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Abstract

By using fixed point index theory, we present the existence of positive solutions for a
Sturm-Liouville singular boundary value problem with at least one positive solution. Our
results significantly extend and improve many known results even for non-singular cases.

1. Introduction

In this paper, we show the existence of positive solutions for the following Sturm-
Liouville singular boundary value problem (BVP):

% (pOU®) +2g®F(t,u)=0, 0<t<1,

au(0) — lim Bp(tu'(t) =0, (1.1)

yu(@ + lim spOu'(t) = 0,

wherea, B,y,8 > 0,8y +ay +ad > 0,1 > 0,F : [0, 1] x [0, +00) — [0, +00)
is a continuous function angi(t) andg(t) may be singular at= 0 and/ort = 1.

This problem arises in a variety of applications and the existence of positive so-
lutions is very important (se€el] 7, 8, 9, 12] for references along these lines). If
pt) = 1, AgOFt,x) = at)xPfor0 < p< 1,8 =8 =0anda = y = 1,

BVP (1.1) becomes the well-known Emden-Fowler equation with a Dirichlet bound-
ary value condition. In12], using the method of lower and upper solutions, Zhang
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obtained a necessary and sufficient condition for the existence of positive solutions
for the Emden-Fowler equation with a Dirichlet boundary value condition which is a
special case of BVPL(1). In [3] and [6], Dalmasso, and Ha and Lee supposed some
monotone conditions oR (t, X) to prove the existence of positive solutions for BVP
(1.2) in a suitable subinterval for. In[9] and [3, 4, 6, 7, 10], the authors proved their
main results (whem(t) = 1 and under suitable boundary value conditions) by using
the norm-type cone expansion and compression theorem and under the assumptio
thatF (t, x) is either superlinear or is sublinear.

In this paper, without any monotone assumptions imposeH @nx) with respect
to X, we consider a more general BVE.J) with more general boundary conditions.
We also allowp(t) andg(t) to have suitable singularities (suchtas 0 and/ott = 1).
Thus the aim of this paper is to obtain at least one positive solution for BVIpif
an explicit interval for any. and then we show how to apply our theorems to prove
the existence of positive solutions to the Sturm-Liouville singular BVP. Our results
extend and improve many known results4n{, 8, 9, 10, 12].

By a positive solution of BVP1.1), we mean a functiom € C([0, 1], R")
CY((0,1), R") with p(t)u'(t) € C((0, 1), R") satisfying BVP (..1) with u being
nonnegative and not identically zero g 1]. If, for a particularx, BVP (1.1) has a
positive solutioru, thex is called an eigenvalue anda corresponding eigenfunction
of BVP (1.).

We adopt the following assumptions:

(H1) peCY(0,1),(0,+00)), 0 < [;dt/p(t) < +oo;
(H,) F(t,x) e C([0, 1] x [0, +00), [0, +00)), g(t) € C((0, 1), [0, +00)) and

1
0< / G(t,t)ptH)g(t) dt < +oo,
0
whereG(t, s) is Green’s function for
1
- / I 1
p(t)(p(t)u 1) =0, O0<t<l,
au(0) — lim Bpt)u'(t) =0,
t—>0+
yu@ + lim spOu't) =0,
that is,

L6+ aBO.9)6+yBE1). O<s<t<1
G(t,s) = ‘1’ (1.2)
;(/3+aB(0,t))(5+yB(s, 1), O<t<s<1,

whereB(t, s) = [dv/p(v) andp = a8 + ay B(0, 1) + By.
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This paper is organised as follows. In Sectijnve present some properties of
Green’s functions1.2) to be used in defining a positive operator. Also, we give
some preliminaries. In Sectid)we give our main results and applications. We will
give an appropriate Banach space and construct a cone applying the fixed point inde;
theorem to show the existence of positive solutions for BYB)(in an open interval
of eigenvalues. In Sectiofy we give our discussions on the conditions of the main
theorems. We state some fixed point index theorems which will be needed in this
paper. The following Lemmak.1and1.2can be found in].

LeEmmMA 1.1. Let K be a positive cone in real Banach spagEe Q2 be a bounded
opensetofE, 8 € QandT : KNQ — K be completely continuou®r more
generally, condensingSuppose thaf u # pu foranyu €e KNaQ andu > 1. Then
i(T,KNQ,K)=1

LEmMmMA 1.2. LetK be a positive cone in real Banach spdeand2 be a bounded
open setoE. LetT : KN Q — K be completely continuous and suppose that

(1) infucknae ITUll > O,
(i) Tus# puforanyue KNoand0 < u < 1.

Theni (T, KN, K)=0.
2. Some preliminaries

For Green’s functionX(.2), it is easily to verify the following properties:
(1) G(t,s) < G(s,5) < (B + aB(0,1)(5 + yB(0,1))/p < +oo, for any
t,se [0, 1].
(I If [a,b] € (0,1), thenG(t,s) > (B + aB(0,a))(s + yB(b,1))/p > 0 for
anyt, s € [a, b].
(1) G, s) > wG(s,s) foranyt € [a, b] C (0, 1) ands < [0, 1], where

- {B—I—yB(b,l) ﬂ+aB(o,a)}
“= 5+7B01) B+aBO1) "

Note that it is easy to check thatOw < 1.

(2.1)

RemMARK 2.1. It follows from (1), (H;) and H,) that there existO< a < b < 1
such that

b b
0< / pt)dt < +oc0, 0 < min / G(t, s)p(s)g(s)ds < +oo,
a tela,b] a

1
0< max/ G(t, s)p(s)g(s)ds < +oo.
te[0,1] 0
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In the rest of this papeg andb will be taken this way and we denote

b
| = mln/ G(t,s)p(s)g(s)ds and

tefab]

1
L = max/ G(t,s)p(s)g(s)ds.

te[0,1

Note that O< | < L < +oc0. Now, let
E=CJ[0,1], CT'[0,1] ={ueC[0,1]|u >0},

K = {u € C*0. 1] } min u(t) > a)llull},
tela,b]

wherew is the constant defined by (1) and|lul| = sup.q [U(t)|. Itis easy to see
thatK is a cone inC[0, 1] andK c C*[0, 1].

From the conditionH,) and the property (I) of Green’s functiod.@), we may
define an operator : C*[0, 1] — C*[0, 1] by

1
(Tw® = )»/ G(t, s)p(s)g(s)F (s, u(s)) ds.
0

It is well known thatu is a solution of BVP {.]) if and only ifu € K is a fixed
point of the operator .

LEMMA 2.1. Assume that the conditior{$l,)—(H,) hold. ThenT : C*[0, 1] —
C*[0, 1] is a completely continuous operator.

PrOOF. By the Lebesgue dominated convergence theorem, it is easy to prove that
T :C*[0, 1] — C™[0, 1] is continuous and

t
(Tw't) = —% (A / (B +aB(0,s))p(s)g(s)F (s, u(s)) dS>
0

1
+ % (A/ (8 +yB(s, 1)p(s)g(s)F (s, u(s)) dS) : (2.2)
t

If g(t) € C[0, 1] andF(t, x) € C([0, 1] x [0, 00)), then we can see th&.Q) implies
thatT : C*[0, 1] — C*[0, 1] is compact.

We now discuss a more general situation abp) € C(0,1) and F(t,x) €
C([0, 1] x [0, o0)). We define a function, fon > 2, by

inf{g(t), g(1/n)}, ifO0<t<1/n,
On(t) = 1 g(b), ifl/n<t<?m-21/n,
inf{g(t),g(l/n)}, if(n—1)/n<t <l
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We define an operatdr, : C*[0, 1] — CT[O0, 1] by

1
(Taw®) = k/ G(t,s)p(s)h(S)F (s, u(s)) ds,
0

wheren > 2, u € C[0, 1] andt € [0, 1]. Obviously,T, is compact orC*[0, 1] for
anyn > 2. DenoteBg = {u € C*[0, 1] | |lull| < R}. Then{T,} converges uniformly
to T asn — +oo. Infact, foranyR > 0,t € [0, 1] andu € Bg, it follows from (H,)
that

(Tw)®) — T
1
/ 1G(t, 9 PEIY(S) — G(S)IF (S U(S) ds!
0

A 1/n
=< ;(8 + v B(t, 1))/ (B +aB(0,5)p(s)[g(s) — G(s)|F (s, u(s)) ds
0

A 1
+ ;(ﬂ +aB(0, 1)) (6 +yB(s,D)PS)IG(S) — Gh(s)|F (s, u(s))ds

(n-1/n

1/n
=CR -2 (/ (B +aB(0,9)p(s)Ig(s) — th(s)|ds
0

1
+ / (6 +yB(s, 1)p(s)Ig(s) — ()] dS) — 0, n— +oo,
(n-1/n
where
C(R) = lmax{BerB(O, 1), 84+ aB(0, 1)} max  F(, x),
0 (t,x)€[0,1]x [0, R]

and we have use@(t, s) < G(s, s) fort, s € [0, 1]. Hence(T,} converges uniformly
to T asn — oo and soT is completely continuous also. This completes the proof.

LEMMA 2.2. T(C*[0, 1]) ¢ K and thenT (K) C K.

ProoFr. For allu € C*[0, 1], t € [0, 1], we have

1
(Tw® = )»/ G(t,s)p(s)9(s)F (s, u(s)) ds
0
1

< A/ G(s,9)p(s)g(s)F (s, u(s)) ds.
0
Thus it follows that

1
ITull < )»/ G(s,9)p(s)g(s)F (s, u(s)) ds.
0
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On the other hand, by (ll), we have
1
min (Tu)(t) = min A/ G(t, s)p(s)g(s)F(s,u(s))ds
tefa,b] tefab] Jq

1
> Aw/ G(s,9)p(s)g(s)F (s, u(s)) ds.
0

This implies mMiRgap(TU)(t) > | Tu| and thusTu € K. Therefore we have
T(C*[0, 1)) c K. This completes the proof.

3. The main results and examples

We now give our main theorems and some examples.

THEOREM 3.1. Assume that the conditioiibl;) and(H,) are satisfied. In addition,
assume that

(Hs) 0<F°= Ilmsupmax(F(t X)/x) < L7,
X—0+
o<It ~ = liminf tmln(F(t X)/X) < 400.
X——+00
Then BVR(1.1) has at least one positive solution & for any
1 1
_— — 3.1
e(IFm’LFf’)’ 31)

whereL andl| are defined as in Remagk1

PrROOF. Leta satisfy 3.1) ande; > 0 be a real number such thiat, — ¢; > 0 and
1 1

—_— <A< — 3.2
(Fe—enl "~ (P4l (3.2

Next, by the first part ofHs), there exists; > 0 such that
F(t,x) < (FO+e)x < (FO4+e)r; < (L +epry (3.3

forallt € [0, 1] and O< X < r;.
LetQ; ={u € C[O, 1] | |lu]| < rq}. Itfollows from (3.3) that, forallu € K NaQy,

1
ITul = maXA/ G(t, s)p(s)g(s)F (s, u(s)) ds
te[0,1] 0

1
< (F%+epria maX/ G(t,s)p(s)g(s)ds
te[0,1] Jq

<ry=|ul,
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which implies thatTu # pu forallu € K N aQ; andu > 1. It follows from
Lemmal.lthat

i(T,KNQ, K)=1. (3.4)

On the other hand, by the second partt), there exists, > O andr, > r; > 0
such thatF (t,x) > (Fx —e)x forall x > wr,anda <t <b. LetQ, = {u €
C[0, 1] | lull < rz}. Thenwe have mig;p, u(t) > wlul| = wryforallu € KNoa,.

We now prove thaffu # pu forallu e KNoaR,and 0< pn < 1. In fact,
if not, there existuy € K NdQ, and 0 < g < 1 such thatTuy = uouy. Let
T = MiNap Uo(t). Then, for anya <t < b, andu, € K N 9€2,, we haver > wr,
and

1
Uo(®) = 15 (T U) (1) = 5™ / G(t, 9)pOYS)F (S, Uo(S) ds
0
b
> / G(t. 9)P(S)g(S)F (S, U (9)) ds
b
> MFy — 81)/ G(t,s)p(s)g(s)uy(s) ds

b
> MFy — sl)r/ G(t,s)p(s)g(s)ds

b
> MFy — sl)rtrrg;rg]/ G(t,s)p(s)g(s)ds

> T,

which yields a contradiction > t. It can also be seen from the previous calculation
that, foranyu e K N aQ,anda <t < b, (Tu)(t) > wr, and so

inf |ITull > wr, > 0.
ueKNo,

It follows from Lemmal.2that
i(T, KN, K)=0. (3.5)
Since Oe Q; C Q,, it follows from (3.4) and (.5) that

(T, KN (Q:\21), K)=i(T,KNQy, K)—i(T, KNy, K)
—0-1=-1 (3.6)

It follows from [5, Theorem 2.3.2] that has a fixed point* in K N (2,\Q,) and
thatu* is a positive solution of BVP1(.1). This completes the proof.
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ExamvPLE 3.1. Consider the following second-order differential equation boundary
value problem:

4 1/3
(J’;_(t)) } [(1 Lo +2fﬁ +90 sinu3|] =0 0<t<l ..,
u0 =u() =0.

It is obvious thatg(t) = 1/Jt is singular att = 0. It is difficult to solve the
problem using the results ir[8, 10] or their extensions.
We now study this problem using Theor&m. Let p(t) = t, g(t) = 1/t and

X4 - 1/3
F,x) = ((1+t)X3+20081+—X + 90| SInX3|> , O<t<1l

It is easy to see that the conditiosl;) and (H,) hold, wherea« = y = 1 and
B =8 = 0. The Green’s function of3(7) is (by simple calculation)

856 (1—t%6), ifo<s<t=<l,
G(t,s) =

856 (1—-s%%), ifo<t<s=<Ll

By taking a subintervdla, b] = [1/4, 3/4], then we have

F(t,

lim sup max G _ V92, (3.8)
x—0p tel0l] X
) F(t,

liminf  min G _ v/200925. (3.9)

X—+oo te[1/4.3/4] X

We now computd. andl in TheorenB.1 Since

1
(1) =/ G(t, s)p(s)g(s) ds
0

t 1
6 . 1 6 1
= [ =s7°(1-t"%)—=ds / -t (1—-s”%) —=ds
| 2= Sl A

- ;_g (1— %)% 4 ;—2 (—1+t%5)% 1%/
— 1_8 (1 _ t5/6) t5/6,

we have

18 1\ 1\” 9
L=maxdo@®t)=—|1-— = — =0.18 3.10
meo=2( () ) () - (840
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On the other hand, we have

3/4
(9] =/ G(t,s)p(s)g(s)ds

1/4

_/-t §S5/6(1_t5/6)ids+/3/4§t5/6 (1_55/6)ids
= 1,5 FET) B 7
_9(-14t°%) 18

ey S 56y _ _Y (_q9. 91/3 25/6 . R2/3)\ +5/6
00 217 25( 14 t%°) 200( 8.2Y°.3°+3.67°)t
+;—2( 2+t%%)t%3
__ 7 9 (22/3 ( 22/3_8_21/3_35/6+3_62/3) t5/6+16t5/3).

200

It is easy to verify that

| = te[gp;g/4]¢(t) =¢3/4) = 200

( 2.4 — 93+ 243+ 6\3/3_6) (3.11)
and, by Theorem3.1and @3.8—(3.11), BVP (3.7) has at least one positive solution in
K for any

400 S
<A< —30 .
9(—2-3/21 9V3+ 243+ 6- /36 )\/20092 9792

By simple computation, we have

400
~ 0.993168
9 (—25/21 — 93+ 243+ 6«3/3_6) /200925
50
9792

Thus it follows that the approximate subinterval abaus (0.99317 1.2306. In
particular, we can see that BVB.{) has at least one positive solution wheg: 1.

ReEMARK 3.1. From TheorenB8.1, we can see thak (t, X) need not be superlinear
or sublinear. So our conclusion extends and improves the corresponding results ir
[2, 4, 7, 10]. In fact, Theorem3.1 still holds if one of the following conditions
holds:
(i) Fx=00,F%>0,1€(0,1/LFY),
(i) Fyo=o00,F°=0,1 € (0, +00),
(i) Fo>1"1>0,F°=0,1 ¢ (1/IF, +00).
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THEOREM 3.2. Suppose that the conditiofid;) and(H,) hold. In addition, assume
that

o I F(t, x) .
(Hs) O<F _Il)[rlfiptrg(% IR L,
- . F(,x
0 <1 < Fy = liminf min ( )§+oo

x—0+ tela,b] X
Then BVR1.1) has at least one positive solution for each
A€ (1/IFy, 1/LF®), (3.12)

whereL andl| are defined as in Remagk1

PrROOF. Let A satisfy 3.12 ande, > 0 be a real number such that
1 1
—_— A< —.
(Fo — &2)l (F>+eyL
Let H(t, X) = SUR o, F(t,s), thenF(t,x) < H(t,x) and H is increasing for
X € [0, +00).
For anye > 0, by the first part ofH,), there exists, > 0 such that

(3.13)

Ft,x) < (F* +¢)X, X>rg,0<t<1,
and hence
Ft,x) =M+ (F*+e)x, x>0, 0=<t=<1
whereMg = maX; xcjo,11x10,) F (T, X). Thus we have
. H(t, xX)
lim sup max
X—+oo t€[01] X
On the other hand, sinde(t, x) < H(t, x), then we get
. H(t, xX)
lim sup max =
Xx—>+oo t€l01] X

Therefore there exists such thatr; > ro > 0 andH (t, x) < (F* + &,)x for all
X>rzand0<t < 1.
Now, letQ; = {u € C[0, 1] | |Ju|| < rs}. For allu € K N 823, we then obtain

< F*.

F.

1
ITul = maXA/ G(t, s)p(s)g(s)F (s, u(s)) ds
0

te[0,1]

IA

1
maxA/ G(t, s)p(s)g(s)H (s, u(s)) ds
0

te[0,1]

IA

te[0,1]

1
maxai / G(t,s)p(s)g(s)H(s,r3) ds
0

1
< AMF* +epramax [ G(t,s)p(s)g(s)ds < r; = ||u]|,
te[0,1] 0
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which implies thatTu # pu forallu € K N aQ; andp > 1. It follows from
Lemmal.lthat

i(T, KN Qs K)=1. (3.14)

By the second part aH,), letr, > 0 andr4 < rz be suchthaF (t, x) > (Fo—e,)X
forallO0 < x <rjsanda<t <bh. LetQ, = {x € C[0, 1] | |lu|| < r4}. Then we have
MaXcjap U(t) < [lul] =14, forallu e K N a2,.

We now prove thaffu # pu forallu e KNoaRsand 0< o < 1. In fact,
if not, there existuy € K N9, and 0 < g < 1 such thatTuy = ugug. Let
T = MiNcpap Uo(t). Then, foranya <t < bandu, € K N 924, we have

Uo(t) = o (T U (D) = pg ™ /01 G(t,9)p(s)g(s)F (s, Up(s)) ds
> / Gt 9 PSYOF s () ds
> M(Fo — &2) /ab G(t, s)p(s)g(s)o(s) ds
zM%—w9(/%ML$MSM$dS

b
> A(Fy — &5)T min / G(t,s)p(s)g(s)ds > t.
tela,b] a

This implies thatr > t, which is a contradiction. It can also be seen from the
previous calculation that, for anye K N9Q, anda <t < b, (Tu)(t) > |lu||. Thus
infucknag, ITUll = |Jull > 0. It follows from Lemmal.2that

i(T, KN, K)=0. (3.15)
Since Oe Q4 C Qs, it follows from (3.14) and @.15) that
(T, KN (2:\2), K) =i(T, KNQs, K)—i(T, KNy, K)
=1-0=1 (3.16)

Therefore, it follows from$, Theorem 2.3.2] thak has a fixed point* in K N(Q23\24)
and sou* is a positive solution of BVP1(.1). This completes the proof.

ExampLE 3.2. Consider the following second-order differential equation BVP:

«/_l—t< t)
AW TRy
+)»17(4tu+8lln(l+u)+|sinu|)=O, 0<t<l, (3.17)

u@ =u =0.
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It is obvious thatp(t) = 1//t(1—1t) andg(t) = (1 —t)/Jt are singular at = 0
and/or 1. It seems difficult to solve the problem using the results obtained &y1[0]
or their extensions.

Now we study BVP 8.17) making use of Theore®.2(where we choose = y =
1,8=35=0).

Let F(t, x) = 4tx + 81In(1 + x) + |sinx|, 0 < t < 1. The Green’s function of
BVP (3.17) is (by simple calculation)

Git.s) — £5¥2(56—-39) (2—-5t32+3t%%), if0<s=<t<1,
| A5 -3) (2552 + 3577, if0<t<s<Ll

Notice that 0< G(s, s) < 1. Itis easy to see that conditioqsl;) and(H,) hold.
By taking the subintervdl, b] = [1/4, 3/4], then we have

. F(t, x
lim sup max €. x) =4, (3.18)
Xx—+oo L€l01] X
. ) F(t,
liminf  min €. x) =83 (3.19)

Xx—0+ te[1/4,3/4] X

We now computéd. andl in TheorenB.2. Let
1
&) = / G(t,s)p(s)g(s)ds
0
1 t
=— / s?3(5 — 3s)(2 — 5t¥2 + 3t>%) ds
15 Jo

1 1
+ I t¥2(5 — 3t)(2 — 55%? 4 3s*?)s7 %% ds
t

1 t
= —(2-5t¥%+ 3t5/2)/ s?3(5 — 3s)ds
15 o

1 1
+ Et3/2(5 —3t) / (2 — 55%% 4+ 35%/%)57°/6 ds
t

1 9
= —(2—5t%% + 3t%%) [ 3t>° — —t®®
5@ 5 3 (3 2

1 81 9
—t¥2(5-3t) [ = — 12° 4+ 3t>° — —t8/3>
T )< 8 " 8

= % (15t%2 — 16t>° — 9t%% + 10%7) .

Then it follows that

L= tﬂgﬁé(t) =§

74204 ) 107
(38 0 89) __ 0.30586x 107 ~ 0.06325 (3.20)

1073741824 ~ 0.48357x 105
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On the other hand, we have

3/4
w(t) =/ G(t,s)p(s)g(s) ds
1

/4

1 t
= / s?%(5—3s) (2— 5t¥* 4+ 3t%) ds
15 Jya

3/4

+1—5 t t¥2(5 — 3t) (2 — 5s** 4 3s°%) s™°ds

1 t
= — (2-5t%+3t?) / s?*(5—3s)ds
15 va

1 3/4
+ 1_5t3/2(5 —3t) /t (2—5s%% + 3s”%) s°/°ds
1

~ 256052+ 25v3)
422012 623 — 2048(52+ 25@) £V/6

+512(52+ 25v/3) t°° — 192(52+ 25V3) *°) |

{(5 — 3n)t32 (48073- 23/2 . 316

1 87 3
— (2 — 3/2 5/2 - = _12&5/3 4&8/3 .
+15( ST )< 256- 2173 128( + )>
It is easy to verify that
= te[rlr)igm]\lf(t)
= W(3/4)

— (33@ (48073- 2213 . 316 | 22012. 623 — 1024 2%/3 . 318 (52 n 25@)
+69. 623 (52 + 25@))) / (81920(52 + 25@))

27.3°
L1, 3B\ _8& 3 SAP YR
15 32 256. 213 128\ 2.213

~ 0.0151846 (3.21)

It follows from Theoren8.2and (3.18—(3.20 that BVP @.17) has atleast one positive
solution for any
1 1
_— A< —
83 x 0.0151846 4 x 0.06325
where

__r ~ 0.793448 and 1 ~ 3.95257
83 x 0.0151846 4 % 0.06325
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The approximate subinterval abouis therefore(0.7935 3.952). In particular, we
can see that BVP3(17) has at least one positive solution, whee= 1.

ReEMARK 3.2. From the proof of Theorerf.2, we can see the conclusion of Theo-
rem 3.2 still holds if one of the following conditions holds:
(i) F* <Lt Fy=o00,A¢€(0,1/LF>),
(i) F*=0,F;= 400, A € (0, +00),
(i) F*=0,Fo>1"1>0,x¢e (1/IF,, +00).

REMARK 3.3. It seems to be difficult to prove our results using the norm-type
expansion and compression theorem usedjiarid [L0]. From Example8.1and3.2,
we can show not only the existence of positive solutions of BB (but also provide
the subinterval about, which was not done in previous papers (sgeL[)]).

REMARK 3.4. Note that, if F is superlinear, that isF® = 0 andF,, = +o0 or
sublinear, that isFy = +oo and F* = 0 for anyA € (0, +00), BVP (1.1) has at
least one positive solution. In particulargft) = 1 andg(t)F(t, x) = a(t) f (x), the
conclusions of Theorens1and3.2hold. Thus we generalise the main results of Ma
[10]. Our results still hold for the non-singular cases asdireind [7].

4. Discussions on the conditions of theorems

We discuss the conditions given in our main results. Clearly?if- 82 # 0
or y2 + 682 £ 0, thenp = a8 + ayB(0,1) + By > 0. We suppose thaj (t),
i =0,1,...,n, are nonnegative continuous functions(@nl). Let

H = {gt)F(t, x) | gandF satisfy the conditior{H,)}.

Then we can easily show that the following conclusions hold:

(i) Ifg@) eH,theng®Ft,x)eH, i=12...,n.

(i) If g(t)F(t,x) € H,thenwe havé " g (R (t,x) e H,i =1,2,...,n,
MaX<i<n G (HF (t, X) € H, mini ., g O F (L, x) € H.

By the above discussion, we can see that the conditions given in The8r&éms
and3.2are rather loose.

For example, consider the following equation:

u +a ) (gt +gjtHu” =0,
Z J (4.1)
u0) =u() =0.

We obtain the following result.
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COROLLARY 4.1. Suppose that

() O0<ao <1 g(t)andgt) (i,j =1,2,...,n) are nonnegative and contin-
uous(unboundedion (0, 1);
(i) [ G(t, t)(g® +g®)dt < +00,i, j =1,2,....,n.

Then BVR4.1) has at least one positive solution for ahye (0, +00).

Obviously BVP @.1) is a special case of BVPL(1) and so this corollary can be
obtained by Theorer@.2 directly.
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