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Abstract

This paper gives a necessary and sufficient condition for a Kuhn-Tucker point of a non-
smooth vector optimisation problem subject to inequality and equality constraints to be an
efficient solution. The main tool we use is an alternative theorem which is quite different
to a corresponding result by Xu.

1. Introduction

A vector optimisation problem is a problem where two or more objectives are to be
minimised on some set of feasible solutions. In such a problem we often deal with
conflicts amongst objectives and hence in most cases cannot find a feasible solutiot
which is optimal in the sense that it minimises all the objectives simultaneously.
So in vector optimisation we must use concepts different from this requirement of
optimality. In this paper, we restrict ourselves to the concept of an efficient solution:
this is a feasible solution such that there does not exist another feasible solution a
which all objectives are the same or better, with at least one being strictly better. From
a mathematical viewpoint it can be formulated as follows. Let us consider & set

of an Euclidean spacR" andm functionsf; (i = 1,2, ..., m) defined onR". The

setS, can be interpreted as the set of feasible solutions and the fundiiass be
regarded as our objectives which we want to minimise. Then a peiat S, is an
efficient solution if we cannot find another poite S, such thatf; (x) < fi(xo) for

alli and, in addition, at least one of these inequalities is strict. This efficiency property
originated with Paretol[6] and plays a crucial role in economics, game theory and
statistical decision theory (seg, [3, 7, 16, 22, 24]). In many practical situation$,
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is given as a subset of a closed Sawhich consists of all pointg of S satisfying a
system of inequalities and equalities:

gix) <0 (j=212....k), hsx)=0(s=1,2,....,1).

In addition, the functiond;, g; andhs are not differentiable in the classical sense. In
this paper they are assumed to be locally Lipschitz. Such functions are often encoun-
tered in economics, engineering design and various branches of analysis. Examples ¢
locally Lipschitz functions arising in these fields can be foundimwhich is a basic

book for everyone interested in nonsmooth analysis. The problem of finding efficient
solutions for the objectived; on the above feasible s& is referred to as problem
(VOP) and is written as follows:

Minimise f(x) := (fi(x), f2(x), ..., fm(x)) subjectto

g0 (j=12....K, (1.1)
hx) =0 (s=1,2,...,1), (1.2)
X e S. (1.3)

It is well-known [12] that the convexity of functions involved in a minimisation
problem with inequality constraints (thatis, problevtQP) wherep = 1,S= R" and

hs are absent) assures the optimality of a point satisfying the Kuhn-Tucker conditions
[12] and the validity of the Wolfe duality theorem&Z]. In 1981, Hansong] was

the first to show that a generalised convexity requirement, later called invexity, is an
appropriate substitute for the usual convexity condition in proving these facts. The
invexity idea is also useful for establishing necessary optimality conditidh&{] and
alternative theoremgl]. In [13] the invexity property was extended to KT-invexity to
prove that a Kuhn-Tucker point (that is, a point satisfying the Kuhn-Tucker necessary
optimality conditions) is a minimiser of a minimisation problem with differentiable
data if and only if this program is KT-invex at this point. A generalisation of invexity
to locally Lipschitz functions was introduced i, [L7, 18]. It has been noted[1] that
invexity is not suitable for problems with equality constraints since the Kuhn-Tucker
multipliers associated with these constraints are maessarily nonnegative. So a
new notion of infine functions was defined and was showr2if fo be an adequate

tool for equality constraints. Observe frordl] Remark 3.5] (see also Remafk?

of the present paper) that introducing a new terminology for infineness is needed
since the class of locally Lipschitz infine functions does not coincide with the class of
cone-invex functions defined by Cravedj.[ The invex-infineness property (thatis, the
requirement of invexity for objectives and inequality constraints, and of infineness for
equality constraints) is used i2]] to establish a necessary and sufficient condition
for an efficient solution to be a Geoffrion properly efficient soluti@hip problem
(VOP) with locally Lipschitz data.
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The aim of this paper is to extend the invex-infineness to KT-pseudoinvex-infineness
and GKT-pseudoinvex-infineness such that under suitable assumptions a Kuhn-Tucke
pointXx, is an efficient solution of\(OP) if and only if (VOP) is KT-pseudoinvex-infine
(or GKT-pseudoinvex-infine) a. Roughly speaking, we want to generalise a known
result of Martin L3, Theorem 2.1] to the case of efficient solutions of nonsmooth
multiobjective problems subject to mixed constrairitsl}—(1.3). The proof of the
above result and other related facts in Sectids based on an alternative theorem
which is established in Sectighfor a system of inequalities and equalities given
by the support function of nonempty convex compact sets. When each of these
sets is a singleton we obtain a result (Coroll&%) which is quite different from
the nonhomogeneous Farkas lemma of %G][ Xu restricts himself to the case
when equalities are absent and some additional hypothesis is required for the validity
of his Farkas lemma while our CorollaBs2 is true without these restrictions. (The
formulation of Xu's result and that of our own is also different.) Sec8aiso contains
an application of our alternative resultto a concave vector optimisation problem subject
to several concave inequality constraints and abstract linear constraints. Observe the
applications of concave programming problems arise more frequently in areas such a:
inventory, production and transportation planning, site selection, Leontiev substitution
systems, assignment problems, decision theory, network flows and so forth. The reade
is referred to ] for a comprehensive survey of the theory of concave programming
and an overview of its applications.

To conclude this introduction let us observe from Remadthat our paper contains
results which can be applied to any practical problem with inequality constraints. This
shows the applicability of some of our theoretical results to a wide class of problems
often encountered in practice.

2. Preliminaries

Let R" be an Euclidean space. For= (X, ..., X,) € R"andy = (Y1,..., Yn) €
R" we will use the following notation:

X=y&x =y, foralli;
X<y&x <y, forali;
xSy&x Sy, forali;
x<y&x<yandx#y;
X #£ Yy : the negation ofx <y.

Let us observe that ifi = 1, that is, ifx andy are real numbers then the above
notation showsthat <y < x <.
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If I isa nonempty subset ¢1, 2, ..., n} we will denote byx, or (4;);c, the vector
with components,; (i € 1). Similarly, if f; : R"™ — R (i € I) is a function then we
will use the symbolf, or (f));¢, to denote the vector-valued map with componefts
@iel).

Let f : R" — R be a locally Lipschitz function, that is, for arge R", there
exista > 0, 8 > 0 such that for anx, X’ € R" with || x — z|| < «, X' — Z|| < «,
[f(x) — f(X)| < BlIx — X||, and letx, € R". Then the Clarke directional derivative
of f atxg in the directiorw is defined by

fO(xo; v) = limsup fy+4v) — fy)

y—XoArl0 A

and the Clarke subdifferential df at x, is defined by
of (Xo) = (£ e R": fOx;v) = (£, v) Vv € R"},

where(-, -) denotes the inner product Rr".

Itis well-known [5] that for anyv € R"

fO(x;v) = max (£, v)
£edf (x0)

and af (xp) is a nonempty compact convex subset®¥ When f is of classC!
thenaf (xo) coincides with the FecChet derivativef, of f atx, (see p]). If f, is a
vector-valued map with locally Lipschitz componerfti € |) then we denote by
f2(X; -) the vector-valued map with componerff¥xo; -) (i € I). The symbolf; is
used to denote the matrix with row vectdr§ (i € 1). Thusf; nis simply the vector
with components, n := (f;, ,n) (i € 1).

Let Sbe a closed subset &" andx, € R". The Clarke ] tangent cone oBatx,
is defined by

Ts(Xo) == {v € R" : d3(Xo; v) = 0},
whereds(x) = inf,.s ||z — X||, and the Clarkeq] normal cone ofSatx, is defined by
Ns(Xo) := {w € R": (v, w) < 0Vv € Ts(X)}.

A subsetA C R" is said to be a cone ifx € Aforall x € Aandi > 0. A cone
which is a convex set is said to be a convex cone. For any nonempty sulosét"
denote by cond the intersection of atonvexcones containing\. Itis easy to check
that coneA is a convex cone consisting of all points of the fopAY_, A;x; wherem is
a positive integerg € Aanda; > 0. Also coneA = congco A), where coA stands
for the convex hull ofA. WhenA is a convex set, con@ = {Ax : A > 0, x € A}.

It has been proved] that Ns(Xy) = ¢l conedds(xg), where clA denotes the closure
of A. Also we denote by pAthe intersection of all subspaces®T containingA.
Observe that sp. = coneA — coneA.
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3. An alternative theorem

In this section we give an alternative theorem which is needed to prove the results
of Sectiond. Let

fi(x) =mgx(v,x), iel:={12...,m}
g;(x) = mgx(v,x), jed={12,...,k},

hs(X) = m{;\x(v,x), selL:={12,...,1},

VEAs

whereB; (i € 1), C; (j € J)andAs (s € L) are nonempty convex compact subsets
of R". Let Sbe a closed convex cone R'. Settinghs(X) = max,._a (v, X), we see
that

hs(x) < as

s he(X) = as. 3.1
hs(x)g—as}=> (X) =& (3.1)

LetS :={£ e R": (§,x) £ 0 forany x € S}. Then we can check thate Sif
and only if

q(x) £ 0, (3.2)

whereq(x) = max.p(§, x), D := S N B"andB" is the closed unit ball oR".
The following lemma will be needed for obtaining our alternative theorem.

LEMMA 3.1 ([20, 19]). The system of inequalitief(x) < 0 (i € 1), gj(x) £ 0
(j € J) has asolution if and only ® ¢ col J;, Bi + cl conel J,_, C;.

Now leta = (a1, @y, ...,q), b= (b, by, ..., by, andc = (¢, Cy, ..., C) and let
A, = Ax{—as} C R"xR, B/ = Bix{—b} C R"xRandC{ = C;x{—¢;} C R"xR.

We will need the following closedness assumption (H).

(H) For eachp € | the set

cone{U B, UC]} + spU AL+ [S x {0}]
i#p jed selL
is closed.

REMARK 3.1. Assumption (H) automatically holds if each of the sBts C; and
A is a singleton and i§™ is a polyhedral cone.
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THEOREM 3.1. Assume that the closedness assumptidhholds. Consider the
following statements

(@) The system

f(x)<b, gx)<c, h(x)=a, xeS (3.3)
has a solution, wheré = (fj)ic;, 9 = (9j)jcs andh = (Ng)sc;
(b)
()"i)iel > 01 (I‘LJ)JEJ 2 07 (88)56L 2 07 (SS)SEL 2 07 (34)
" 0ed LB+ ) mCi+Y 8:A— Y 5A+S, (3.5)
iel jed selL selL
0=> ab+> ujci+ > s — Y beax, (3.6)
iel jed selL selL
or
(}"i)iel 2 07 (MJ)JEJ 2 07 (88)56L 2 07 (SS)SEL 2 07 (37)
) 0ed MB+ ) mCi+Y 8:A—Y 8A+S, (3.8)
iel jed selL selL
0> nb+ ) pjci+ ) das— > b, (3.9)
iel jed selL selL

has a solution.
Then

(1) (a)does not hold=> (b) holds.
(2) Ifwe assume additionally that for aye L, Asis a singleton, then we can state
that either(a) or (b) holds, but never both.

PrROOF. (1) Suppose that (a) does not hold. Then syst8rf) (has no solution.
Using (3.1) and @.2) we derive that for each fixed indgx e | the following system
in the variablex’ = (x,r) € R" x R has no solution:

(0, x) —1r <O,

fo(X) —bpr <0,
fix)—br £0, i#np,
(1) gi(x)—cr £0, jeJ,
hs(x) —ar £0, selL,
he(x) +ar <0, sel,
qx)+0r £0.
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By the closedness assumption and Len8riawe have

0 € co{B, x {—by}, {0} x {—1}}

+c0ne{U B.Jc. JA. - A;} +[s % {0}].

i#p jed sel sel

Thus there exist, > 0,1, 2 0,4” 2 0,( # p), u” 2 0,(j € J), 8 >0,
8P >0, (s € L) such that

fptap=1 (3.10),
! / P (p)
Oe rp0+)\,po+Z)\‘ip Bi _I_ZMJP CJ
i#p ied
+Z‘Sép)As—Zr§ép)As+S* (3.11),
seL sel
and
O=—1-r,—A,b, - Z)"i(p)bi - Z,uﬁp)cj
i#p jed
- ZBép)as+ Zégp)as+o. (312,
seL sel

Summing up(3.11), over p € | and setting

M= A A7 A7 4 AT,
ha =25 F A A 4 A,

(m)

pi=p +u 4+ u, jed
ds =08 +82 +.-- 480, sel,
5= 30 452 1 450, sel,

we obtain that

0> LB+ Y mCi+Y 6A - 5A+S. (3.13)

iel jed selL selL

Summing up(3.12), over p € | and setting

r=ri+ry+---+r., (3.14)
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we obtain

0=—1-I'/—Z)\.ibi—ZMJ‘CJ—ZBSE\S—FZSSE\S—FO. (315)

iel jed selL selL

There are two cases:

(i) Vpel,r, =0 (henceg’ =0 by 3.14);

(i) Ip e | suchthat, > 0 (hence’ > 0 by 3.14).

In case (i):Vp € I, A, = 1 (see(3.10),). Thereforer, > 0 (Vp € I) and
system (1) has a solution.

In case (ii): system (ll) has a solution (s€e13), (3.159).

(2) Suppose thak is a singleton for ang € L. Assume to the contrary that (a)
and (b) hold simultaneously ang, i ;, &, & satisfy system (I). Sincé\; )ic, > 0, we
see from 8.3) that there existg € Ssuch that

Z}\.i fi (X) < Z)\., bi y Z (Sshs(X) = Z Bsas’

iel iel selL selL
Zﬂjgj (X) § Z,Uvjcj’ _nghs(x) = _ngas
jed jed selL selL

and hence we have

200 =Y L Fio0 4+ g0 + Y 8shs() — > she(x)

iel jed selL selL
<Y ub+) e+ Y sa—» sa=0 (by@6).  (3.16)
iel jed selL selL

On the other hand, sinca; is a singleton, it follows from3.5) that there exists
& € S such that

(—£,%) £ ¢(x). (3.17)

Sincex € Sand¢ € S, then(—§,x) > 0. Hence 8.17) implies that;(x) > 0, a
contradiction to 8.16).
Assume now thax satisfies 8.3, andi;, u;, 8, 85 satisfy (I1). Then we have

0> > ab+ ) ujci+ > da— > bsa (by(3.9) (3.18)

2 ¢(x) (by (3.3 and@.7) (3.19)
2 (—&,x) (by(3.17) (3.20)
> 0. (3.21)

This is a contradiction.
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REMARK 3.2. The closedness assumption (H) is not used for proving that (a) and
(b) do not hold simultaneously.

REMARK 3.3. If Aqis a singleton for ang € L, then (b) in Theoren3.1 can be
replaced by (B) where

(by
Miet >0, (4))jes 20, (5s)scL € R,

0ed LB+ mCi+> A +S,

iel jed selL

0=> hbi+> ujci+ Y da

iel jed selL
or

M)iet 20, (4))jes 20, (5s)scL € R,

0ed MB+) uCi+ Y A +S,

iel jed selL
0> ab +> pjci+ ) ba
iel jed selL

has a solution.

This can be obtained by settidg= 8, — & (5s can be nonnegative or nonpositive).

COROLLARY 3.1. In addition to the closedness assumpt{bt) of Theoren8.1, we
assume that the system

fx) £b, gx)<c, hx)=a xeS (3.22)

has at least a solution and for arsye L, A is a singleton.
Then either

(@) Systen{3.3) has a solution or
(b) Systentl) has a solution,
but never both.

ProOF. It suffices to show that the consistency 8f12) implies the inconsistency
of (I). We omit the proof of this fact since it can be established by an argurimeifis
to that used in the proof of the second part of TheoBehr{see 8.18—(3.21)).

COROLLARY 3.2. Let S~ be a polyhedral cone. Let each of the sBtsC; and A
be a singletonB; = {u;}, C; = {v;} and As = {ws}. Denote byu, x) the vector with
componentsu;, x) (i € 1) and similarly for(v, x) and (w, X).
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(A) Then either
() the system

(uyx)y <b, (v,x)<ec, (w,x)=a, xeS

has a solution or
(b) the system
A)iet >0, (14))jes 20, (8)seL € R,

0ed MU+ Y v+ Saws+S,

(I)/ iel jed selL
0=> ab+> uci+ ) da
iel jed selL
or

A)iet 20, (Uj)jes 20, (8s)serL € R,

0ed nu+ Y mvj+ Y Saws+ S,

(”)/ iel jed selL
0> > nb+> ujci+ Y s
iel jed selL

has a solution,

but never both.
(B) If we additionally assume that the system

(ux)y<b, (v,x)<c, (w,x)=a, Xe€S

has at least a solution, then either

(@) Systen{3.23 has a solution or
(b) Systentl)’ has a solution,

but never both.

(3.23)

PrOOF. Thisis adirectconsequence of Theorér Corollary3.1and Remaris. L

(10]

REMARK 3.4. Let us compare our Corollary.2 with [23, Theorem 2.1] under the
same assumption th& = R" (which implies thatS~ = {0}). In this special case,

part (A) of Corollary3.2is quite different from Theorem 2.1 of X@8] since in our

case the equalities exist. Also, unlik&3] no assumption is imposed on our corollary.
Our conclusion is quite different from that of X23] and does not contradict his

counterexample 1.1.

COROLLARY 3.3. Let each of the set8s be a singleton As = {ws}. Consider the

following statements
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(a) Systen{3.3) has a solution.

(b) Foranyu; € B; (i € ) andv; € C; (j € J), systen{3.23 has a solution.
Then(a)= (b); and the converse implication holds if the closedness assum(btijon
is satisfied.

PrROOF. (a) = (b) This implication is clear from the definition of the functiofs
andg.

(b) = (a) Assume to the contrary that systet i3 has no solution. Then by
Theorem3.1 either system (I) or system (II) has a solution. If system (I) has a
solution then there exist; € B; andv; € C; such that system (Ihas a solution.
By Theorem3.1 and Remark3.2, system 8.23 has no solution, a contradiction to
statement (b). Similarly, the consistency of systghimplies the consistency of
system (II) whereu; € B; andv; € C; are suitable points. By Theoretl and
Remark3.2, system 8.23 has no solution, a contradiction to statement (b).

Now we will consider an application of CorollaB;1to a concave vector optimi-
sation problem. Lef = (fy, f,, ..., f,) andg = (gi, Oo, ..., Gk) be vector-valued
maps with components being concaveRih This means that for alt andx, € R"

fi(X) — fitx) £ f2xi X — %) (1=121,2...,m), (3.24)

Let Sand M be closed convex cones R" and R', respectively. LetA be an
| x n-matrix, and let = (cy, C,, ..., ¢) andd = (di, d, ..., d) be given vectors.

Consider the following concave vector optimisation prob(®®P)c with concave
constraints and abstract linear constraints:

Minimise f(x) := (fi(x), f2(X), ..., fn(X))

(VOP). subjecttog(x) < c, (3.26)
Ax+deM, (3.27)
XeS (3.28)

A point x satisfying 8.26—(3.29 is called a feasible solution gvOP.. We
are interested in finding an efficient solutigg of (VOP)¢, that is, a feasible solu-
tion X, such that there is no other feasible solutionf (VOP)¢ with f(x) < f(Xp).
Obviously, ifxy € Sis an efficient solution fotVOP)¢, then the system

fO%;x) <0, g°(x;x) ¢, Ax+d eM, xeS

is inconsistent where’ = ¢ — g(Xo) andd’ = Ax, + d. Indeed, if this system has
a solutionx then in view of 3.24 and @.295 we see thak := X + X, is a feasible
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solution of (VOP)¢ such thatf (X) < f(Xy), a contradiction to the efficiency property
of Xo.
Letus se’ = (X,y) € R" x R',

Ri(X) = £200:) = max(g’, ), Hs(X) = (&, x),
Gj(X) == @)X, X) = gw%x(g/, X'y, S =SxM,
whereB/ = 3fi(Xo) x {0}, C] = 99 (%) x {0}, & = (&, —Ps), & Is thes-th row

of the matrixA andps = (0,...,0,1,0,...,0) € R' (1 being thes-th component
of ps).
Then the following system must be inconsistent:
F(xX) <0, G(xX)<cd, HxX)=-d, x eS.

Observe thak’ = (0,d’) € R" x R' is a solution of the last system with the sign
of its first inequality being replced by<. So by Corollary3.1, we find (% )ic; > 0,
(1j)jes = Oandrs € R (s € L) such that

0ed LB+ uCj+> ra+S" (3.29)
iel jed selL
and
0=> x40+ ujc;— Y red (3.30)
iel jed selL

if the following closedness assumption holds: for eviegyl, the set

Q) = cone{U B, x {0}, | JCj x {—cj}} + sp |:U{a;} x {d;}} +[S™ x {0}]

i/ jed sel

is closed.
From 3.29 and the definitions oB/, C; anda;, we can derive that

0e Y ndfit) + ) 1idg;(x) + Y Fsas+S (3.31)
iel jed selL
and
0=> %40+> 10— rps+ M. (3.32)
iel jed sel

Settingr = (ry,r,,...,r), we see thad ', _ r«px = r. Thus @.32 means that
r e M—. From @.30, we have

D (G — gi(%0)) — Y _[Ts(@s, Xo) + rsds] = 0 (3.33)

jed sel
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(from which we can derive the complementarity citiaah).
From the above discussion, we can obtain the following necessary optimality
condition for(VOP)c.

THEOREM 3.2. Assume that for every € | the setQ(i) is closed. Ifx, is an
efficient solution of the concave vector optimisation prob{®@P)c, then there are
(A)ier > 0,, (4))jes = 0and(rs)sc. € M~ satisfying(3.31) and(3.33).

COROLLARY 3.4. In addition to the above assumption th@ti) is closed for each
i €1,assumethag =0, c=0and f is of classC?. If x, is an efficient solution for
(VOP), then there arél;)ic; > 0, (rs)sc. € M~ such that

Oc in i+ eras +S and 0= er((as, Xo) + ds),

iel selL selL

where f;, is the Fiéchet derivative of; at x,.

REMARK 3.5. In the case wherél = R' (the nonpositive orthant oR') and
S = R", Corollary3.4is exactly Theorem 3.1 oP[] (the closedness assumption is
automatically satisfied since the sum of polyhedral cones is closed).

4. Efficient solutions of nonsmooth problems of vector optimisation

In this section we will use the notion of a Kuhn-Tucker point for the vector optimi-
sation problemV{OP) which coincides with the usual notion of a Kuhn-Tucker point
for the case of scalar optimisation. For smooth problems with inequality constraints
only, Martin [13] (see also 15, 14]) introduced a class of KT-invex problems and
proved that every Kuhn-Tucker point is a global minimiser if and only if this problem
is KT-invex. The main result of this section is Theordm which shows that the
above result of Martin can be extended to the case of nonsmooth vector optimisation
problems with mixed constraints, that is, the case when not only inequality constraints
(1.2) but also equality constraintd.@) and a “geometric” constraintL(3 are con-
sidered. The class of KT-pseudoinvex-infine problems (Definididh and the class
of GKT-pseudoinvex-infine problems (Definitign1) will be used as substitutes for
the class of KT-invex problems of Martin. We will see that they are suitable for our
goal. As a consequence of Theorérih we will obtain a generalisation of the above
result of Martin to problems with mixed constraints (see RerdaBk This section
will also discuss relationships between several classes of invex-infine problems (see
Theoremst.2and4.3).

Let f := (fy, fo, ..., f) : R" = R™, g:= (01,0, ..., 00 : R" — R¥andh :=
(hy, hs, ..., h) : R" — R' be locally Lipschitz functions, and l& be a nonempty
closed subset d&". Letl ={1,2,...,m},J=1{1,2,...,klandL ={1,2,...,1}.
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Consider the vector optimisation probleMdP) formulated in the introduction:
Minimise f(x) subjecttox € S,

whereS, denotes the set of all pointssatisfying (L.1)—(1.3). We will be interested in
efficient solutions ofVOP). Recall thaix, € S, is an efficient solution ofVOP) if for
anyx € S, f(x) £ f(x), thatis, there does not existe S such thatf;(x) < fi(xo)
for alli and at least one of these inequalities is strict.

LetJy ={j € J: g;(X) = 0}. Apointx, € S is said to be a Kuhn-Tucker point
of (VOP) if there are vectorgh)ic; > 0, (14j)je5, = 0 and(rs)sc. € R' such that

0e Y xdfi(xo) + Y 1j09;(X) + Y _ redhs(Xo) + Ns(Xo). (4.1)
iel jed sel
This becomes the usual notion of a Kuhn-Tucker poimt i 1.

DerFINITION 4.1. Problem(VOP) is KT-pseudoinvex-infine at, € S if for any
x € § with f(x) < f(Xp) there isn € Ts(Xy) such that

0> f%0xo; 1), (4.2)
02 g3 (Xo; 1), (4.3)
0= h’x; m). (4.4)

REMARK 4.1. Let us consider problendvOP) when the functiorh is absent. In
this case, it is natural to use the terminology “KT-pseudoinvex” instead of “KT-
pseudoinvex-infine”.  We now provide an example showing th&dP) is KT-
pseudoinvex in the above sense but it is not KT-pseudoinvex in the weaker sense
of [19]. Recall that the authors ofLp] say that the problendvOP) of minimising f
subjecttog(x) < 0,x € Sis KT-pseudoinvex aty € S, := {x € S: g(x) < O} if for
anyx € S with f(x) < f(X) there exists) € Ts(xo) such that

0> f%xom), 02 g3 (Xon).
Consider the following vector optimisation problem:
(vOP) Minimise f(x) subjecttox € § :={x € S: g(x) < 0},

wheref (x) = (—x2, x?—X), g(x) = (xX*—1/4, —x) andS= R. ThenS, = [0, 1/2].
For X, = 0, the active constraint function g(x) = —x and we havef, = (0, —-1)
andg,, = —1. We can checkthat(x) < f(xo) foranyx € S \ {0}. For all suchx,
letn = 1. Then we have, n = (0, —n) < 0 andg,, n = —n < 0. Thus(VOP) is
KT-pseudoinvex, buVOP) is not KT-pseudoinvex in the sense & since f;, =0
and hence we cannot findsuch thatf, n < 0.
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DEeFINITION 4.2. Problem(VOP) is GKT-pseudoinvex-infine a, € S, if for any
X € S with f(x) < f(x) and

U € 0fi(xo) (i € 1), v €9g;(%) (j € Jo), ws €dhs(X) (5€L),  (4.5)

there isn € Ts(Xp) such that

0> (u,n), 4.2y
02 (v,n), 4.3/
0= (w,n). 4.4y

(Recall that{u, n) is the vector with componentsi;, ) (i € 1) and similarly for
(v, n) and(w, n).)
Let us introduce the following closedness assumptions.

(Hy) Foranyi €| the set

cone{U ofi (o), | 99 (xo)} +5p|_J 9hs(x0) + Ns(%)

iV jed sel

is closed.
(Hy)" Foranyi €1 and

Ui € afi(Xo) (" #1),  vj €939;(X) (J € Jo), ws € dhs(X) (s€L), (4.6)
the set conglJ; ; Ui, U,y vi} + 5P User ws + Ns(Xo) is closed.

THEOREMA4.1. Consider the following statements

(@) Problem(VOP) is KT-pseudoinvex-infine a € S;;

(b) Problem(VOP) is GKT-pseudoinvex-infine & € S;;

(c) Ifx € S isaKuhn-Tucker pointthexyis an efficient solution of problevOP).
Then

(1) (@)= (b)if his of classC?; and(b) = (a)if his of classC! and (H,) holds.

(2) (b)= (c);and(c)= (b)if (H,) holds.

(3) (@)= (c)if his of classC?; and(c) = (a)if his of classC! and (H,) holds.

PROOF. (a) = (b) (if h is of classC'): Obviously. (Observe thaths(x,) equals
the FEchet derivativén;, of hs atx, sincehs is of classCt.)

(b) = (a) (if h is of classC! and assumption (B holds): This is a direct conse-
guence of Definitiong.1, 4.1 and Corollary3.3whereSis replaced byNs(xo), J is
replaced byJ, and functionsf;, g; andhs are replaced by

fi() =2, §;() =g\ (%), hs() = h(xo; ). (4.7)
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(b) = (c): Letr; > 0@ €1),u; 20,(J € J), rs € R, (s€ L), u € afi(x),
vj € 39;(Xo), ws € dhs(Xo) andy € Ns(Xo) be such that

g = Zkiui + Z,ujvj +erws ==Y, (4'8)

iel jed sel

that is, letxy be a Kuhn-Tucker point ofVOP). Suppose to the contrary thate S
is not efficient for(VOP). Thenf(x) < f(Xxy) for somex € S. From (4.2)'—(4.4y,
we have(Z, n) < 0O for suitablen € Ts(xo) while (4.8) yields (¢, n) = (—y,n) = 0.
Thus we obtain a contradiction and the efficiencyeis proved.

(c) = (b) (if (Hy) holds): If xq € S is a Kuhn-Tucker point ofVOP), then by
statement (c), there is noe S, such thatf (x) < f(xg). This obviously means that
(VOP) is GKT-pseudoinvex-infine ag.

Assume now thak, € S is not a Kuhn-Tucker point ofVOP). Then, for any
ui, v; andw; satisfying @.5), the following system has no solution:

(Adiet >0, (U))jexr 20, rseR (sel),

Oe Z)»iui +ZMJ‘UJ' +erws+ Ns(Xo).

iel jed sel

Observe that the system

u,x)£0, (v,x) 20, (w,x)=0, xe& Ts(Xo)
has a solutiorx = 0. By Corollary3.1the system

(ux)y <0, (v,x) £0, (w,x)=0, xeTs(X)

has a solution denoted by Thus, for anyx € S, with f(x) < f(Xo), the pointy
satisfies all the requirements of Definitidri.

(a)= (c) (if his of classC?): This is obvious since (a)> (b) and (b)= (c).

(c) = (a) (if his of classC* and if (H,) holds): Ifx, is a Kuhn-Tucker point then
the conclusion is obvious since by statement (c) there isad, with f(x) < f(X).
If Xo is not a Kuhn-Tucker point then the system

Ai)iet >0, (j)jex 20, rseR (sel),
0e ) xdfixo) + Y 1j99;(X0) + Y rshi, + Ns(Xo)

iel jed sel

has no solution. Observe that the system

i) <0G el), G S0(jed), h(x)=0(sel) xeTs(x)
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has a solutiorx = 0, wheref;, §; andh; are defined by4.7). By Corollary3.1, with
fi, 0;, hs andTs(xo) in place of f;, g;, hs andSrespectively, we infer that system

fx) <0, gx) <0, h(x) =0, xeTs(X)

has a solutiorx = 5. Thus for anyx € S, with f(x) < f(xo) the pointy satisfies all
the requirements of Definitios. 1.

THEOREM4.1. (1) Assume thah is of classC! and the closedness assumption
(H,) holds. Then the statemer{ts), (b) and(c) of Theoremit.1are equivalent.
(2) If Ns(Xo) is a polyhedral cone then the statemegiisand (c) of Theorem4.1
are equivalent.

PrROOF. This is a consequence of Theorém.

Before going further let us introduce some notation which is close to Definiidns
and4.1 (see Propositiond.1and4.2).
LetS ={xe S : fi(x) < f(x) for somei € I}.

DEFINITION 4.2. Problem(VOP) is KT-invex-infine atxy € S if for any x € S
there exists) € Ts(Xo) such that

fx)— f(X0) > (%), (4.9)
02 g (Xo; ), (4.10)
0 = h°xo; n). (4.11)

DEeFINITION 4.2. Problem(VOP) is GKT-invex-infine atxy € S, if for any x € S
andu;, vj, ws satisfying @.5) there exists) € Ts(X) such that

f(x) — (%) = (u, n), 4.9/
02 (v.n), (4.10y
0= (w,n). (4.11)

DEFINITION 4.3. Problem(VOP) is HC-invex-infine atxy € S if for any x € S
there exists) € Ts(Xo) such that

f(x) — f(x0) > fOx0; ), (4.12)
Uy (X) — gy (Xo0) = g5 (Xo; 1), (4.13)
0 = h°xo; ). (4.14)
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DEeFINITION 4.3. Problem(VOP) is GHC-invex-infine ak, € S, if for any x € S
andu;, vj, ws satisfying @.5) there exists) € Ts(X) such that

f(x) — f(X) = (u,n), (4.12y
95 (X) — g3 (Xo) = (v, 1), (4.13
0= (w,n). (4.14y

REMARK 4.2. Let us note 21] that the appearance of equality constrairit®)in
problem {/OP) leads to the introduction of a subclass of invex functions, called the
class of infine functions. Recalr{] that a locally Lipschitz functio : R" — R is
called infine onSatx, € Sif

VX €S VE€d(x) FneTs(X): &(X) —&(x) = (£ ).

Consider now the trivial con®! = {0} of R and define théM-invexity of £ on S
atX, in the sense of Crave®] (see also17]) by requiring that

VxeS IneTs(X): &(X)—E&X) — & Xoin) € M

(that is,& (X) — & (%) = &%(Xo; ).

Itis naturalto ask if the class of infine functions coincides with the clag§®ahvex
functions of Craven. The answer is negative: the fundfion = |x| is {0}-invex on
S = R atX, = 0 but it is not infine in our sense. So a separate definition of infine
functions is needed. The situation is similar to that of the non-coincidence of the class
of convex functions and the class of linear functions.

When dealing with both inequality and equality constrairitd)(and (.2) it is
natural to require that each componengd invex and each componenttofs infine,
with the samey € Ts(Xg). This is nothing more than the notion of invex-infineness of a
vector-valued function introduced i2]]. Recall [21] that the vector-valued function
(93, h) is called invex-infine orBatx, € Sifforanyx € S, v; € 3g;(X)(j € J)
andws € dhs(X)(s € L) there exists) € Ts(Xo) such thagy, (x) — g3, (Xo) = (v, n)
andh(x) — h(xy) = (w, n). Ifin Definition 4.3 S, = S, then conditiong4.13)" and
(4.14) mean that g, ; h) is invex-infine onS, atx, € S in the above sense. Indeed,
for x € S, we haveh(x) — h(xy) = 0 and hence a combination of this equality with
(4.13) and(4.14y shows that all the requirements of the definitions of invex-infineness
of (gy,; h) are fulfilled.

We begin our discussion of the relationship between Definitibfist.3, and Def-
initions 4.1—4.3 with the following obvious result.

PROPOSITION4.1.
(1) HC-invex-infine= KT-invex-infine= KT-pseudo-invex-infine.
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(2) GHC-invex-infine= GKT-invex-infine=> GKT-pseudoinvex-infine.

The following proposition shows that ih = 1 then KT-invex-infine< KT-
pseudoinvex-infine, and GKT-invex-infine: GKT-pseudoinvex-infine.

PrOPOSITION4.2. Assume thanh = 1 (thatis, f is areal-valued function Then
(1) The following statements are equivalent
(@ Problem(VOP) is KT-pseudoinvex-infine a¢ € S;.
(b) Problem(VOP) is KT-invex-infine ak, € S,.
(c) Foranyx € S there existg) € Ts(Xp) such that

fo0 = f(x) 2 200 m), (4.15)
02 g (Xo; ). (4.16)
0 = h%xg; n). (4.17)

(2) The following statements are equivalent
(@) Problem(VOP) is GKT-pseudoinvex-infine & € S,.
(b)Y Problem(VOP) is GKT-invex-infine aky € S.
(cy Foranyx € S andu, vj, ws satisfying(4.5) there exists) € Ts(X) such that

f(x) — (%) 2 (u,n), (4.15’
02 (v.n), (4.16)
0= (w,n). 4.17)

PrOOF. Letus prove the first part of Propositidnl. The second part can be proved
using a similar argument.

(@)= (b): Sincem=1,S ={xe S : f(x) < f(x)}. Letx e S, thatis,
f(xX) < f(X). By Definition 4.1 there exists) € Ts(Xo) satisfying @.3), (4.4) and
the inequalityf°(x,; n) < 0. Lety > 0 be such that

fO0 = F(x) >y 00 = F20x0; ),

wherei = yn € Ts(X). Thus @.9—(4.11) hold, with 77 in place ofy.

(b) = (a): Sincem =1, f(x) < f(X) & f(X) < f(X) (see SectioR). Thus if
x € S and f(x) < f(x) thenx € S,. To complete the proof it remains to note that
conditions ¢.9-(4.11) imply conditions ¢.2)—(4.4).

(c) = (b): Letx € S with f(x) < f(Xg). Then by (c) there exists € Ts(Xo)
satisfying ¢.19—(4.17). Sincef(x) < f(X)) & f(X) — f(X9) < 0 we derive from
(4.15 that f°(x% n) < 0. As in the proof of implication (a}> (b) we can findy > 0
such that4.9—(4.11) are satisfied, withy being replaced by = yn € Ts(Xo).
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(b) = (c): If x € S then the fact of the existence aof € Ts(X,) Satisfying
(4.19—(4.17) is a direct consequence of Definitidi2. If x ¢ S, thatis,x € S and
f(x) 2 f(Xo), thenn = 0 € Ts(Xo) satisfies 4.19—(4.17).

COROLLARY 4.1. LetS = R". Let f be a real-valued function andl, g and h be
of classC?. Then the following statements are equivalent

(@) Foranyx € S thereispy € R" such that
fx)—fx) 2 fin, —95(%0) 2 gn, 0=hn.

(b) If %o is a Kuhn-Tucker point thery is a minimiser of théscalar) optimisation
problem(VOP).

PrROOF. Since f is a real-valued function an efficient point is exactly a minimiser.
Therefore our corollary is a direct consequence of Theatdhand Propositiort. L
(Observe that for a*-function the Fechet derivative coincides with the Clarke
subdifferential and thag; (xo) = 0.)

REMARK 4.3. Corollary 4.1 is a generalisation of a result of Martinj, Theo-
rem 2.1] to programs with mixed constraints. 8] Martin restricts himself to
inequality constraints only.

Clearly, ifhis of classC* then KT-pseudoinvex-infine> GKT-pseudo-invex-infine,
KT-invex-infine = GKT-invex-infine and HC-invex-infine> GHC-invex-infine. We
have seen from Theorel that under suitable assumptions KT-pseudoinvex-infine
< GKT-pseudoinvex-infine. Itis then natural to ask under which conditions we have

KT-invex-infine & GKT-invex-infine,
HC-invex-infine «& GHC-invex-infine.

The remainder of this paper is devoted to giving an answer to this question. Our
results (Theoremé.2and4.3) are also interesting from the point of view of sufficiency
conditions for the efficiency property. Indeed, from the implication -b)(c) of
Theoremd.1and the first part of Propositioh 1it is clear that conditions equivalent
to GHC-invex-infineness or GKT-invex-infineness are sufficient conditions for a Kuhn-
Tucker point to be an efficient solution 6¢¥OP). The same is true for the case of
HC-invex-infineness and KT-invex-infinenessiis of classC* (see Theorem.1and
Propositiord. 1).

Let us introduce the following closedness conditions:
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(H,) Foranyi € | andx € S, the set

cone{U 3fi (x0) x {fir(x0) — f00), | 995 (x0) x {0}}

i jed

+sp (U dhs(Xo) x {0}> + [Ns(Xo) x {0}]
selL

is closed.

(Hy) Foranyi €1, x € § andu;, vj, ws satisfying ¢.6) the set

Cone{UUw x {fir(%0) = fu() (J vy x {0}}

iV jed

+ sp(U ws X {0}) + [Ns(xo) x {0}]

selL

is closed.

THEOREM4.2. Consider the following statements

(@) Problem(VOP) is KT-invex-infine ak, € S;.

(b) Problem(VOP) is GKT-invex-infine ax, € S;.

(€) If (Mdiet 20, (i))jes = 0, (rs)sc. € R' are such that4.1) is satisfied then, for
allx € §, Yo A i) 2 >, A fi(Xo) and, in addition, this inequality is strict in
the case whem,;);c; > O.

Then

(1) (@)= (b)if his of classC?; and(b) = (a)if his of classC* and (H,) holds.

(2) (b)= (c);and(c)= (b)if (H,) holds.

(3) (@)= (c)if his of classC?; and(c) = (a)if his of classC! and (H,) holds.

PROOF. ()= (b) (if his of classC*): Obviously.

(b) = (@) (if h is of classC* and (H) holds): This is a direct consequence of
Definitions4.2, 4.2 and Corollary3.3wherel; = fj(x) — fi(X), ¢c; =0,a,=0; S
is replaced byNs(xo); and f;, g; andh; are replaced byf;, §; andh; (see ¢.7)).

(b) = (c): Let(X)ier 2 0; (14))jer, = 0, (N)seL € R, Uy € 3fi(X0), vj € 3G; (Xo),
ws € 0hs(Xp) andy € Ns(X) be such that4.8) holds. Then using4.8) and
Definition 4.2, for anyx € S, we findy € Ts(Xo) such that

D MIR00 = fi(x)] 2 (& m) = (=Y, n) 2 0.

iel

Thus) ., L[ fi(x) — fi(X%)] = 0 and this inequality is strict ifA; )i, > 0.

iel
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(c) = (b) (if (H2)' holds): Assume to the contrary that fere S, andu;, vj, ws
satisfying @.5) the system

f(X) - f(XO) = (uv YI)’ 0 2 <'U, n>v 0 = <w’ 77)’ ne TS(XO)

has no solution. Then by Theoredri either the system

()"i)iel > 01 (:LLJ)JEJQ 2 07 (rS)SEL € [Rli (418)

Oe Z)»iui +ZMJ'UJ' +erws+ Ns(Xo), (419)
iel jed sel

D Mlfit) — i) =0 (4.20)

iel

or the system

()"i)iel 2 07 (MJ)JEJO 2 07 (rS)SEL € [Rli (421)

Oe Z)»i Ui + ZMJ vj + Z rsws + Ns(Xo), (422)
iel jed sel

Y Mlfit) = fi00] > 0 (4.23)

iel
has a solution. This contradicts statement (c).
(@) = (c) (if his of classC?): This implication is obvious since (ap (b) and
(b) = ().
(c) = (a) (if his of classC! and if (H,) holds): Assume to the contrary that for
x € S the system

fO0—f00) = f), 0285, 0=h@m, neTs(x),

has no solution wheré, g, andh are defined by4.7). Then by Theorers.1either
the system4.18—(4.20) or the system4.21)—(4.23 has a solution whergs = h;, ;
andu; € 9fi(X) andv; € 9g;(xy) are suitable points. (Observe that the points
andv; which appear in4.19 and @.22 may be different points.) This contradicts

statement (c).

We conclude our paper by formulating Theorén3 whose proof is similar to
that of Theorem.2 and is omitted. For this purpose, let us introduce the following
closedness conditions:

(Hs) Foranyi € | andx € S, the set

cone{U ofi (o) x {fir(x0) — 00}, [ 995 (%0) x {g;(%0) — g (X)}}

i jed

+5p (U dhg(Xo) x {0}> + [Ns(xo) x {0}]

selL
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is closed.
(Hs) Foranyi € |, x € S andu;, v;, ws satisfying ¢.6) the set

cone{U U x { i) — 00} (o) x {900 _gj(X)}}

i jed

+3p (U dhs(%o) x {0}> + [Ns(xo) x {0}]

selL

is closed.

THEOREM4.3. Consider the following statements
(@) Problem(VOP) is HC-invex-infine ak, € S.
(b) Problem(VOP) is GHC-invex-infine ak, € S,.
(€) If Mdiet 20, (4))jes = 0, (rs)sc. € R are such thai(4.1) is satisfied then
for anyx € S, ¢(X) > ¢(X) and, in addition, this inequality is strict in the case
(A)ie1 > Owhere

£ =Y 200+ Y 1igi(x).

iel jed
Then
(1) (@)= (b)if his of classC?; and(b) = (a)if his of classC! and (H) holds.
(2) (b)= (c);and(c)= (b)if (H3) holds.
(3) (@)= (c)if his of classC?; and(c) = (a)if his of classC! and (H5) holds.

REMARK 4.4. Let us observe that the convex cone generated by a finite number
of points is always closed. Hence the closedness assumptig)is(ft) and (H)’
are automatically satisfied for the case wiga X and the equality constraints are
absent. This remark is useful since many practical problems involve only inequality
constraints and hence for such problems we do not need to check these assumption:
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