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Abstract

This paper deals with the existence, uniqueness and qualitative properties of nonnegative
and nontrivial solutions of a spatially heterogeneous Lotka-Volterra competition model with
nonlinear diffusion. We give conditions in terms of the coefficients involved in the setting of
the problem which assure the existence of nonnegative solutions as well as the uniqueness
of a positive solution. In order to obtain these results we employ monotonicity methods,
singular spectral theory and a fixed point index.

1. Introduction

Inthis work we are mainly concerned with the existence and uniqueness of nonnegative
solutions for the problem

Li(w™ = w —aX)w — b(X)2) inQ,
Lo(Z") = z(u — d(X)z — c(X)w) in Q, (1.2)
w=7= 0 OHBQ,

whereQ2 is a bounded domain & with regular boundary, Ly, k = 1, 2, are two
second-order uniformly elliptic operators of the form

N N
Li:=—) asDiDj + Y blx)Dy k=12, (1.2)

ij=1 i=1
with af, bk € C*(Q); m,n > 1; 4, € R anda, b, c,d € C*(Q) nonnegative and
nontrivial.
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Problem (.1) provides us with the steady-state solutions to a related evolutionary
problem, which models the behaviour of two competing species, with population
densitiesw(x) andz(x), inhabiting 2. We refer to L3] for the meaning of each
coefficient and details about the model.

Whenm = n = 1 (linear diffusion), {.1) has been extensively studied in recent
years. In the case when b, c andd are strictly positive functions, see for example
[6,7,8,9 11,12, 18, 19, 20, 24, 27, 32] and the references therein. Whieand/or
¢ vanish in a domain of2 (this means that, for instancedoes not interact withy in
the setBy := {x € Q : b(x) = 0}), problem (.1) was studied inZ1, 25] and [27].

And finally, recently the case whenvanishes in a part & but all other coefficients

and functions are strictly positive ovér has been analysed in{] and [26], where
essential qualitative changes occur. Observe that in this case positive constants ar
not supersolutions ofl(1) and, in fact, it is shown that treepriori bounds are lost for
some values of andu and a new kind of positive solutions appear (which are infinite
over a region of2 and finite on the rest a2) that govern the behaviour of a related
evolutionary problem.

However, model1.1) is less known whem, n > 1, and it has only been analysed
under more restrictive hypotheses, with constant coefficients (the homogeneous envi
ronmental case) inlf3] and whena andd are strictly positive in28] and [30], all of
them withL; = L, = —A. These new parametgirs, n) were introduced in42, 29]
by describing the dynamics of a biological population whose mobility depends upon
its density. In this context, it means that the diffusion, the rate of movement of the
species from high density regions to low ones, is slower than in the linear case, giving
more realistic results. Mathematically, this mainly has three consequences which
distinguish this system from the one with= n = 1. the strong maximum principle
does not apply (and so, unlike the linear case, there can exist nonnegative and non
trivial solutions which are not positive in &), a priori bounds for all the solutions
of (1.1) and for all the values of andu, even whera or d vanishes, exist and that
the linearised method cannot be applied directly.

In order to study 1.1) we make the appropriate change of variahl€s= u and
Z" = v, which transformsX.1) into

L.u = uY"x —a(x)u¥’™ —bx)v¥") in Q,
Lov = v¥"(u — d(x)v¥" — c(x)u¥M in Q, (1.3)
u=v=0 onos2.

Since only nonnegative solutions have physical interest, there are four types of so-
lutions: the ftrivial solution, the semitrivial solutior(si, 0) and (0, v), those with

both components strictly positive, tkeexistence stateand those where at least one
component could vanish in a part 8f the semicoexistence state®bserve that a
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semicoexistence state could also be a coexistence state (see Propb8jtiGome-
times, we are able to prove that a semicoexistence state vanishes in a reQi¢seef
Theoren.4), and so it is not a coexistence state.

The paper is structured as follows. Observe that the semitrivial solutions satisfy
the following equation, the reason for our study in Secfipn

_ 1/r 2/r i
{Lw = f(xX)w gxX)w in Q, (1.4)

w=20 onos2,

wherelL is an operator of the forml(2), f,g € C*(Q) with g > 0,g # 0, f can
change sign and = mor n. Although the semitrivial solutions give = A (or 1) and
so constant, it will be very useful to stud¥.€) when f changes sign. This equation
has been previously studied i& [L3, 14, 23] and [31], assuming more restrictions on
the data of {.4). We collect the main results of these works, and as a consequence we
obtain that the semitrivial solutiofu, 0) = (respectively(0, v)) exists and is unique
if, and only if, . > O (respectivelyr > 0).

We then study the existenceddad coregsee [L6]) of the solutions of {.4). Given
a solutionw of (1.4); if the setQ := {x € Q : w(X) = 0} is nonempty, it is called a
dead core ofv. We demonstrate a result which assures the existence of a dead core
for any nonnegative solution of. (4) under suitable hypotheses (see Theofefpn A
direct consequence of our result is that any nonnegative solutioh.4fHas a dead
core if the maximum off is small. To our knowledge, the above results pertaining
to the existence of a dead core have been obtained When-A, see B], [13], [16]
and [B1], with their proofs being based on the radial properties of the Laplacian. In
this way our result generalises previous work.

In Section3 we carry out an analysis of the existence of semicoexistence, co-
existence states and dead cores of the sysfief). (Using the results of Sectioh
and monotonicity methods, we obtain results which can be summarised as follows.
Suppose. € R.

e Assumer < 0: if u € (—o0, 0] only the trivial solution exists, ift € (0, co)
only the trivial and the semitrivial solution®, v) exist.

e Assumeir > 0: there exist positive valugs, (1), u*(A), ni(A), ma(A) with
pma(d) < minfu, (1), w* (M)} andpp(d) > max{u, (), u*(2)} such that

— if u € (—oo, 0] only the trivial and semitrivial solutiou, 0) exist;

— if u € (0, u1 (1)) there exists at least a semicoexistence diate) and the
component has a dead core;

— if w € (U (1), uo(A)) there exists at least a semicoexistence state;

— if u € (u2(1), 00) there exists at least a semicoexistence giate) and the
component has a dead core;

— if, moreoveru,(A) < u*(1), thenifu € (u,(A), u* (1)) there exists at least a
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coexistence state.

Analogous results can be obtained when we fix the paramet#s worth mentioning
that the existence of1(A) > 0 was shown in13] when all the coefficients were
positive constants. To our knowledge, the existenge,0£) > 0 is new. In Remark
we give a biological interpretation of this result.

In Sections4 and5 we study the uniqueness of coexistence stated &j.( For
that we use the fixed point index. Observe that because > 1 the linearisation
of (1.3) around the trivial or semitrivial solutions do not exist, so we cannot apply
the results in 10] (see also24] and [27]) to compute their indices. So we will build
appropriate homotopies for that. To compute the index of a coexistence state we car
use a linearisation. In this case the linearisationlo8)(around a coexistence state
leads us to a eigenvalue problem of the form

{zu +MU=0U ing,

(1.5)
U=0 onos2,

where. = diag(L,, L) andM = (m;;), 1 <i, ] < 2withm; > Ofori # j and

m;; blowing up nean 2 in a controlled way. Followingl[5] and [27] we define a
specific order and establish the existence of the principal eigenvaltiespéé well as

a characterisation of its positivity by means of the existence of a supersolution. Now,
we prove that, again with fixed > 0, there exists a unique coexistence state when
wu belongs to a subset ¢f:, (1), u*(1)). Furthermore, iflm = n anda, d are strictly
positive functions we have uniqueness of the coexistence stajedf cy is small.

The results about the uniqueness of the coexistence state3phfe also, we believe,
new.

2. Preliminaries. The degenerate logistic equation

We consider the Banach spae:= C}(Q2) ordered by its cone of nonnegative
functionsP, whose interior is

int(P) :={ue X:ux) >0 forall xe  and du/dn < 0 on 9L},

wheren denotes the outward unit normal 6. We say thatl € X is nonnegative,
u >0, if u e P, andu is positive,u > 0, if u € int(P).

Givenq € L>(Q2) andL an operator of the forni(2), we denote by (L + q) the
principal eigenvalue ok + g subject to homogeneous Dirichlet boundary conditions.
Moreover, if we denote by < int P the unique positive eigenfunction associated
with o1(L + ) normalised such thafy ||, = 1, then it is well known that

dg

— <0 onog,
8v<



[5] Degenerate competition problem 277

for v any direction out of2. Recall that as positive constants are supersolutiohs of
then

o1(L) > 0. (2.1)
Finally, for f € Y := C°(Q) we write

fy :=maxf(x) and f_:=min f(x).
XeQ XeQ

2.1. Existence of solutions In this section we study the semitrivial solutions of
(1.3). Observe that if the solutions of (3 are of the form(u, 0) and(0, v), then they
satisfy equations of the following type:

{Lw = fOuw? —gw’ in Q, (2.2)

w=20 on 092,

wherelL is an operator of the forml(2), f,g € C*(Q) with g > 0,g # 0, f can
change sign and and p satisfy

O0<qgq<1l p>aq. (H)

Our first result gives us the existence of a nonnegative solutiod.gfgnd lists some
useful properties. For a proof of this result séd][for instance.

THEOREM2.1. AssuméH). The following assertions are true.

(1) There exists a maximal nonnegative and nontrivial solutiofad) if, and only
if, fu > 0. We denote it by 4 p.1.q)-
(2) The following estimates hald

d/(1-q)

Oap a0 < fy' Ve Ve x e Q, (2.3)
OrL.q.p.t.gdm =< (fuew)’™ 2, '
wheree € C2(Q) is the unique solution of
Le=1 in Q,
(2.4)
e=0 onoJ.

(3) If w e CX(Q) is a nonnegative subsolution ¢#.2), thenw < OiL.q.p..q]-

(4) Letfi e CXQ),i = 1,2, be such thatf; < f,, thenfi g p.n.a < OiL.q.p. frql-

(5) If fu > 0O, then any nonnegative solution ¢1.2) is positive. Moreover, in this
case there exists a unique positive solution and it satisfies

ep(X) < Q[L.q,p,f,g](x)s X e Q,

wheree is the unique positive root @f, (L)s*™9 + gyeP 9 = f,.
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ReMARK 1. If we considerf_ as a real parameter, then it is easy to prove that as
fL — oo, e(f) = O(f/* ™) whenp < 1 ande(f) = O(f* %) whenp > 1.

2.2. Existence of dead cores|In order to state and prove the main result, we need
some preliminary results.

LEMMA 2.2. LetR > Oandy > 0. Consider the problem

{Lw = —Rw? —gxX)wP? inQ, (2.5)

w=y onos2.

Then there exists a unique nonnegative solutiof20f).

PrOOF. For the existence we use the sub-supersolution method. Indeed, it is easy
to prove thatw, w) = (0, ) is a sub-supersolution o2 (). For the uniqueness we
can apply L, Theorem 2].

The following technical result is fundamental in our study. Moreover, it generalises
[31, Lemma 7] and3, Lemma 2.5], where a similar result was proved whea —A
andg(x) = 0.

LEMMA 2.3. We fixy > 0andp > 2/(1—q). Lets, be such that for alk, xo € RN
such that0 < |x — Xg| < 8o,

IX — %ol + BIX — %ol TTL(IX — Xo|)
N
+ B — B)IX — X2 Z 3 (X)D; (|X — %) Dj(IX — Xo|) = 0. (2.6)
ij=1

Then, for all0 < § < dist(x, 3€2), the unique nonnegative solutiom, of (2.5) in
B(Xo, 8) is such thatw(xg) = O provided that

y 17“
Rz (min{a,ao}ﬂ> ' @)

REMARK 2. Observe that sincg > 2/(1—q), thenfq < 8 —2 < g —1, and so
the existence of; satisfying @.6) is guaranteed. Moreover, sine> 2, (2.6) can be
considered in a classical sense.

ProOOE Consider the function

®1(X) 1= RYTD|x — xo|#  if x € B(Xo, 80),

o} =
®0 {cpz(x) = RV-0) it X € B(xo, 8) \ B(Xo. do),
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with ® = &, if § < §,. By the choice off, we have thatb; € H2(B(Xo, dp)).
Moreover,d®;/9n, > 0, ond B(xg, 89), Wheren_ stands for the conormal associated
with L, thatis,(n.); := Y|, &;n;. Indeed, forx € 9B(x, §) we have

N
210 = RIG9pix — (Z ay (0K — X xI — xé)) =
L

ij=1
Moreover,

L(®1) + RO{ + g(x)
= RYD(B]x — x| L (X — Xol)

N
+B(L—B)Ix — x| Z aj Di (IX = %) D (1X — Xo]))

ij=1
+R Fy/(lffﬁlx _ Xolﬂq + g(X) RD/(l*Q)lx _ Xolﬂp
> RY®O(|x — xo|™ + BIX — Xo ML (IX — Xol)
N
+B(L—B)Ix— %" a;Di(Ix — X)) Dj(IX — X)) = 0,
ij=1

by (2.6). In B(Xo, 8) \ B(Xo, 80), We have that. (®,) + R®3 + g(x)®5 > 0. Finally,
in 3B(Xy, 8), ® is bigger thary provided that2.7) holds.

Hence we can applyy| Lemma |.1] and conclude thdtis a supersolution ofX.5)
in B(Xo, §). This completes the proof.

For R > 0, we define the set
NR)={xeQ: f" X)>2R}={xeQ: f(X) <—R},

where f£(x) := max{£f(x),0}. Assume thatf* £ 0. The main result of this
section is the following theorem.

THEOREM 2.4. Assume that there exisi& > 0 such that
(1) 8r:= (fuen/RVPED < 5,
(2) M(R) :={x e N(R) : dist(x, IN(R) \ 92) > ég} # @.
Then there exists a dead core for any nonnegative solutiof (2.2). Moreover, we
haveM (R) C Q¢ = {x € Q : w(x) = 0}.

PROOF. Letx, € M(R), then

B(Xo, 8r) = {X € Q1 |X — Xo| < 8r) C N(R). (2.8)
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We callz the unique nonnegative solution &.§) in Z(x,, ) with y=(fyey)¥*-9,
Then by @.8) we have that

LQ[L-qvp,f,g] = _Re[qL.q,p,f,g] - g(X)e[’l)_,q,p,f,g] in gg(xo’ SR),
which implies that
L(Z - O[L,q,p,f,g]) = I:Q(O[qL,q,p,f,g] - Zq) + g(X)(Q[’l)_,q,p,f,g] - Zp) in 33()(0’ OR),

and by @.3) and the choice of we getz > 6 q . 1.g ON 0Z (X, 8r). Hence, if we
denote by, := {X € B (Xo, 6r) : Z(X) < OLq.p.1.g1(X)},

I—(Z - Q[L.q,p,f,g]) > 0 in Qly
Z— 0O gpig =0 onaNaA(X,dr),
Z_Q[L.q,p,f,g] =0 on 8910<%7(X0,8R)

The maximum principle implies that > 6y 4 p 1.q IN (X0, 8r). Finally, we can
apply Lemma2.3becauséy, satisfies 2.7). This finishes the proof.

As consequence of the above result, we have the following corollary.

COROLLARY 2.5. Any nonnegative solution of2.2) has a dead core provided
that fy, is sufficiently small.

ProOF. Itis sufficient to repeat the proof o1, Remark 2.13] and to take account

of the factthag — 0 asf,, — O.

3. Existence of nonnegative solutions

Hereafter we write9y, g = O/, 1/m2/m r.q @NAOL, 1.g) = O, 1/n2/n 1.g- ThE
following result gives us a necessary and sufficient condition to obtain semicoexistence
states.

THEOREM 3.1. Problem(1.3) has a semicoexistence state if, and only if; 0 and
w > 0.

PrOOF. By Theoren®.1(3) it follows that
u=< Q[Ll,)\,a] and v < Q[Lzylj_yd]. (31)

So, if A < 0, again by Theorem2.1 (1) we obtain thau = 0. Analogously, if
uw < 0,v =0. Assume now that > 0 andu > 0. In this case, we have that
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AX) = A — b6, () andB(x) := p — c()6", , (x) satisfy Ay = A > 0
andBy = u > 0. We consider the pair

U, U) = (O, aap Ona) aNd (U, 0) = (G,.e.ds Opd)-

By the definitions ofA andB and Theoren2.1it follows thatu < U, v < v and that
u andy are nonnegative and nontrivial functions. Finally, it is not hard to prove that
the pair(u, U) — (v, D) is a sub-supersolution of (3). This completes the proof.

The following result provides us with conditions which assure the existence of
coexistence states as well as their bounds.

THEOREM 3.2. If A and i« satisfy

1/m

A > (06", gon and w > 07w (3.2)

then(1.3) possesses a coexistence state. Moreover, for any coexistenceustate
of (1.3) we have the following estimateéé A > (b(x)6", ¢)m then

€101 < O pa SUZO, 50 < )»m/(mfl)(el)b/(mil)el, (3.3)
and if u > ()6, a)m, then

E202 < O, B <V < O, ud < Mn/(nfl)(ez)b/(nil)ez, (3.4)
whereg;, ande, i = 1, 2, are the principal positive eigenfunctionslgfand solutions
of (2.4) with L; respectively, and,; ande, are the positive solutions of

8171/m0_1(|_1) + aMf‘?i/m =A- bMMl/(nfl)(ez)iA/(nil)’

(3.5)
ey "o1(Lo) + duer" = p — cur ™D (e)y ™.

PrOOF. Consider the same sub-supersolution as that in the proof of Thebdem
Observe that if §.2) is satisfied, therA, > 0 andB_ > 0. Hence Theorer.1(5)
completes the existence of a coexistence state.

The estimates3(1) and .3 yield the upper bounds of3(3) and @.4). On the
other hand, thanks t®(1), u is a supersolution of2) with L = L, f = Aand
g =a. So, since. > (b(x)e[lL/Z",M,d])M thenA_ > 0 and by Theorerd.1(5) the lower
bounds of 8.3) follow. Estimates 8.4) can be proved similarly.

RemMARK 3. (1) Using @.3) and (3.4) we can obtain a sufficient condition for the
existence of coexistence states involving the coefficients of the problem. Indeed, if
andpu satisfy

A > by ()" Pt and u > cy(e)y™ YAy ™D, (3.6)

theni andu satisfy 3.2), so that (.3) has a coexistence state.
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w="fo) w="fo p=t0) A=gw

% A =0(u) I

A=9(w

A=0w) =ty

Case 4 A Case 5 A

FIGURE 1. R stands for the semicoexistence region in the following cases: Case<l:mln < 2;
Case2: l<«m<2=n;Case3: l1<m<2<nn—-1<1/(im-1),;Cased l<m<2<n,
n—1=1/m-1),cubl ‘el @) <1;Case5: .« m<2<nn—1>1/(m—1).

(2) Observe that when all coefficients are positive constants £&aiid [L3]) the
conditions which assure the existence of coexistence states are independemcf
n. This is due to the fact that positive constants are supersolutioris3)f (

In Figure1 we have shown the different forms of the region defined in(the:)-
plane by 8.6) whenm andn vary. We have denoted bf/(1) = cy (e)y™ aY ™D
andg(w) = bu(e)y " ut .

3.1. Existence of dead coresWe will use the results of Sectiohto show the
existence of dead cores fat.@). The first result provides us with conditions which
assure the non-existence of dead cores, and it is a direct consequeric® aid

(3.49).

PrROPOSITION3.3. Assume that andu satisfy(3.2). Then any nonnegative solution
of (1.3) does not have a dead core.

To state the main result of this section we need some notation. \We £ix0.
It is not hard to prove that the map +— 6, ,.q iS strictly increasing, and so
also isp (b(x)e[ll_/zn,u_,d])M' Hence there exists a unique valu&(x) such that
A= (b(x)Q[LZ .d)m - For suchn fixed, we writeu, (1) = (c(x)@[lL/lmA a)M-
Analogously, for fixedu > 0, there exists a unique‘(x) > O such thatu =
OO, .a)m and we define.,(u) = ()G, a)u-
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THEOREM3.4. (1) Assumer > 0. Then there exisO0 < wui(A) < u()
with wi(A) < min{w,(A), u*(A)} and max{ . (1), u* (1)} < wuo(A) such that if
0 < < ui(d) or u > uo(2) any nonnegative solution df..3 has a dead core.
(2) Assumeu > 0. Then there exi€) < A; () < Ax(w) with A;() < min{i, (),
A ()} andmax{i, (i), A*(n)} < Ax(w) such that if0 < A < Aq() or A > Ayx(w)
any nonnegative solution df..3) has a dead core.

PrOOF. We prove (1). The second part follows analogously. Observe that if
w < u*(2) by (3.3) we get

U= 6, ax.al- (3.7)

Now we defineF (x, 1) 1= p — a(x, u) := pt — CO)G "ax,.a- Using @.7) it is not
hard to prove thab is a subsolution of4.2 with L = L,, f(X) = F(x, u) and
g(x) = d(x), and so by Theore1(3), it follows that

V= Q[LZ,F(X,/L),d]- (38)

Now we are going to use Theore? to prove tha®,,, r«..).q) has a dead core, so
that by @.8) the result follows.

Observe that in this cag# (X, 1))y = n and sodg = (u(&)y/R)VEMD) On
the other hand, sinc&(x, 0))y > 0 and(a(x, w))v is decreasing i, there exists
a uniqueug(r) > 0 such thatuy = (a(x, ug))u. Observe that, by the definition of
w.(A), we have thajo(A) < w,(2). Takingu < ue/2, we have O< u < po/2 <
o = (X, wo))m < (@(x, w))m. Hence there existRy > 0 such that the following
set is nonempty:

{Xe:u(r)/2—alx, uor)/2) = —Ro} # 4.

We defineN(u) := N(Ry) = {X € Q: F(X, u) < —Ry}. Again by Theoren2.1we
getthatifu, < u, thenF(x, uy) < F(X, uo). Hence ifuy < uo < 1o/2 then

B # N(ro/2) € N(uz) € N(pr).

Let X, € Q be the point wherd- (X, uo/2) attains its negative minimum. For that
Xo € R, there exists, > 0 such thaB(x, ro) € N(uo/2).

Finally, sincesg, — 0 asu — O there existg/ (1) > 0 such that foe < ©'(1),
Sr, < Minfro, 8o}. Definewy(A) := min{u, (A), u* (1), no/2(1), '(1)} and therefore
for u < ui (1) we get

dist(Xo, IN (1) \ 9€2) = dist(xo, IN(10/2) \ 9€2) = dist(Xo, IB(Xo, o)) > &g,

ThereforeM (1) # @ and Theoren2.4 completes the first part of (1).
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For the second part, take > max{i,.(A), u*(A)}, sou > (c(x)e[lL/l’f‘A,a])M and
by (3.4) we get thav > 6, gx).q)- Now we define

G(X, 1) i= A — b(X, 11) := & — bO)G 5.0

With a similar reasoning to that used B.§) we get thati < 6, cx.,..a- IN this case,
we takeR = u" withr > 0 to be chosen later. So

N(R) = N(u) :={Xx e Q: A <b(x,u) —u'}
and
(GO, )y = A, Sr= (h(€)y/p)™WEM™D)

Using (3.4), we have thab(x, 1) > b(x)s;’" ()¢5’ ", wheres; is defined in 8.5).
Lets > 0 be sufficiently small such that

B, := {x € BT : dist(x, dB") > 8§} # 0,
whereB" := {x € Q : b(x) > 0}. Define the set
T(w) = {x € Bf : 2 <&/ " (whb()gy"(x) — u'}.

Clearly, T (1) € N(w).

On the other hand, by Rematk ¢3/"(1) = O(uY™ ) if n > 2 andey"(n) =
O(w) if n < 2whenu is large. Take < 1/(n—1)if n>2andr <1ifn < 2. So
there exist.°(1) > 0 such that fop > u°(1),

Tw’M) #9 and Tu’() C T(w). (3.9)
Moreover, there exist, € B;” andr, > 0 such that
B(Xo, o) C T(uo(2)). (3.10)

Furthermore, sincér — 0 asu — oo, there existsu”(1) such that foru >
w” (L) we getdg < min{rq, 8o}. Hence, using3.9) and .10, for u > u,(A) :=
max{i, (A), w* (1), u(1), " (1)}, we obtain

dist(Xo, IN (1) \ 3R2) > dist(xg, dT (1)) > dist(Xo, dT (%))
> d|St(X0, 0 B(Xo, ro)) =TIg > (SR.

Theorem?2.4completes the proof.

REMARK 4. (1) By the proof of Theorem.4, we can see that i < (%) (or
A > Xo(w)) for any semicoexistence staie, v) thenv has a dead core. Similarly, if
w > uo(A) (or A < A1(w)) thenu has a dead core.
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(2) We can give a biological interpretation of Theor8m. If we fix the growth
rates ofu andx, then the other species does not live in all its habitat if its growth rate
is small. But, if the growth rate af is large, theru cannot survive in all of?2.

On the other hand, whem = n = 1 it was shown in21] (see also27]) that if the
interaction rate (for exampld)is large, therv drivesu to extinction. This is in strong
contrast with the case when, n > 1, because by Theore®il neither species drives
the other to extinction whelnor cis large.

4. Maximum principle for a singular system

We define inX? the following order: giver(uy, v,), (U,, v,) € X2,
(U, v1) < (Up, vo) ifandonlyif u; <u, and vy, > vs.

Analogously, we write(ug, v1) < (U, v,) if U3 < U, andv; > v, Or u; < U, and
V1 > Vs

Let M(x) = (m; (X)) be a 2« 2 matrix whose elements belong to theénet space
C1() and such that there exikt > 0 anda € (0, 2] satisfying:

Imy; (x)| dist(x, 9Q)** <K i,j=1,2. (4.1)

The object of this section is to analyse the following singular eigenvalue problem:

{zu +MXU =0U ingQ, 42)

U=0 onos2,

where.? = diag(L;, L), U = (u, v)!, andL;,i = 1, 2, are operators as i ().

The next result characterises the existence of a positive eigenvaluepfby
means of the existence of a strict positive supersolution in the following sense. The
proof of the result follows fromZ7, Theorem 6.3] andl[5, Section 2].

DEFINITION 4.1. We say thatd € (C2(Q) N CH¥(Q))?, 8 € (0,1), ® = Ois a
supersolution ofZ + M if (£ 4+ M)® = 0inQ and® > 0 ondQ. If in addition,
(Z+ M) >=0inQord® > 00na, thenitis said tha® is a strict supersolution.

THEOREM4.2. Under the assumptioHM), the following conditions are equiva-
lent

(1) Z + M admits a positive strict supersolutipn
(2) The operator].Z + M]~1 : X2 - X2 is well defined, compact and strongly
positive
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(3) The problem

{zu LMXU=F inQ, 43)

Uu=0 onos2,
whereF ¢ Y?, satisfies the strong maximum principle, that isF it 0 and F # 0,
thenU > 0O;
(4) The operator.Z + M] : X2 > Y2 possesses a strictly positive eigenvalue,

denoted byr;(.Z + M). This eigenvalue is simple and it is the only eigenvalue
of (4.2) possessing a positive eigenfunctidn > 0.

In the present work, we need to apply this result assuming less regularity for the
strict supersolution.

PrROPOSITION4.3. Assume tha satisfiegHM). Theno, (£ + M) > 0if and only
if there existsb € (C?(2) NC2(2))? such thatd >~ 0in Q and(£ + M)® > 0in Q.

REMARK 5. Since® = (&, ®,) ¢ X?, when we write® >~ 0 we mean that
®,(x) > 0andd,(x) < Oforallx € Q.

The following boundary point result will be used in the proof.
LEMMA 4.4. Letu € C3(Q) N CY(Q) be such thati > 0in €, u # 0 and
(L+qu=>0inQ, u>0o0nadL,

whereq € CY(Q) satisfie(4.1). Thenu(x) > 0for all x €  and for all x, € 92
such thatu(xg) = 0, (du/an)(%) < O.

PROOF. Itis an easy consequence &f Lemma 3.6] withp (r) =re—2.

PROOF OFPROPOSITION4.3. Itisclearthatifo; (£ +M) > 0, we cantaké = &,
the eigenfunction associated with(-Z + M).

Now assume that there exists € (C2(Q) N C3(R))? such thatd > 0 in  and
(Z+M)P:=G>0inQ. LetF = 0andF # 0 andU be the solution of4.3).
We have to prove thad > 0 and then, by Theorer 2, the proof is concluded.

For eacte > 0 andK > 0, we define

W :=U + (g, —&)! + eK® € (C*(Q) N C(Q))%

Since® e (C(RQ))?, for anye > 0, there existy/(¢) > 0 such thatW > 0 in
Q, = {x € Q:dist(x, Q) < y(¢)}. Moreover

(& + M)W > e((Myy — Myp, My — M) + KG) = 0 in Q\Q,,



[15] Degenerate competition problem 287

for K sufficiently large. Now irQ\Q, the coefficientsn; are bounded. So, sinck
is a strict supersolution iR\, we can apply27, Theorem 6.3] to get thal/ > 0
in Q\Q,. ThusW > 0in Q for all ¢ > 0, and we obtain that) > 0in Q. Let
U = (U, Uy)'. SinceU # (0,0) we can assume that, > 0 andu, # 0. Then,
denotingF = (fy, f»)! and taking into account that,, > 0, we obtain

Liu; +myup = fi—mpu, >0 inQ2, u; =0 ond<,
and so applying Lemmé.4, we getu; > 0. For the second equation,
Lo(—Uy) +Myy(—Uy) = —fo+myu; >0 1IN, u, =0 ondQ
and so—u, > 0. SoU > 0. This completes the proof.

Again, the next result is a consequencedf, [Theorem 6.5] andl}5, Theorem 4].

THEOREM4.5. Assumeg(HM) holds. There exists one real eigenvalue(df2),
denotedr; (¢ + M), associated with a positive eigenfunctidbn > 0. The eigenvalue
is simple and there is no other eigenvalue associated with a positive eigenfunction.

The following result will be used to compare principal eigenvalues of different
matrices.

LEMMA 4.6. Let A(x) = (&; (x)) and B(x) = (I3; (X)) be two matrices withy;, b;
satisfying €M), b > &; anda; > b;; fori # j with some inequality strict. Then
o (Z + A < 0.(Z + B).

PrROOF. Let ®* > 0 be the eigenfunction associated with+ A. Then it is easy
to show that ¥ + B — 01,(.Z + A)l)®* >~ 0, and sod” is a strict supersolution of
£ 4+ B —o01(Z + Al. Hence, by Theorem.2, we deduce that

o(Z+B—-0(Z+Al)>0,

whence the conclusion follows.

5. Uniqueness result

Throughout this section we assume thaandu satisfy 3.2), and so the validity
of the strong maximum principle is guaranteed. Indeed, %) (ve get

u’™( — b(x)v"") —a()u¥™ > u’"( — b6, 4) — acuF™,



288 Antonio Sarez [16]

and so, by 8.2), there exists a positive constawitsuch that
u’™ — b(x)v") —a(x)u¥™+ Mu > 0, (5.1)

whence it follows that if(u, v) is a nonnegative solution ofl (3) with u # 0, then
u(x) > 0 forall x € Q. Similarly we can reason with the second equatioriiB)(

In this section we obtain a uniqueness result for a coexistence state3pf (n
order to get the result we use the fixed point index in cones.

For the fixedM > 0 obtained in %.1), consider the operata¥#” : X? — X?
defined by

(U, v) = ((Ll + M)*l(ul/m()u — a(X)ul/m _ b(X)vl/n) + MU)) |

(Lo + M) @Y (e — d)v" = c()u?/™) + M)

where(L; + M)~1,i = 1, 2, stands for the inverse on the operdtpr- M in  under
homogeneous Dirichlet boundary conditions. Observe tha2liy, o1 (L; + M) > 0
and so(L; + M)t is well defined and is a compact operator. Thanks to the choice
of M, see b.1), % is a positive operator whose fixed points are componentwise
nonnegative solutions of.(3).

On the other hand, by3(3) and @.4), there existR, > 0,1 = 1, 2, such that for
every(u, v) coexistence states of.(,

Ul < Ru:= ((epm)™ ™Y and vl < Ry := (re(&)m)™ ™.

So the fixed point index of#” over.% with respect to the cone x P is well defined,
whereZ := {(U,v) € P?: |Ullo < Ri+ 1, |[v]l < R, + 1}. We are now going to
compute this index in some cases.

PrOPOSITIONS.1. Assume that and p satisfy(3.2). The following assertions are
true:

(1) ipxp(t, %) =1,
(2) iPXP(%9 (09 0)) = 01
(3) iPxP(%9 (9[L1,x,a], 0)) = iPxP(%9 (0» G[Lz,u,d])) =0.

PrOOF. (1) First, we defing?, : X — X by
Z,(u) := (Ly + M)TWY™x —a)u¥™) + Mu).

By (2.3, takingB, := {u € P : |u]l < Ry + 1} the fixed point index 0¥, over B,

is well defined. Applying2, Lemma 12.1] it can be proved that

ip(gl, Bu) - 1 (52)
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Indeed, if there exidt > 1 andu € P such thaf|u| ., = R; + 1 and¥,;(u) = tu, then

L,u <u¥m (% - @u”"ﬁ

and sojufl. < (/D)™™ D(e)W ™Y < R < R, + 1. Analogously,
ip(gz, Bv) - 1, (53)

with %,(v) := (L, + M) YY" (n — d(X)vY") + Mv) andB, :={v € P : ||v]l <
R, + 1).
Consider the operatot : [0, 1] x X? — X2 defined by

(L + M) 2™ — ax)u™ — th(x)v¥") + Mu))

HA U, v) = ((L2 + M) LY (i — d)VY" — te()uY™) + M)

Observe that by3.3) and @.4) any fixed point of5#] belongs to%Z. So, it follows by
homotopy invariance 5.2 and £.3) that

iPxP(%9 95)) = iPxP(%(l’ ), gg) = iPxP(t%ﬂl(O’ ), gg)
=ip(%, By - 1p(%,B,) =1

We now prove (2). Lety; € Y,i =1, 2, be such thay;, > 0in Q. We define

(L, U, v) = ((Ll + M)“Lu¥™(n — aG)uY™ — b(x)vY") + Mu +t1/f1)> |

(Ly + M) (i — d()vY™ — cOOUY™) + Mo + tyrp)
We claim that there exists> 0 such that
(u,v) # J5(,u,v), Vtel01], V(u,v) € 4, (5.4)

where_/; := {(U,v) € P?: |U]loc <&, [Vl < 8} \ {(0,0)}. Assume there exist
sequencedy,, v,) of functions and, € [0, 1] such thatu,, v,) — (0, 0) asr — oo
and(u;, v;) = 24, U, v,). Sincer > 0 and|v || — O, there exists, € N such
that (x — b(x)v¥")_ > 0 forr > ro. So, the strong maximum principle is satisfied
in the first equation, and s@ > 0. LetK > 0 be such thaK > o,(L;). Since

lu ll« — O, there exists; € N such that for > r; we have
Liur = u/™( — b)y") —a@ou?™ + t vy > Kuy,

and hence;(L; — K) > 0, a contradiction.
Thus by 6.4) the homotopy is admissible and we get
ipxp(H,(0,0) =ip.p(H, H5) =ip.p(H2(0, ), )
= iPXP(t%EZ(]-’ ')» %) = 09
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this last equality following byg.4).
It remains to prove (3). Let € Y be such thaty > 0in Q. We define another
operator

(U, v) = ( (L + MYZ(UHTQ, — aCU™ — bOOUE™) + Mu) ) .

(Lo + M) (i — d(x)vY™ — cOOUt™) + Mo + ty)
We claim that there exists> 0 such that
(U, v) # A4, u,v), Vtel0, 1], Y(u,v) € .4, (5.5)

whereZ; == {(u,v) € P?: [U—=6, s.allc <8, IV]leo < 8I\{(BL, 0.1, 0)}. Assume
there exist sequenceés;, v;) — (6,4, 0) @asr — oo andt, € [0, 1] such that
U, v) = t%%(tr’ Ur, Up).

Sinceu, <6y, andu > (c(x)e[lL/l’f‘Aya])M, it follows that

= COOU™) = = (06 o > 0. (5.6)

Let K > 0 be such thakK > o;(L,). Then by 6.6) there exists, € N such that for
r > rowe have

Lovy = 0" — coOur™ —d(x)v?" +t. ¢ > Kv,, inQ,

and hence; (L, — K) > 0, a contradiction.
Thus by 6.5) the homotopy is admissible and we get

iPxP(%9 (Q[Ll,A,a]’ 0)) = iPxP(%9 //fs) = iPxP(t%EZ%(CL ')» //fs)
= iPxP(t%%(l’ ), //fs) =0.

Analogously, it can be treated as the solutiong;, ,, q)).

Let(uo, vo) be a coexistence state df.§). We consider the matrid , .., := (m;;),
i, ] =1,2,whichis related to the linearisation df.8) about(uy, vo), where

1 1
myy = ——ug "0 — 2a00ug ™ — b()vy™), My = =b(x)ug My ",
1 o (5.7)

1 1/n-1 1 1/m 1 1/n, 1/m—1
My, = —Hvo/“ (n —2d(x)vy" —cxuy™, My = EC(X)UO/ ug™

Observe that sincelg, vo) is a coexistence state, by.8) and @.4) there exist¥, > 0
such thak, dist(x, 9€2) < u, andk, dist(x, 32) < vo, thenM, ,,,, Satisfies (HM), so

thato; (£ + M,..,)) Makes sense.
The general uniqueness result reads as follows.
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THEOREM5.2. Assume that andu satisfy(3.2) andoy (£ + M, .,)) > Ofor any
(ug, V) coexistence state @fL..3). Then(1.3 possesses a unique coexistence state.

PrOOF. Recall that by Propatson 3.3, if 2 andu satisfy 3.2) then any nonnegative
solution of (L.3) is a coexistence state. We claim thatuf, vo) is a coexistence state
of (1.3), then

iPXP(%9 (Uo, UO)) =1 (58)

Assume that we have prove8.), then since’?” is a compact operator, it possesses
a finite number of coexistence states, 8ayv;),i = 1,...,r. Then

ipxp(H, B) =lipup(H,(0,0) +ipxp(, (O, 1.a.0))

.
+ipyep (U, (0,6, ,.4)) + Z ipxp(X, (Ui, 1))
i=1
and so, by Propositiof.1and 6.8), 1 = 0+ 0+ 0+ r, whence the conclusion now
easily follows.
It remains to proveq.8). Leth € C(Q2) be such thah verifies that, for some
a € (0,2] andK > 0, [h(x)| dist(x, 02)>® < K and

h > max0, myy, my,}, (5.9
wherem,; andm,, are defined ing.7). We define the operator

7 [ (Li+ U™ —a)ut’™ — b(x)v") + hu)
= (L + 200 — doow™ — coou™) + hw) )

Observe thatL; + h)~! exists because > 0 and sos;(L; + h) > 0.

By the Leray-Schauder formulag,p (7, (Ug, vo)) = (—1)%, where¢ is the sum
of the multiplicities of the eigenvalues dd, ,,-7 (Ug, vo) larger than one, being
Dw.»)Z (U, vp), the linearisation of7 about(uy, vo). Itis clear that

D7 (Ug, vo) = diag((Ly + h)™%, (Lz + )™ (=M,..,) + diag(h, h)),

whereM, ., is defined by §.7). Itis not hard to prove that if > 1 is an eigenvalue
of D(u,v)y(uo’ Vo), then

0’1(.,? + M(UO;UO) + B) = O, (510)
where

B _ ((mll —h)@Q/r -1 my(1/r — 1) )
my(1/r — 1) My —h)(1/r =1/
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Sincer > 1, by 6.9) and Lemmai.6 we get
0'1(.,? + M(Uo,vo) + B) > O'l(.,? + M(Uo,vo)) > 0,

contradicting §.10.

The following result provides us with a sufficient condition$e(.£ + My, ,,)) > 0
to hold.

PROPOSITION5.3. Assume tham = n, a(x),d(x) > Oforall x € Q, » and
satisfy(3.2) and that for any(uy, vo) coexistence state dfi.3),

(2—m)/m (2—m)/m
<9> (3) <ﬁ> <ﬂ> <1 (5.11)
a M d M \Vo/m Up M

Then(1.3) possesses a unigue coexistence state.

PROOF. Let @ := (auy™, —Buy’™ e (C%() N CARQ))%, with a, B > 0 to be
chosen. We will show tha® is a supersolution in the sense of Definitidrl of
Z + Mo if (5.11) holds. Propositiord.3 and Theoren®.2 will complete the
proof.

First, observe thab > 0. In order to show thab is a supersolution of’ + M, .,
we have to prove that (for the first equation)

Li(eud™) 4+ myu()aug ™ 4+ mpx)(—pve™) > 0, (5.12)

wherem,; andm,, are defined ing.7). Taking into account the fact that

1 4 1 N
Liug™ = Eucl,/’“ ! |:<1— E) ug* Z ai DiuoD; U + Lluo] ,
i j=1

to prove 6.12) it suffices that

aoud™*t > by ™t b , forallx e Q.
o
Analogously, for the second equation it is sufficient that

07
do)vy™ ™ > coouy ™ 5 forall x € Q.

Now, by (.1]) it is easy to show that there exigt and g satisfying the above
inequalities.
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The following result provides us with another sufficient condition to obtain a
uniqueness result.

ProOPOSITIONS.4. Assume thak and u satisfy(3.2) and that for any coexistence
state(ug, vo) Of (1.3 the following inequalities hold for alk € Q:

(15 ) +a0ou 00 (= -1) = boo (14 £ = =) 00

m

P (1— %) +de0u" 0 (% - ) - o) <1+ - %) ug"0x).

Then(1.3) possesses a unique coexistence state.

(5.13)

PrOOF. Taking ® := (U, —vp), it suffices to prove tha® > 0 is a supersolution
of £ + M,..,) Provided that %.13 holds and we again apply Propositidr3 and
Theorenb.2 For the second equatio, is a supersolution if

L2(—vp) + Mp1(X) (Ug) + Mya(X) (—vp) < O,
wherem,; andm,, are defined ing.7). For observe that

L2(—vo) + M1 (X)(Up) + Mya(X) (—p)

1 2 1 1
=" (u (H — ) +doovy" (1— H) + c(x)ug " <1+ = - ﬁ>> <0,

provided that$.13 holds. Similarly we can reason with the first equation.

We will now use the upper estimates &8 and @.4) giving sufficient conditions
for the uniqueness of a coexistence state in terms of several coefficients involved in
the model setting.

COROLLARY 5.5. Assume thamn = n, a(x), d(x) > Ofor x € Q, » and . satisfy
(3.2 and

1m-1) o \L/m-1\ G/ @-m)/m (2-m)/m
((el)M &)y ) <91> (2) () @™/ m-D ad

&1 &2 ©2/) m 1/ m bumCwm

(5.14)

whereg; ande, are defined i(3.5). Then(1.3) possesses a unique coexistence state.

ProOOF. By (3.3 and @3.4) we have that

vo/wm €2 02/ m
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<2> - Mm/(mfl)(ez)b/(mfl) <2>
Uo/m €1 o1/

and so §.11) is satisfied if 6.14) holds. It suffices to apply Propositién3.

and

CoROLLARY 5.6. Assume that some of the following sets of inequalifiedp (4),
hold:

1) fl<mn<2,

1 1 _ 1
by <1+ - E) uMO D (e < 2 (1 - E) :

1 1 ~ _ 1
" (“ m ﬁ) WMD" < (1‘ ﬁ) |

2 fl<n<2andm> 2,
1+=— —) 1)y "+ (1— %) ay Y™ Y (e)y ™Y <2 (1— i) ,

(143 :

Cw <1+—— )Alﬂm Yepy ™ <u (1—%) :

(B) fl<m<2andn> 2,
1 1 ~ _ 2 _ _ 1

™ (”a —ﬁ) A ey ™+ (1 B ﬁ) A" @)y < (1‘ﬁ> |
1 1 _ _ 1

bM <1+H_E> ,LLl/(n l)(ez)]'\-/l/(n 1 <A (1_E> .

(4) Ifm>2andn > 2,

ou (1 et (1 T e < (1),

1 1 _ 2 _ 1
() el (- )t e < (3-0).

Then(1.3) possesses a unigue coexistence state.

b

ProOF. Reasoning as in the proof of Corollaby5, it is sufficient to apply .3),
(3.4) and Propositiors.4.

REMARK 6. (1) Observe that whem = 1, (5.11) is the condition obtained in
[27, Theorem 4.2] and]1, Theorem 4.8]. Moreover, whan = n, anda andd are
positive, we obtain uniqueness provided thator ¢, is small.
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(2) The(x, w)-regions defined in Corollary.6are subsets of the coexistence region
obtained in Theorer.2. Similar conditions to those imposed in Figurassure the
existence of these subregions.

6. Conclusions

We have studied the set of nonnegative solutions of a spatially heterogeneous Lotka
Volterra competition model with degenerate diffusion. Basically, we have found three
differences with respect to the non-degenerate (linear) case:

(1) Inthe degenerate case all the nonnegative solutions are bounded, unlike the linea
case in whicha priori bounds are lost for some values of the data of the problem.

(2) Inthe degenerate case a new kind of nonnegative solution appears: nonnegativ
and nontrivial solutions that vanish in a region of the habitat of the species. We obtain
sufficient conditions in terms of some parameters involved in the setting of the model
ensuring the existence or non-existence of such solutions.

(3) Unlike the non-degenerate case, in our model when the competition between the
species is “strong” neither species drives the other to extinction.

Finally, we have obtained the uniqueness of the positive solution of the problem under
some conditions on the data of the problem.
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