

0/.x
j − x j

0/

)
≥ 0:

Moreover,

L.81/+ R8q
1 + g.x/8p

1

= R1=.1−q/.þ|x − x0|þ−1L.|x − x0|/

+ þ.1 − þ/|x − x0|þ−2
N∑

i; j =1

ai j Di .|x − x0|/Dj .|x − x0|//

+ R Rq=.1−q/|x − x0|þq + g.x/Rp=.1−q/|x − x0|þp

≥ R1=.1−q/.|x − x0|þq + þ|x − x0|þ−1L.|x − x0|/

+ þ.1 − þ/|x − x0|þ−2
N∑

i; j =1

ai j Di .|x − x0|/Dj .|x − x0|// ≥ 0;

by (2.6). In B.x0; Ž/ \ B.x0; Ž0/, we have thatL.82/+ R8q
2 + g.x/8p

2 ≥ 0. Finally,
in @B.x0; Ž/,8 is bigger than
 provided that (2.7) holds.

Hence we can apply [4, Lemma I.1] and conclude that8 is a supersolution of (2.5)
in B.x0; Ž/. This completes the proof.

For R> 0, we define the set

N.R/ := {x ∈ � : f −.x/ ≥ R} = {x ∈ � : f .x/ ≤ −R};
where f ±.x/ := max{± f .x/;0}. Assume thatf ± 6≡ 0. The main result of this
section is the following theorem.

THEOREM 2.4. Assume that there existsR> 0 such that

(1) ŽR := . fMeM=R/1=.þ.1−q// ≤ Ž0,
(2) M.R/ := {x ∈ N.R/ : dist.x; @N.R/ \ @�/ ≥ ŽR} 6= ∅.

Then there exists a dead core for any nonnegative solutionw of (2.2). Moreover, we
haveM.R/ ⊂ �0 = {x ∈ � : w.x/ = 0}.

PROOF. Let x0 ∈ M.R/, then

B.x0; ŽR/ := {x ∈ � : |x − x0| < ŽR} ⊂ N.R/: (2.8)
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We callz the unique nonnegative solution of (2.5) inB.x0; ŽR/with 
=. fM eM/
1=.1−q/.

Then by (2.8) we have that

L�[L ;q;p; f;g] ≤ −R�q
[L ;q;p; f;g] − g.x/� p

[L ;q;p; f;g] in B.x0; ŽR/;

which implies that

L.z − �[L ;q;p; f;g]/ ≥ R.�q
[L ;q;p; f;g] − zq/+ g.x/.� p

[L ;q;p; f;g] − zp/ in B.x0; ŽR/,

and by (2.3) and the choice of
 we getz ≥ �[L ;q;p; f;g] on @B.x0; ŽR/. Hence, if we
denote by�1 := {x ∈ B.x0; ŽR/ : z.x/ < �[L ;q;p; f;g].x/},

L.z − �[L ;q;p; f;g]/ ≥ 0 in �1,

z − �[L ;q;p; f;g] ≥ 0 on @�1 ∩ @B.x0; ŽR/,

z − �[L ;q;p; f;g] = 0 on @�1 ∩B.x0; ŽR/.

The maximum principle implies thatz ≥ �[L ;q;p; f;g] in B.x0; ŽR/. Finally, we can
apply Lemma2.3becauseŽR satisfies (2.7). This finishes the proof.

As consequence of the above result, we have the following corollary.

COROLLARY 2.5. Any nonnegative solution of(2.2) has a dead core provided
that fM is sufficiently small.

PROOF. It is sufficient to repeat the proof of [13, Remark 2.13] and to take account
of the fact thatŽR → 0 as fM → 0.

3. Existence of nonnegative solutions

Hereafter we write�[L1; f;g] := �[L1;1=m;2=m; f;g] and �[L2; f;g] := �[L2;1=n;2=n; f;g]. The
following result gives us a necessaryand sufficient condition to obtain semicoexistence
states.

THEOREM 3.1. Problem(1.3) has a semicoexistence state if, and only if,½ > 0 and
¼ > 0.

PROOF. By Theorem2.1(3) it follows that

u ≤ �[L1;½;a] and v ≤ �[L2;¼;d]: (3.1)

So, if ½ ≤ 0, again by Theorem2.1 (1) we obtain thatu ≡ 0. Analogously, if
¼ ≤ 0, v ≡ 0. Assume now that½ > 0 and¼ > 0. In this case, we have that
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A.x/ := ½ − b.x/�1=n
[L2;¼;d].x/ and B.x/ := ¼ − c.x/�1=m

[L1;½;a].x/ satisfy AM = ½ > 0
andBM = ¼ > 0. We consider the pair

.u;u/ = .�[L1;A;a]; �[L1;½;a]/ and .v; v/ = .�[L2;B;d]; �[L2;¼;d]/:

By the definitions ofA andB and Theorem2.1 it follows thatu ≤ u, v ≤ v and that
u andv are nonnegative and nontrivial functions. Finally, it is not hard to prove that
the pair.u;u/ − .v; v/ is a sub-supersolution of (1.3). This completes the proof.

The following result provides us with conditions which assure the existence of
coexistence states as well as their bounds.

THEOREM 3.2. If ½ and¼ satisfy

½ > .b.x/�1=n
[L2 ;¼;d]/M and ¼ > .c.x/�1=m

[L1 ;½;a]/M ; (3.2)

then(1.3) possesses a coexistence state. Moreover, for any coexistence state.u; v/
of (1.3) we have the following estimates: if ½ > .b.x/�1=n

[L2 ;¼;d]/M then

"1'1 ≤ �[L1;A;a] ≤ u ≤ �[L1;½;a] ≤ ½m=.m−1/.e1/
1=.m−1/
M e1; (3.3)

and if¼ > .c.x/�1=m
[L1;½;a]/M , then

"2'2 ≤ �[L2;B;d] ≤ v ≤ �[L2;¼;d] ≤ ¼n=.n−1/.e2/
1=.n−1/
M e2; (3.4)

where'i andei , i = 1;2, are the principal positive eigenfunctions ofLi and solutions
of (2.4) with Li respectively, and"1 and"2 are the positive solutions of

"
1−1=m
1 ¦1.L1/+ aM"

1=m
1 = ½− bM¼

1=.n−1/.e2/
1=.n−1/
M ;

"
1−1=n
2 ¦1.L2/+ dM"

1=n
1 = ¼− cM½

1=.m−1/.e1/
1=.m−1/
M :

(3.5)

PROOF. Consider the same sub-supersolution as that in the proof of Theorem3.1.
Observe that if (3.2) is satisfied, thenAL > 0 andBL > 0. Hence Theorem2.1 (5)
completes the existence of a coexistence state.

The estimates (3.1) and (2.3) yield the upper bounds of (3.3) and (3.4). On the
other hand, thanks to (3.1), u is a supersolution of (2.2) with L = L1, f ≡ A and
g ≡ a. So, since½ > .b.x/�1=n

[L2;¼;d]/M thenAL > 0 and by Theorem2.1(5) the lower
bounds of (3.3) follow. Estimates (3.4) can be proved similarly.

REMARK 3. (1) Using (3.3) and (3.4) we can obtain a sufficient condition for the
existence of coexistence states involving the coefficients of the problem. Indeed, if½

and¼ satisfy

½ > bM.e2/
1=.n−1/
M ¼1=.n−1/ and ¼ > cM.e1/

1=.m−1/
M ½1=.m−1/; (3.6)

then½ and¼ satisfy (3.2), so that (1.3) has a coexistence state.
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¼ = f .½/

¼ = f .½/
¼ = f .½/

¼ = f .½/¼ = f .½/

¼¼

¼¼¼

½ = g.¼/½ = g.¼/

½ = g.¼/½ = g.¼/

½ = g.¼/

½ ½ ½

½½

R

R

R

R
R

Case 1 Case 2 Case 3

Case 4 Case 5

FIGURE 1. R stands for the semicoexistence region in the following cases: Case 1: 1< m;n < 2;
Case 2: 1< m < 2 = n; Case 3: 1< m < 2 < n, n − 1 < 1=.m − 1/; Case 4: 1< m < 2 < n,
n − 1 = 1=.m − 1/, cMbn−1

M .e1/
n−1
M .e2/

n−1
M < 1; Case 5: 1< m< 2< n, n − 1> 1=.m − 1/.

(2) Observe that when all coefficients are positive constants (see [28] and [13]) the
conditions which assure the existence of coexistence states are independent ofm and
n. This is due to the fact that positive constants are supersolutions of (1.3).

In Figure1 we have shown the different forms of the region defined in the.½;¼/-
plane by (3.6) whenm andn vary. We have denoted byf .½/ = cM.e1/

1=.m−1/
M ½1=.m−1/

andg.¼/ = bM.e2/
1=.n−1/
M ¼1=.n−1/.

3.1. Existence of dead coresWe will use the results of Section2 to show the
existence of dead cores for (1.3). The first result provides us with conditions which
assure the non-existence of dead cores, and it is a direct consequence of (3.3) and
(3.4).

PROPOSITION3.3. Assume that½and¼ satisfy(3.2). Then any nonnegative solution
of (1.3) does not have a dead core.

To state the main result of this section we need some notation. We fix½ > 0.
It is not hard to prove that the map¼ 7→ �[L2;¼;d] is strictly increasing, and so
also is¼ 7→ .b.x/�1=n

[L2 ;¼;d]/M . Hence there exists a unique value¼∗.½/ such that
½ = .b.x/�1=n

[L2 ;¼∗.½/;d]/M . For such½ fixed, we write¼∗.½/ = .c.x/�1=m
[L1;½;a]/M .

Analogously, for fixed¼ > 0, there exists a unique½∗.¼/ > 0 such that¼ =
.c.x/�1=m

[L1;½∗.¼/;a]/M and we define½∗.¼/ = .b.x/�1=n
[L2 ;¼;d]/M .
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THEOREM 3.4. (1) Assume½ > 0. Then there exist0 < ¼1.½/ < ¼2.½/

with ¼1.½/ < min{¼∗.½/; ¼∗.½/} and max{¼∗.½/; ¼∗.½/} < ¼2.½/ such that if
0< ¼ < ¼1.½/ or ¼ > ¼2.½/ any nonnegative solution of(1.3) has a dead core.
(2) Assume¼ > 0. Then there exist0 < ½1.¼/ < ½2.¼/ with ½1.¼/ < min{½∗.¼/;
½∗.¼/} and max{½∗.¼/; ½∗.¼/} < ½2.¼/ such that if0 < ½ < ½1.¼/ or ½ > ½2.¼/

any nonnegative solution of(1.3) has a dead core.

PROOF. We prove (1). The second part follows analogously. Observe that if
¼ < ¼∗.½/ by (3.3) we get

u ≥ �[L1;A.x/;a]: (3.7)

Now we defineF.x; ¼/ := ¼− a.x; ¼/ := ¼ − c.x/�1=m
[L1;A.x/;a]. Using (3.7) it is not

hard to prove thatv is a subsolution of (2.2) with L = L2, f .x/ = F.x; ¼/ and
g.x/ = d.x/, and so by Theorem2.1(3), it follows that

v ≤ �[L2;F.x;¼/;d]: (3.8)

Now we are going to use Theorem2.4 to prove that�[L2;F.x;¼/;d] has a dead core, so
that by (3.8) the result follows.

Observe that in this case.F.x; ¼//M = ¼ and soŽR = .¼.e2/M=R/n=.þ.n−1//. On
the other hand, since.a.x;0//M > 0 and.a.x; ¼//M is decreasing in¼, there exists
a unique¼0.½/ > 0 such that¼0 = .a.x; ¼0//M . Observe that, by the definition of
¼∗.½/, we have that¼0.½/ < ¼∗.½/. Taking¼ ≤ ¼0=2, we have 0< ¼ ≤ ¼0=2 <
¼0 = .a.x; ¼0//M < .a.x; ¼//M . Hence there existsR0 > 0 such that the following
set is nonempty:

{x ∈ � : ¼0.½/=2 − a.x; ¼0.½/=2/ ≤ −R0} 6= ∅:
We defineN.¼/ := N.R0/ = {x ∈ � : F.x; ¼/ ≤ −R0}. Again by Theorem2.1we
get that if¼1 ≤ ¼2 thenF.x; ¼1/ ≤ F.x; ¼2/. Hence if¼1 ≤ ¼2 ≤ ¼0=2 then

∅ 6= N.¼0=2/ ⊂ N.¼2/ ⊂ N.¼1/:

Let x0 ∈ � be the point whereF.x; ¼0=2/ attains its negative minimum. For that
x0 ∈ �, there existsr0 > 0 such thatB.x0; r0/ ⊂ N.¼0=2/.

Finally, sinceŽR0 → 0 as¼ → 0 there exists¼′.½/ > 0 such that for¼ < ¼′.½/,
ŽR0 < min{r0; Ž0}. Define¼1.½/ := min{¼∗.½/; ¼∗.½/; ¼0=2.½/; ¼′.½/} and therefore
for ¼ < ¼1.½/ we get

dist.x0; @N.¼/ \ @�/ ≥ dist.x0; @N.¼0=2/ \ @�/ ≥ dist.x0; @B.x0; r0// > ŽR0:

ThereforeM.¼/ 6= ∅ and Theorem2.4completes the first part of (1).
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For the second part, take¼ > max{¼∗.½/; ¼∗.½/}, so¼ > .c.x/�1=m
[L1;½;a]/M and

by (3.4) we get thatv ≥ �[L2;B.x/;d]. Now we define

G.x; ¼/ := ½− b.x; ¼/ := ½− b.x/�1=n
[L2;B.x/;d]:

With a similar reasoning to that used in (3.8) we get thatu ≤ �[L1;G.x;¼/;a]. In this case,
we takeR = ¼r with r > 0 to be chosen later. So

N.R/ = N.¼/ := {x ∈ � : ½ ≤ b.x; ¼/− ¼r }
and

.G.x; ¼//M = ½; ŽR = .½.e1/M=¼
r /

m=.þ.m−1//
:

Using (3.4), we have thatb.x; ¼/ ≥ b.x/"1=n
2 .¼/'

1=n
2 , where"2 is defined in (3.5).

Let Ž > 0 be sufficiently small such that

B+
Ž := {x ∈ B+ : dist.x; @B+/ ≥ Ž} 6= ∅;

whereB+ := {x ∈ � : b.x/ > 0}. Define the set

T.¼/ := {x ∈ B+
Ž : ½ ≤ "

1=n
2 .¼/b.x/'1=n

2 .x/− ¼r }:
Clearly,T.¼/ ⊂ N.¼/.

On the other hand, by Remark1, "1=n
2 .¼/ = O.¼1=.n−1// if n ≥ 2 and"1=n

2 .¼/ =
O.¼/ if n < 2 when¼ is large. Taker < 1=.n − 1/ if n ≥ 2 andr < 1 if n < 2. So
there exists¼0.½/ > 0 such that for¼ > ¼0.½/,

T.¼0.½// 6= ∅ and T.¼0.½// ⊂ T.¼/: (3.9)

Moreover, there existx0 ∈ B+
Ž andr0 > 0 such that

B.x0; r0/ ⊂ T.¼0.½//: (3.10)

Furthermore, sinceŽR → 0 as¼ → ∞, there exists¼′′.½/ such that for¼ >

¼′′.½/ we getŽR < min{r0; Ž0}. Hence, using (3.9) and (3.10), for ¼ > ¼2.½/ :=
max{¼∗.½/; ¼∗.½/; ¼0.½/; ¼′′.½/}, we obtain

dist.x0; @N.¼/ \ @�/ ≥ dist.x0; @T.¼// ≥ dist.x0; @T.¼0//

≥ dist.x0; @B.x0; r0// = r0 > ŽR:

Theorem2.4completes the proof.

REMARK 4. (1) By the proof of Theorem3.4, we can see that if¼ < ¼1.½/ (or
½ > ½2.¼/) for any semicoexistence state.u; v/ thenv has a dead core. Similarly, if
¼ > ¼2.½/ (or ½ < ½1.¼/) thenu has a dead core.
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(2) We can give a biological interpretation of Theorem3.4. If we fix the growth
rates ofu and½, then the other species does not live in all its habitat if its growth rate
is small. But, if the growth rate ofv is large, thenu cannot survive in all of�.
On the other hand, whenm = n = 1 it was shown in [21] (see also [27]) that if the
interaction rate (for example)b is large, thenv drivesu to extinction. This is in strong
contrast with the case whenm;n > 1, because by Theorem3.1neither species drives
the other to extinction whenb or c is large.

4. Maximum principle for a singular system

We define inX2 the following order: given.u1; v1/; .u2; v2/ ∈ X2,

.u1; v1/ � .u2; v2/ if and only if u1 ≤ u2 and v1 ≥ v2:

Analogously, we write.u1; v1/ ≺ .u2; v2/ if u1 < u2 andv1 ≥ v2 or u1 ≤ u2 and
v1 > v2.

Let M.x/ = .mi j .x// be a 2×2 matrix whose elements belong to the Fr´echet space
C1.�/ and such that there existK > 0 andÞ ∈ .0;2] satisfying:

(HM) mi j ≥ 0, mi j 6≡ 0, i 6= j ;

|mi j .x/| dist.x; @�/2−Þ ≤ K i; j = 1;2: (4.1)

The object of this section is to analyse the following singular eigenvalue problem:{
LU + M.x/U = ¦U in �,

U = 0 on@�,
(4.2)

whereL = diag.L1; L2/, U = .u; v/t , andLi , i = 1;2, are operators as in (1.2).
The next result characterises the existence of a positive eigenvalue of (4.2) by

means of the existence of a strict positive supersolution in the following sense. The
proof of the result follows from [27, Theorem 6.3] and [15, Section 2].

DEFINITION 4.1. We say that8 ∈ .C2.�/ ∩ C1;Ž.�//2, Ž ∈ .0;1/, 8 � 0 is a
supersolution ofL + M if .L + M/8 � 0 in� and8 � 0 on@�. If in addition,
.L + M/8 � 0 in� or8 � 0 on@�, then it is said that8 is a strict supersolution.

THEOREM 4.2. Under the assumption(HM), the following conditions are equiva-
lent:

(1) L + M admits a positive strict supersolution;
(2) The operator[L + M]−1 : X2 7→ X2 is well defined, compact and strongly

positive;
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(3) The problem {
LU + M.x/U = F in �;

U = 0 on @�;
(4.3)

whereF ∈ Y2, satisfies the strong maximum principle, that is, ifF � 0 and F 6= 0,
thenU � 0;
(4) The operator[L + M] : X2 7→ Y2 possesses a strictly positive eigenvalue,

denoted by¦1.L + M/. This eigenvalue is simple and it is the only eigenvalue
of (4.2) possessing a positive eigenfunction81 � 0.

In the present work, we need to apply this result assuming less regularity for the
strict supersolution.

PROPOSITION4.3. Assume thatM satisfies(HM). Then¦1.L + M/ > 0 if and only
if there exists8 ∈ .C2.�/∩C0

0 .�//
2 such that8 � 0 in� and.L + M/8 � 0 in�.

REMARK 5. Since8 = .81;82/ =∈ X2, when we write8 � 0 we mean that
81.x/ > 0 and82.x/ < 0 for all x ∈ �.

The following boundary point result will be used in the proof.

LEMMA 4.4. Letu ∈ C2.�/ ∩ C1.�/ be such thatu ≥ 0 in �, u 6≡ 0 and

.L + q/u ≥ 0 in �, u ≥ 0 on @�,

whereq ∈ C1.�/ satisfies(4.1). Thenu.x/ > 0 for all x ∈ � and for all x0 ∈ @�

such thatu.x0/ = 0, .@u=@n/.x0/ < 0.

PROOF. It is an easy consequence of [5, Lemma 3.6] with².r / = r Þ−2.

PROOF OFPROPOSITION4.3. It is clear that if¦1.L +M/ > 0, we can take8= 81,
the eigenfunction associated with¦1.L + M/.

Now assume that there exists8 ∈ .C2.�/ ∩ C0
0.�//

2 such that8 � 0 in � and
.L + M/8 := G � 0 in �. Let F � 0 andF 6≡ 0 andU be the solution of (4.3).
We have to prove thatU � 0 and then, by Theorem4.2, the proof is concluded.

For each" > 0 andK > 0, we define

W := U + .";−"/t + "K8 ∈ .C2.�/ ∩ C0.�//2:

Since8 ∈ .C0
0.�//

2, for any " > 0, there exists
 ."/ > 0 such thatW � 0 in
�" := {x ∈ � : dist.x; @�/ < 
 ."/}. Moreover

.L + M/W � "..m11 − m12;m21 − m22/
t + K G/ � 0 in�\�",
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for K sufficiently large. Now in�\�" the coefficientsmi j are bounded. So, since8
is a strict supersolution in�\�", we can apply [27, Theorem 6.3] to get thatW � 0
in �\�". Thus W � 0 in � for all " > 0, and we obtain thatU � 0 in �. Let
U = .u1;u2/

t . SinceU 6= .0;0/ we can assume thatu1 ≥ 0 andu1 6≡ 0. Then,
denotingF = . f1; f2/

t and taking into account thatm12 ≥ 0, we obtain

L1u1 + m11u1 = f1 − m12u2 ≥ 0 in�; u1 = 0 on@�;

and so applying Lemma4.4, we getu1 > 0. For the second equation,

L2.−u2/ + m22.−u2/ = − f2 + m21u1 > 0 in�; u2 = 0 on@�

and so−u2 > 0. SoU � 0. This completes the proof.

Again, the next result is a consequence of [27, Theorem 6.5] and [15, Theorem 4].

THEOREM 4.5. Assume(HM) holds. There exists one real eigenvalue of(4.2),
denoted¦1.L + M/, associated with a positive eigenfunction81 � 0. The eigenvalue
is simple and there is no other eigenvalue associated with a positive eigenfunction.

The following result will be used to compare principal eigenvalues of different
matrices.

LEMMA 4.6. Let A.x/ = .ai j .x// and B.x/ = .bi j .x// be two matrices withai j ;bi j

satisfying (H M), bii ≥ aii andai j ≥ bji for i 6= j with some inequality strict. Then
¦1.L + A/ < ¦1.L + B/.

PROOF. Let8A � 0 be the eigenfunction associated withL + A. Then it is easy
to show that.L + B − ¦1.L + A/I /8A � 0, and so8A is a strict supersolution of
L + B − ¦1.L + A/I . Hence, by Theorem4.2, we deduce that

¦1.L + B − ¦1.L + A/I / > 0;

whence the conclusion follows.

5. Uniqueness result

Throughout this section we assume that½ and¼ satisfy (3.2), and so the validity
of the strong maximum principle is guaranteed. Indeed, by (3.4) we get

u1=m.½− b.x/v1=n/− a.x/u2=m ≥ u1=m.½− b.x/�1=n
[L2;¼;d]/− a.x/u2=m;
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and so, by (3.2), there exists a positive constantM such that

u1=m.½− b.x/v1=n/− a.x/u2=m + Mu ≥ 0; (5.1)

whence it follows that if.u; v/ is a nonnegative solution of (1.3) with u 6≡ 0, then
u.x/ > 0 for all x ∈ �. Similarly we can reason with the second equation in (1.3).

In this section we obtain a uniqueness result for a coexistence state of (1.3). In
order to get the result we use the fixed point index in cones.

For the fixedM > 0 obtained in (5.1), consider the operatorK : X2 7→ X2

defined by

K .u; v/ :=
(
.L1 + M/−1.u1=m.½− a.x/u1=m − b.x/v1=n/+ Mu/
.L2 + M/−1.v1=n.¼ − d.x/v1=n − c.x/u1=m/+ Mv/

)
;

where.Li + M/−1, i = 1;2, stands for the inverse on the operatorLi + M in� under
homogeneous Dirichlet boundary conditions. Observe that by (2.1), ¦1.Li + M/ > 0
and so.Li + M/−1 is well defined and is a compact operator. Thanks to the choice
of M , see (5.1), K is a positive operator whose fixed points are componentwise
nonnegative solutions of (1.3).

On the other hand, by (3.3) and (3.4), there existRi > 0, i = 1;2, such that for
every.u; v/ coexistence states of (1.3),

‖u‖∞ ≤ R1 := .½.e1/M/
m=.m−1/ and ‖v‖∞ ≤ R2 := .¼.e2/M/

n=.n−1/:

So the fixed point index ofK overB with respect to the coneP × P is well defined,
whereB := {.u; v/ ∈ P2 : ‖u‖∞ ≤ R1 + 1; ‖v‖∞ ≤ R2 + 1}. We are now going to
compute this index in some cases.

PROPOSITION5.1. Assume that½ and¼ satisfy(3.2). The following assertions are
true:

(1) i P×P.K ;B/ = 1;
(2) i P×P.K ; .0;0// = 0;
(3) i P×P.K ; .�[L1;½;a];0// = i P×P.K ; .0; �[L2;¼;d]// = 0.

PROOF. (1) First, we defineG1 : X 7→ X by

G1.u/ := .L1 + M/−1.u1=m.½− a.x/u1=m/+ Mu/:

By (2.3), takingBu := {u ∈ P : ‖u‖∞ ≤ R1 + 1} the fixed point index ofG1 over Bu

is well defined. Applying [2, Lemma 12.1] it can be proved that

i P.G1; Bu/ = 1: (5.2)
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Indeed, if there existt ≥ 1 andu ∈ P such that‖u‖∞ = R1 + 1 andG1.u/ = tu, then

L1u ≤ u1=m

(
½

t
− a.x/

t
u1=m

)

and so‖u‖∞ ≤ .½=t/m=.m−1/.e1/
m=.m−1/
M ≤ R1 < R1 + 1. Analogously,

i P.G2; Bv/ = 1; (5.3)

with G2.v/ := .L2 + M/−1.v1=n.¼ − d.x/v1=n/ + Mv/ andBv := {v ∈ P : ‖v‖∞ ≤
R2 + 1}.

Consider the operatorH1 : [0;1] × X2 7→ X2 defined by

H1.t;u; v/ :=
(
.L1 + M/−1.u1=m.½− a.x/u1=m − tb.x/v1=n/+ Mu/
.L2 + M/−1.v1=n.¼ − d.x/v1=n − tc.x/u1=m/+ Mv/

)
:

Observe that by (3.3) and (3.4) any fixed point ofH1 belongs toB. So, it follows by
homotopy invariance, (5.2) and (5.3) that

i P×P.K ;B/ = i P×P.H1.1; ·/;B/ = i P×P.H1.0; ·/;B/
= i P.G1; Bu/ · i P.G2; Bv/ = 1:

We now prove (2). Let i ∈ Y, i = 1;2, be such that i > 0 in�. We define

H2.t;u; v/ :=
(
.L1 + M/−1.u1=m.½− a.x/u1=m − b.x/v1=n/ + Mu + t 1/

.L2 + M/−1.v1=n.¼− d.x/v1=n − c.x/u1=m/+ Mv + t 2/

)
:

We claim that there existsŽ > 0 such that

.u; v/ 6=H2.t;u; v/; ∀t ∈ [0;1]; ∀.u; v/ ∈ NŽ; (5.4)

whereNŽ := {.u; v/ ∈ P2 : ‖u‖∞ ≤ Ž; ‖v‖∞ ≤ Ž} \ {.0;0/}. Assume there exist
sequences.ur ; vr / of functions andtr ∈ [0;1] such that.ur ; vr / → .0;0/ asr → ∞
and.ur ; vr / =H2.tr ;ur ; vr /. Since½ > 0 and‖vr ‖∞ → 0, there existsr0 ∈ N such
that .½ − b.x/v1=n

r /L > 0 for r ≥ r0. So, the strong maximum principle is satisfied
in the first equation, and sour > 0. Let K > 0 be such thatK ≥ ¦1.L1/. Since
‖ur ‖∞ → 0, there existsr1 ∈ N such that forr ≥ r1 we have

L1ur = u1=m
r .½ − b.x/v1=n

r /− a.x/u2=m
r + tr 1 > K ur ;

and hence¦1.L1 − K / > 0, a contradiction.
Thus by (5.4) the homotopy is admissible and we get

i P×P.K ; .0;0// = i P×P.K ;NŽ/ = i P×P.H2.0; ·/;NŽ/

= i P×P.H2.1; ·/;NŽ/ = 0;
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this last equality following by (5.4).
It remains to prove (3). Let ∈ Y be such that > 0 in �. We define another

operator

H3.t;u; v/ :=
(

.L1 + M/−1.u1=m.½− a.x/u1=m − b.x/v1=n/+ Mu/
.L2 + M/−1.v1=n.¼− d.x/v1=n − c.x/u1=m/+ Mv + t /

)
:

We claim that there existsŽ > 0 such that

.u; v/ 6=H3.t;u; v/; ∀t ∈ [0;1]; ∀.u; v/ ∈MŽ; (5.5)

whereMŽ := {.u; v/ ∈ P2 : ‖u−�[L1 ;½;a]‖∞ ≤ Ž; ‖v‖∞ ≤ Ž}\{.�[L1 ;½;a];0/}. Assume
there exist sequences.ur ; vr / → .�[L1;½;a];0/ asr → ∞ andtr ∈ [0;1] such that

.ur ; vr / =H3.tr ;ur ; vr /:

Sinceur ≤ �[L1;½;a] and¼ > .c.x/�1=m
[L1;½;a]/M , it follows that

¼− c.x/u1=m
r .x/ ≥ ¼− c.x/�1=m

[L1;½;a] > 0: (5.6)

Let K > 0 be such thatK ≥ ¦1.L2/. Then by (5.6) there existsr0 ∈ N such that for
r ≥ r0 we have

L2vr = v1=n
r .¼ − c.x/u1=m

r / − d.x/v2=n
r + tr > K vr ; in �,

and hence¦1.L2 − K / > 0, a contradiction.
Thus by (5.5) the homotopy is admissible and we get

i P×P.K ; .�[L1;½;a];0// = i P×P.K ;MŽ/ = i P×P.H3.0; ·/;MŽ/

= i P×P.H3.1; ·/;MŽ/ = 0:

Analogously, it can be treated as the solution.0; �[L2 ;¼;d]/.

Let.u0; v0/ be a coexistence state of (1.3). We consider the matrixM.u0;v0/ := .mi j /,
i; j = 1;2, which is related to the linearisation of (1.3) about.u0; v0/, where

m11 = − 1

m
u1=m−1

0 .½ − 2a.x/u1=m
0 − b.x/v1=n

0 /; m12 = 1

n
b.x/u1=m

0 v
1=n−1
0 ;

m22 = −1

n
v

1=n−1
0 .¼ − 2d.x/v1=n

0 − c.x/u1=m
0 /; m21 = 1

m
c.x/v1=n

0 u1=m−1
0 :

(5.7)

Observe that since.u0; v0/ is a coexistence state, by (3.3) and (3.4) there existsk0 > 0
such thatk0 dist.x; @�/ ≤ u0 andk0 dist.x; @�/ ≤ v0, thenM.u0;v0/ satisfies (HM), so
that¦1.L + M.u0;v0// makes sense.

The general uniqueness result reads as follows.
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THEOREM 5.2. Assume that½ and¼ satisfy(3.2) and¦1.L + M.u0;v0// > 0 for any
.u0; v0/ coexistence state of(1.3). Then(1.3) possesses a unique coexistence state.

PROOF. Recall that by Proposition 3.3, if ½ and¼ satisfy (3.2) then any nonnegative
solution of (1.3) is a coexistence state. We claim that if.u0; v0/ is a coexistence state
of (1.3), then

i P×P.K ; .u0; v0// = 1: (5.8)

Assume that we have proved (5.8), then sinceK is a compact operator, it possesses
a finite number of coexistence states, say.ui ; vi /, i = 1; : : : ; r . Then

i P×P.K ;B/ = i P×P.K ; .0;0// + i P×P.K ; .�[L1;½;a];0//

+ i P×P.K ; .0; �[L2;¼;d]// +
r∑

i =1

i P×P.K ; .ui ; vi //

and so, by Proposition5.1and (5.8), 1 = 0 + 0 + 0 + r , whence the conclusion now
easily follows.

It remains to prove (5.8). Let h ∈ C1.�/ be such thath verifies that, for some
Þ ∈ .0;2] andK > 0, |h.x/| dist.x; @�/2−Þ ≤ K and

h ≥ max{0;m11;m22}; (5.9)

wherem11 andm22 are defined in (5.7). We define the operator

T .u; v/ :=
(
.L1 + h/−1.u1=m.½− a.x/u1=m − b.x/v1=n/+ hu/
.L2 + h/−1.v1=n.¼− d.x/v1=n − c.x/u1=m/+ hv/

)
:

Observe that.Li + h/−1 exists becauseh ≥ 0 and so¦1.Li + h/ > 0.
By the Leray-Schauder formula,i P×P.T ; .u0; v0// = .−1/¾ , where¾ is the sum

of the multiplicities of the eigenvalues ofD.u;v/T .u0; v0/ larger than one, being
D.u;v/T .u0; v0/, the linearisation ofT about.u0; v0/. It is clear that

D.u;v/T .u0; v0/ = diag..L1 + h/−1; .L2 + h/−1/.−M.u0 ;v0/ + diag.h;h//;

whereM.u0;v0/ is defined by (5.7). It is not hard to prove that ifr > 1 is an eigenvalue
of D.u;v/T .u0; v0/, then

¦1.L + M.u0;v0/ + B/ = 0; (5.10)

where

B =
(
.m11 − h/.1=r − 1/ m12.1=r − 1/

m21.1=r − 1/ .m22 − h/.1=r − 1/

)
:
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Sincer > 1, by (5.9) and Lemma4.6we get

¦1.L + M.u0;v0/ + B/ > ¦1.L + M.u0;v0// > 0;

contradicting (5.10).

The following result provides us with a sufficient condition for¦1.L +M.u0;v0// > 0
to hold.

PROPOSITION5.3. Assume thatm = n, a.x/;d.x/ > 0 for all x ∈ �, ½ and¼
satisfy(3.2) and that for any.u0; v0/ coexistence state of(1.3),

(
b

a

)
M

( c

d

)
M

(
u0

v0

).2−m/=m

M

(
v0

u0

).2−m/=m

M

< 1: (5.11)

Then(1.3) possesses a unique coexistence state.

PROOF. Let 8 := .Þu1=m
0 ;−þv1=m

0 / ∈ .C2.�/ ∩ C0
0.�//

2, with Þ; þ > 0 to be
chosen. We will show that8 is a supersolution in the sense of Definition4.1 of
L + M.u0;v0/ if (5.11) holds. Proposition4.3 and Theorem5.2 will complete the
proof.

First, observe that8 � 0. In order to show that8 is a supersolution ofL + M.u0;v0/

we have to prove that (for the first equation)

L1.Þu1=m
0 /+ m11.x/Þu1=m

0 + m12.x/.−þv1=m
0 / > 0; (5.12)

wherem11 andm12 are defined in (5.7). Taking into account the fact that

L1.u
1=m
0 / = 1

m
u1=m−1

0

[(
1− 1

m

)
u−1

0

N∑
i; j =1

a1
i j Di u0 Dj u0 + L1u0

]
;

to prove (5.12) it suffices that

a.x/u2=m−1
0 > b.x/v2=m−1

0

þ

Þ
; for all x ∈ �.

Analogously, for the second equation it is sufficient that

d.x/v2=m−1
0 > c.x/u2=m−1

0

Þ

þ
; for all x ∈ �.

Now, by (5.11) it is easy to show that there existÞ and þ satisfying the above
inequalities.
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The following result provides us with another sufficient condition to obtain a
uniqueness result.

PROPOSITION5.4. Assume that½ and¼ satisfy(3.2) and that for any coexistence
state.u0; v0/ of (1.3) the following inequalities hold for allx ∈ �:

½

(
1 − 1

m

)
+ a.x/u1=m

0 .x/

(
2

m
− 1

)
> b.x/

(
1 + 1

n
− 1

m

)
v

1=n
0 .x/;

¼

(
1− 1

n

)
+ d.x/v1=n

0 .x/

(
2

n
− 1

)
> c.x/

(
1+ 1

m
− 1

n

)
u1=m

0 .x/:

(5.13)

Then(1.3) possesses a unique coexistence state.

PROOF. Taking8 := .u0;−v0/, it suffices to prove that8 � 0 is a supersolution
of L + M.u0;v0/ provided that (5.13) holds and we again apply Proposition4.3 and
Theorem5.2. For the second equation,8 is a supersolution if

L2.−v0/+ m21.x/.u0/+ m22.x/.−v0/ < 0;

wherem21 andm22 are defined in (5.7). For observe that

L2.−v0/+ m21.x/.u0/+ m22.x/.−v0/

= v
1=n
0

(
¼

(
1

n
− 1

)
+ d.x/v1=n

0

(
1− 2

n

)
+ c.x/u1=m

0

(
1 + 1

m
− 1

n

))
< 0;

provided that (5.13) holds. Similarly we can reason with the first equation.

We will now use the upper estimates of (3.3) and (3.4) giving sufficient conditions
for the uniqueness of a coexistence state in terms of several coefficients involved in
the model setting.

COROLLARY 5.5. Assume thatm = n, a.x/;d.x/ > 0 for x ∈ �, ½ and¼ satisfy
(3.2) and(
.e1/

1=.m−1/
M

"1

.e2/
1=.m−1/
M

"2

).2−m/=m(
e1

'2

).2−m/=m

M

(
e2

'1

).2−m/=m

M

.½¼/.2−m/=.m−1/ <
aL dL

bM cM

;

(5.14)

where"1 and"2 are defined in(3.5). Then(1.3) possesses a unique coexistence state.

PROOF. By (3.3) and (3.4) we have that(
u0

v0

)
M

≤ ½m=.m−1/.e1/
1=.m−1/
M

"2

(
e1

'2

)
M
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and (
v0

u0

)
M

≤ ¼m=.m−1/.e2/
1=.m−1/
M

"1

(
e2

'1

)
M

;

and so (5.11) is satisfied if (5.14) holds. It suffices to apply Proposition5.3.

COROLLARY 5.6. Assume that some of the following sets of inequalities,(1) to (4),
hold:

(1) If 1< m;n ≤ 2,

bM

(
1 + 1

n
− 1

m

)
¼1=.n−1/.e2/

1=.n−1/
M < ½

(
1 − 1

m

)
;

cM

(
1 + 1

m
− 1

n

)
½1=.m−1/.e1/

1=.m−1/
M < ¼

(
1 − 1

n

)
:

(2) If 1< n ≤ 2 andm> 2,

bM

(
1+ 1

n
− 1

m

)
¼1=.n−1/.e2/

1=.n−1/
M +

(
1− 2

m

)
aM½

1=.m−1/.e1/
1=.m−1/
M <½

(
1− 1

m

)
;

cM

(
1+ 1

m
− 1

n

)
½1=.m−1/.e1/

1=.m−1/
M <¼

(
1− 1

n

)
:

(3) If 1< m ≤ 2 andn > 2,

cM

(
1+ 1

m
− 1

n

)
½1=.m−1/.e1/

1=.m−1/
M +

(
1 − 2

n

)
dM¼

1=.n−1/.e2/
1=.n−1/
M <¼

(
1− 1

n

)
;

bM

(
1+ 1

n
− 1

m

)
¼1=.n−1/.e2/

1=.n−1/
M <½

(
1− 1

m

)
:

(4) If m > 2 andn > 2,

bM

(
1+ 1

n
− 1

m

)
¼1=.n−1/.e2/

1=.n−1/
M +

(
1− 2

m

)
aM½

1=.m−1/.e1/
1=.m−1/
M < ½

(
1− 1

m

)
;

cM

(
1+ 1

m
− 1

n

)
½1=.m−1/.e1/

1=.m−1/
M +

(
1− 2

n

)
dM¼

1=.n−1/.e2/
1=.n−1/
M < ¼

(
1− 1

n

)
:

Then(1.3) possesses a unique coexistence state.

PROOF. Reasoning as in the proof of Corollary5.5, it is sufficient to apply (3.3),
(3.4) and Proposition5.4.

REMARK 6. (1) Observe that whenm = 1, (5.11) is the condition obtained in
[27, Theorem 4.2] and [21, Theorem 4.8]. Moreover, whenm = n, anda andd are
positive, we obtain uniqueness provided thatbM or cM is small.
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(2) The.½;¼/-regions defined in Corollary5.6are subsets of the coexistence region
obtained in Theorem3.2. Similar conditions to those imposed in Figure1 assure the
existence of these subregions.

6. Conclusions

We have studied the set of nonnegative solutions of a spatially heterogeneousLotka-
Volterra competition model with degenerate diffusion. Basically, we have found three
differences with respect to the non-degenerate (linear) case:

(1) In the degeneratecase all the nonnegative solutions are bounded, unlike the linear
case in whicha priori bounds are lost for some values of the data of the problem.
(2) In the degenerate case a new kind of nonnegative solution appears: nonnegative

and nontrivial solutions that vanish in a region of the habitat of the species. We obtain
sufficient conditions in terms of some parameters involved in the setting of the model
ensuring the existence or non-existence of such solutions.
(3) Unlike the non-degenerate case, in our model when the competition between the

species is “strong” neither species drives the other to extinction.

Finally, we have obtained the uniqueness of the positive solution of the problem under
some conditions on the data of the problem.
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[19] J. C. Eilbeck, J. E. Furter and J. López-Ǵomez, “Coexistence in the competition model with
diffusion”, J. Differential Equations107(1994) 96–139.
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