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THE PRESSURE FIELD IN THE GAS-LUBRICATED STEP SLIDER
BEARING
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Abstract

Singular perturbation methods are applied to an analysis of the operation of an isothermal
gas step slider bearing of narrow geometry and operating at moderate bearing numbers.
Approximate expressions are obtained for the pressure field in the lubricating gap, as well
as the load-carrying capacity of the bearing; and the influence of the nature of the bearing
step on those quantities is investigated. Comparisons are made with results obtained using
a standard numerical package.

1. Introduction

A fundamental problem arising in the performance analysis of a gas-lubricated bearing
is that of determining the steady-state pressure distribution in the bearing, its load-
carrying capacity, and possibly other physically relevant design characteristics. For a
bearing operating isothermally, the nonlinearity of the Reynolds equation determining
the pressure field rules out the likelihood of obtaining closed-form analytic solutions,
except in particular cases of very simple geometry. Consequently, in most situations,
other (appropriate) methods must be resorted to.

Often, a small parameter is associated with the problem—either arising from the
physical operating conditions of the bearing, as in DiPrigjadr Schmittand DiPrima
[6], or from the bearing geometry, as in Shepherd and DiPrirhar Penesis, Shep-
herd and Connell4, 5]—perturbation techniques may be applied to obtain a closed
asymptotic expression that approximates the pressure in some suitable sense. Th
may also be used to construct expressions to approximate the load, and other quar
tities. It should be noted that although such methods limit the results to a particular
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range of parameter values, they are advantageous in that they generate closed-fori
expressions applicable over a general range of values of any other parametersreleval
to the problem. Thus they have an advantage over numerical calculations that car
only cover a range of parameter values at the expense of numerous recalculations
Moreover, they are often applicable in just those parameter ranges where numerica
techniques experience instabilities.

In the present paper, we consider the situation of a narrow isothermal gas slider
operating at moderate speed. Thus the identifiable small parameter is the breadtl
parameter (the ratio of width to length). In terms of this (small) parameter, the
perturbation problem determining the pressure field is known to be singular, so that
appropriate methods—the method of matched expansions here—are applied to obtail
an approximation to the pressure over the whole bearing area. As an added complica
tion, we assume that the bearing profile function displays a finite discontinuity (‘step’)
transverse to the direction of travel, and is smooth elsewhere. To deal with this, we
adopt the approach off], and construct approximations on the smooth sub-domains,
joining them by appropriate conditions at the step. This composite approximation is
then used to approximate the load-bearing capacity of the whole bearing.

The complexity of the calculations limits our results here to the case of the so-called
‘wedge’ bearing, where the profile only varies in the travel direction, and is constant
transversely. These results are found to compare very favourably with finite element
calculations using a standard commercial package.

2. Governing equations

The geometry of the step slider bearing considered here is as displayed inEigure
The lower surface (th&X Z plane here) moves with constant speégdin the posi-
tive X-direction, while the (stationary) upper surface represented by H (X, 2)
has a single finite transverse jump discontinuity along the Xne- x,L, for some
dimensionless & xy < 1.

For the case of isothermal flow, the pressure in the bearing gap may be shown to be
a solution of the nonlinear Reynolds equation which becomes, in dimensionless form,

3 p\ o ap 3
2— (h®p— — (h¥p— ) = A —(ph 2.1
© ox ( pax> * az< paz> ¢ ax(p ) @1

where p, X, z and h are the dimensionless pressure, longitudinal variable, trans-
verse variable and profile function scaled against the (constant) ambient préssure,
lengthL, breadthB and a representative value Hif, Ho, respectively. Thus21) is
assumedtoholdong& x <1,-1/2<z<1/2.
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FIGURE 1. Geometry for the narrow gas step slider bearing.

The dimensionless parameteysande are defined by

6uUol B
A = IJ/ 02 s € = — (22)
P,H¢ L

respectively. Here\, termed thébearing numberis a measure of flow speed, while
€, thebreadth parametergives the width to depth ratio of the bearing. Overall, the
pressurep depends on all of, zand the two parametersande. However, since we
are interested here in the case wheis small (andA = O(1)), we will not display
this A-dependence, and simply write the pressuasp(x, z, €). Thus the condition
that the pressure attain the ambient vaijeat the bearing boundaries becomes

p(x,£1/2,¢) = p(0,z,¢) = p(1,2,¢) =1 (2.3)

foralle > 0.
In what follows, we view the bearing surface as consisting of the union of two
smooth bearing surfaces defined on the separate domains

0<X=<Xp—-1/2<z<1/2 and X, <x=<1-1/2<z<1/2,

and apply the basic techniques @f fo these smooth sub-domains.
This approach requires us to sol&1) subject to appropriate boundary conditions
at the edges of these sub-domains. WHi&)(holds at the exterior boundary of both
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regions, further conditions along the common boundary atx, are required. One
of these is furnished by the stipulation thaix, z, €) be continuous there, that is,

p(XO_’ Z, 6) = p(XO+’ Z, 6) (24)

foralle > 0,—-1/2 < z < 1/2. The other arises from the requirement that the mass
flow acrossx = xo be continuous and is given mathematically by

h3(x, z)g—s — Ah(x, 2) - = h3(x, z)g—s — Ah(x, 2) . (2.5)
The condition 2.5) is readily obtained by integrating the partial differential equation
(2.2) longitudinally across the step at= x,, and applying2.4).
Note that .4) does not give the value gf atx = X,. We replace this condition by

P(Xo—, Z,€) = P(Xo+, Z, €) = A(Z, €), (2.6)

wherei(z, €) is a function to be determined in the subsequent calculations.
Thus, on the first domain, this presswé, z, €) is assumed to satisfy the partial
differential equationZ.1), together with the boundary conditions

p(x, £1/2,¢) = 1, 0<X <X 27)
and

p0,z.€) =1 } -1/2<z<1/2 2.8

(X0, Z, €) = A(Z, €) /2=2=<1/2. (2.8)

On the second domain, the pressure satisf#eB, (plus the boundary conditions

p(x,+1/2,¢) =1, Xo < X <1, (2.9)
and

P(Xo. Z, €) = A(Z, €)

p(l,z,e) =1 } —1/2<z<1/2. (2.10)

In the following sections, we apply perturbation methods based es 0 to
obtain representations for the pressure field in the leading and trailing sections of the
bearing, and then, by applying the juncture conditidhg)(and @.5), construct the
functioni(z, €).

As we noted abovei(z, €), which represents the value of the pressure along the
step discontinuityx = Xo, has now become one of the unknown quantities of the
problem. Since we are to adopt a perturbation approach based-erd, and since
we might expect that for smadl (that is, in a narrow bearing) the pressure within the
bearing would not deviate far from the ambient value, we propose.that) has the
expansion

Mz, €) =1+ er(2) +€r(2) + -+, (2.11)

wherei,(2), A»(2), ... are to be determined.
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3. Perturbation analysis in the leading section

Here we consider the pressure field in the leading section 0< Xy, —1/2 <
z < 1/2) of the bearing, which is given as the solution of the boundary value problem
(2.1, (2.7), (2.9). For smalle, we propose an expansion of the form

P(X, Z,€) = Po(X,2) + €Pr(X, 2) + € Pa(X, 2) + - - - , (3.1)

where barred quantities relate to the leading bearing section.

Substituting 8.1) into (2.1) and equating like powers af yields a sequence of
differential equations fopg, p1, Po, ... that are second order iy and which may
be solved to make3(1) satisfy the boundary conditions on the boundazies+1/2,

0 < X < Xo. This gives

pO(X9 Z) = 11
pl(X9 Z) = 01
while
_ _ ~ R(x,1/2)
P2(X,2) = A |:F1(x, 2) —Fz(x, 12) Fa(x, z)} , (3.2)
where
z . S ah
Fi(x,2) = h=(x, s)/ —(x,t)dt) ds
-1/2 0 aX
and
Fa(X, 2) = h=3(x, s)ds.
—1/2
Thus the expansior8(1) becomes
P(X,Z, €) =1+ €2Pr(X, 2) + O(d). (3.3)

The expansiond.3) is intended to represent the pressure throughout the whole
of the leading section. However, it is clear that for arbitrargz), A,(2) it cannot
meet the required boundary conditions at both edges0 andx = x,. Thus this
expansion represents the pressure oa R < X, —1/2 < z < 1/2 through terms
of orderO(e?), but fails in a neighbourhood of the (local) leading and trailing edges.
Thus we expect boundary layer structure at the edges0 andx = X,. Further,
straightforward application of local analysis analogous to thaflo$tiows that these
layers are of thicknesd (¢).

To analyse the pressure in the layexat 0, we introduce the local variablg
defined byx = €& whereé = O(1) ase — 0. Application of standard matching
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techniquesT] shows that the boundary layer expansion near 0 (the leading edge
of the leading section) takes the form

P(£,2€) =1+€e*PLéE, 2+, (3.4)
whereP,, is given by P ,(&, 2) = (0, 2) + 1,(&, 2), with (&, 2) being given by

the eigenfunction expansion

5.2 =) (e, —1/2<2<1/2 E>0. (3.5)

n=1

Here, thep,(z) are the eigenfunctions of

de,
dz

diz <h3(0, 2) ) + 2,30, 20¢, =0, (3.6)

$n(£1/2) =0, 3.7)

normalised with respect to the weight functib(0, z); A, are the corresponding
eigenvalues, while, are the Fourier coefficients that make the expansiof) (neet
the boundary conditions at= 0O (to the level inc considered). Thus

1/2

Ch=— h30,2)p,(0, 2¢,(2)dz, n=1,23,.... (3.8)

~1/2

In the present discussion, the subsciipwill denote quantities relating to the
leading edge of the bearing section, while the subsdripienotes those relevant to
the trailing edge.

For the boundary layer near= Xo, we introduce the local variabie= (xq—X) /¢,

7 = O(1) and 0< 7 < oo, which, with p(x, — €7, Z, €) = Pr (i}, Z, €), gives

9 - 9P; 9 - Py 9 -
(L )+ = (hP 22 ) = —eA— (Prh) . 3.9
aﬁ< Taﬁ>+8z< Taz> Eaﬁ(T) (3.9)
For a solution of 8.9) of the form
Pr(7,2,€) = 1+ €Pr1(77, 2) + €Pry(ii,2) + - -, (3.10)

we obtain, on substituting3(10) into (3.9), and equating like powers ef

- 9 P 9 P
LoPri= o <h3(xo—, 2) a;) +5s <h3(xo—, 2) a;) =0
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and

- dPry P
LoPro=— <h3(xo— 2)Pry = L 3ih(x—, Z)—(Xo ,2) agl)

p P
= 37h?(x—, 2N %=, 22 ”)

d
h3(x—, 2) P
( (%= 2)Prs 0z X 0z

(o) Y Q)|
dllw |®d| <

(h(xo—’ Z) Pry — U—(Xo— Z))

whereh values are taken as— X, from the leading section.
The boundary conditions at= X,, 7 = 0 and at the edges= +1/2 are given by
Pr1(0, 2) = 11(2), Pr2(0, 2) = A»(2), for —1/2 <z < 1/2, and

|5-|—1(1’_), :l:l/2) = |5T2(7_’1 :l:l/2) = 0,

forn > 0.
Since the equations foPr;, i = 1,2,3,..., are second order ij, matching
conditions yield the seconglboundary conditions as

|5T1(”_), z) — 0, |5T2(”_), Z) — P(X—,2) asn— oo.

The boundary value problem @, then becomes

LoPri=0, (3.11)
ﬁTl(09 Z) = )"l(z)v ﬁTl(y_’s :I:l/z) = 0’ (312)
Pri(7,2) > 0 asi — oo. (3.13)

Solving 3.11)—(3.13, we obtain the solution

IsTl(ﬁ! Z) = Z ann(Z)eiﬁ\/ﬁ7 _1/2 <Z< 1/29 T_) Z 0, (314)
n=1
where
1/2
jn = h3(%—, M@ xn(2)dz n=1,223, ..., (3.15)

—1/2
are the Fourier coefficients, whitg andx,(z) are the eigenvalues and eigenfunctions
of the system

d
dz

(h?’(x0 ) k(o= 2)xn = O, (3.16)
with

Ya(£1/2) = 0, (3.17)
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normalised with respect to the weight functiof(x,—, z).

Note that the expressioB.(14 for Py, relies on us knowing.,(zy—we have not,
as yet, determined this quantity.

Now reconsider the partial differential equation ., namely

_ 3 - P ah aP
Ly Pry = —— | h3(Xo—, 2) Pri—= — 37h2(Xo—, 2) — (Xo—, 2) —=
o Pr2 aﬁ[ (Xo—, 2)Pr1 o7 nh“(Xo )aX(Xo ) o7
[, 5 - P, ah dPry
~ 27 [h (Xo— 2)Pri——= = 3ih*(%0—. ) - (%=, ) —~
+ A i(h(x— 2)P )+@( — z)) (3.18)
aT_] 0™ > T1 aX XO ) 1 .
together with the boundary conditions
Pr2(0,2) = 12(2),  Pra(ij, £1/2) = 0, (3.19)
Pro(il, 2) = Po(Xo—,2) asij — oo. (3.20)

If we definew, (i}, z) by Pr.(i, 2) = Po(Xo—, 2) + w,(7], 2), (3.18 becomes

o 3 - 3P _ ah aP
Lotz = 3= [h?’(xo—, 2)Pry a,;l = 37h* (60—, 2) = (%=, 2) a,;l]
3 [ 5 = P ., ah dPry
P [h (Xo— )Pri—~ 3ih*(Xo D) o= ) —
9 _
+ Aa—ﬁ (h(X—, 2)Pr1) , (3.21)
while the boundary condition8(19), (3.20 become
w2(0,2) = Ap(2) — Po(Xo—,2), wa(n,+1/2) =0, (3.22)
wo(n7,2) - 0 asin — oo. (3.23)
If we let f (77, z) denote the right-hand side &.@1), while

W77, 2) = Y Wan (i) X (2) (3.24)

n=1
and

f(n,2 =
.2 ;ann(z),

where the coefficientg, are given by

1/2
Y =/ f(n,2xn(2dz n=123,..., (3.25)

1/2

(8]
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we may apply the method of eigenfunction expansidisd show that thew,, are
given as the solutions of the problems

w/z/n(”_)) — KnWan (1) = ¥, (326)
Wz (0) = &, (3.27)
Won(00) = 0, (3.28)
forn=1,2,3,...,where the initial valuea, are given by
1/2
an = h3(X0_7 Z) [)"2(2) - F_)Z(XO_’ Z)] Xn(z) dz» n= 17 27 37 e (329)

~1/2

Once all the quantities on the right-hand sige x,, . a, are determined, we can
then obtain an expression fan (i, z). This requires us to find the functions(z)
andx,(z), which appear in3.15 and 3.29 respectively. However, it will turn out
that this can only be done with useful results for special casés dthese will be
considered subsequently.

Combining expressions3(3), (3.4) and @.10 we obtain the expansion for the
pressure

p(X’ Z, 6) =1 + €|5Tl ((XO - X)/61 Z)
+ €2 [Pa(X, 2) + U2 (X/€,2) + W2 (X — X) /€, 2)] + O(¢®) . (3.30)

on the first domain & X < Xo, —1/2 <z < 1/2.

4. Perturbation analysis in the trailing section

The pressure in the trailing bearing sectiog € x < 1, -1/2 <z < 1/2)is
given by the solution of the BVP comprising the differential equatidri)(together
with the boundary condition®(9), (2.10. The perturbation procedure to be adopted
here is analogous to that of Secti@rnwith the only difference being that the function
A(z, €) (still given by the expansior2(11)) occurs in the boundary conditions at the
leading edge of the trailing section, while the pressegches the ambient value at
the trailing edgex = 1.

When calculations paralleling those of Secti®are carried out, we arrive at the
expansion for the pressure on the domairc x <1,-1/2<z<1/2as

P(X,Z €) = 14 €Pr1 (X — X0) /€, 2) + €° [ P2(X, 2) + T2 (X — Xo) /€. 2)
+10, (1 = X) /€, 2)] + O(e®). (4.1)
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In the above, tildes denote quantities in the trailing bearing section. The function
P2(X, ) is again given by the formula3(2), but now, values oh(x, z) are those
relevant to the trailing section. The functiéh, (&, ) has the representation

PLG.2 =) kbn(@e V", —1/2<z<1/2, §>0, (4.2)

n=1

wherek, are the Fourier coefficients with representation of the f@rhg), andv, and

6, are the eigenvalues and eigenfunctions corresponding to the regular Sturm-Liouville
system 8.16), (3.17) analogous to that for, and y,, but withh(x,—, z) replaced by
h(Xo+, z). Similarly, 7,(Z, 2) is the solution of a BVP analogous t&{8—(3.20), with
h(xo+.2), § = —7, P2, Pa(€. 2) replacingh(xo—, 2), 7, Pz, Pra(i, 2) respectively,

and has the series representation

52,2 =) 5§60 (),

n=1

where thep,, are the solutions of the BVPs

5 (€) — VaDan(€) = Gn,
IN)Zn(O) = bn,

lN)Zn (OO) = 0»

forn=1,23,..., while theb, andg, are the analogues of tlag andy, of (3.29
and (.25 respectively, under the above transformations.

Finally, the functionw, (7, 2) is given by the analogue 08(5—(3.8), with h(1, 2),
B(1,2), 1 = (1 — X)/€, ¥n, un andd, replacingh(0, z), p,(0, 2), & = X/€, ¢n, An
andc, respectively.

Formulas 8.30 and @.1) with formulas @.2) for p,, (3.14), (4.2) for Py, P.4, (3.5
for v,, U, and @.24) for w,, W,, provide a straightforward procedure for calculating
the pressure distribution in a step slider bearing. Note the addit@alterms in the
pressure expansion.80 and ¢.1) thatappear due to the stepxat xo. Furthermore,

Pr; andP; contribute to the overall expressions foy andv, respectively, viag.21),

but, to determine these quantitigs, and A, need to be found. In principle, the
condition @.5) provides the required equations for this calculation, but the analysis
is difficult, and can only be completed under appropriate simplifying assumptions
regarding the form of the film profile functiom(x, z). Thus, in what follows, we
restrict attention to the case wheréx, z) = h(x), that is, the bearing profile only
varies longitudinally. Such a bearing is termed@dge bearingand in the present
context, the existence of a jump discontinuityxat= X, means that thetep size
Ah(Xg) = h(Xo+) — h(Xe—), is nonzero (and finite).
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5. Construction of the functionA(z, €)

For the wedge step bearing, the systend), (3.7) is particularly simple, and the
eigenfunctiong,(z) are readily shown to be

/h3(0) cognrz) n=1,35,.
dn(2) =

(5.1)

h3(0) sinlhmtz) n=2,4,6,.

with eigenvalues,, = n’z?.
The eigenfunctiong, ((3.16), (3.17), 6, andy, are then easily shown to be given
by (5.1), with h(0) replaced byh(x,—), h(xo+) andh(1) respectively, while

An=Kn=1Vn=pun=n°7% Nn=123 ...

Since the pressure, as represented @ and @.1) in the leading and trailing
sections of the bearing respectively, is assumed continuous at the step, it
remains to apply the mass flow conditich) to determine,, A.

Thus, substituting3.30 and @.1) into condition @.5), eliminating the derivatives
of w, andv, atx = X,% which are exponentially small there as> 0, and equating
like terms, we obtain

3P 3P
h(xo+. 206 2| — h3(xo—, 292 2
X=Xo+ 9X X=Xo—
J ISTl 0 ISL1
=h? —Z —hd® , Z
(Xo—, 2)€ TaN (Xo+, 2)€ 3

X=Xo+

Jw v
h3(Xo—, 2)e2 —= —hd® ,2)e2 —=2
+ h°(%—, 2)¢ % (Xot, 2)¢€ T

— A[h(xo—, 20 — h(Xo+, 2)] . (5.2)

X=Xo—

Substituting the definitions gd,, p,, Py, P4, W, andd, into (5.2 and equating like
powers ofe we obtain the following expressions:

h%6=) Y Vi inxn(@) + 1°(Xo+) Y /oiken(2) = A[h(%6—) — h(xH)] (5.3)
n=1 n=1
and

(%) > VKndnXn(2) + DP(Xo+) Y /vnbnbh(2) = 0. (5.4)

n=1 n=1
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Consider now the expressiob.§). The right-hand side is a constant, hence an even
function inz, so that from the form of the eigenfunctiogs(z) andé,(z), we deduce
thatj, =k, =0,n=2,4,6,.... Forn=1,3,5, ..., (5.3 becomes

0 12
> nm {/ 11(2)V/2 cognr 2) dz} V2 cognrz)

n=135.... 12
—AAh(Xo)
= ) 5.5
h3(%o—) + h3(Xo+) (5-5)
Denoting the Fourier cosine coefficientiaf(z) by
1/2
Fen(X1(2) =/ Mm(@2)V2cosnrz)dz n=1,3,5,...,
—1/2
we can write §.5) as
> — AAQ(Xg)
N7 Fen(A1(2))vV/2 cognrz) = — :
:;, 7 Fen(0a(2)V 20807 2) = —e e s
from which we obtain a Fourier representation fe(z) as
—AAh(Xo) =, 4sin(nm/2)
M(2) = ————co9nrz). 5.6
12 = B 1 o) _; N2z N2 (.0)
Similarly, consideration of the expressidn{) leads to
h3 “\RA _ h3 A
ho(2) = (Xo—) P2(Xo—, 2) + h*(Xo+) Po(Xo+, Z)’ (5.7)

h3(Xo—) + h3(Xo+)

ThusA(z, €) is given byA(z, €) = 1+ er1(2) + €2A2(2) + O(e®), wherei,(2),
A2(2) are given by %.6), (5.7) respectively. This defines the valueiat, €) in terms
of the values oh(x), p, andp, at the step.

6. The pressure field

Now, sinceh = h(x) only, (3.21) becomes

N
. 9Py s (9P
Lo, = —h®(xo—) {( o7 ) + PTl( 972 )}

+ 3h*(Xo—)h' (Xo—) (

a0 P
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' 0Pn\" | 5 (#Pu
—h(Xo—){< 82) +PT1< 922

9%Pry
0272

+ 3h?(Xo—)h' (Xo—) —. (6.1)

Moreover, for the wedge bearing, we have, fraériL(),

Py P _
oan? 072
so (6.1) becomes

2

_ aP -~ [3%P
Lowz = — h¥(xo—) {( 87;1> + Pr1 (#)}
—_ 2 —_
dPry 5 3%Pry
— h¥(X— P
o ){< ) (2 )}
P 9 Pry

T1
+ Ah(Xo—
o7 (0)377

+ 3h?(X—)h' (Xo—)

(6.2)

To calculatew,, we need to solve6(2), subject to the boundary condition3.22),
(3.23. The series representatio.{4 of Pri(, z2) makes the calculation of the
right-hand side of&.2) and the subsequent solution process calculations of extreme
complexity. However, we note fron3(14), (3.15 and 6.6) that| P, (7, 2)| is propor-
tional to] Ah(xg)|, and thus is small wheAh(x,) is small. Thus, for a small step, we
may write 6.2) as

P
Lo 2 = [3N(%—)N (0—) + A]h(xo—) = gl + O ((Ah(x0))?) . (6.3)
Explicitly, we have

—4A Ah(Xo) i sin(nm /2)
h3(Xo—) + h3(%o+) _ nm?

Pri(7,2) = cognrz)e "™

135,...

so that 6.3) becomes

4A [Bh(xe—)h' (Xo—) + A] h(Xo—) Ah(Xo)
h3(Xo—) + h3(Xo+)

Lawz =

x ) %:/acoinnz)e*”(””) + O ((Ah()’) .

n=135,...
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Thus, in the present case of the wedge bearing, we have

4A [Bh(xe—)h' (Xo—) + A] h(Xo—) Ah(Xo)
h3(xo—) + h3(Xo+)

f(n,2) =

x Y %Z/Z)COS(MZ)G”W) + O ((Ah(x0))°) - (6.4)

n=135,...

If we neglectO ((Ah(xo))z) terms in 6.4) and apply this approximate to the initial
value problem$.26—(3.28), we obtain approximaté;, (i) as:

— %k - D Z K
wZn(n) = ( onm ) J—nn

whereD,, defines the constant

5. _ 228 [3h(x—)h (Xo—) + ATh"?(X—) Ah(x)) sin(n/2)

n =13....
h3(xo—) + h3(Xo+) nm

Also, from 3.29), a, is given by

2V2A [N (X (Xo—) — N (X—)h3 (%) | h*2(%—) sin(nz /2)

=— , (6.5
- 00— + N ) T
forn=1,3,5,..., sothat an approximate value f@s, w} is given by
o = Dhfl SR
3.2 = Y (& — o ) € VT xn(2). (6.6)
n=135,...

Similarly, by replacind®(Xo—, 2), @,, Dy, kn, X andi with h3(x,+, 2), bg, D,, v,
6, andé respectively throughouB(18—(6.6) we obtain an approximaig (£, z) as

%E 2= ) (bn—D”g)eﬁgen(z), (6.7)

n=135,... 2z

whereé = (x — Xo)/€ is the boundary layer variable, afyj defines the constant

5 22 [Bh(Xo+)N (Xo+) + A] hz (Xo+) Ah(Xo) S|n(nn/2)

n n=13,...,
h3(%o—) + h3(Xo+) nm

with b, given by, forn=1,3,5, ...,

2V2A [V (% )3 (Xo—) — N (Xo—)h3(xo-+) | h=*2(x0+) sin(nz /2)

o= h3(xo—) + (xo+) e



[15] The pressure field in the gas-lubricated step slider bearing 437

The representation$ (), (6.7) give approximations to the functions andv, that
include terms (arising from,, b,) that areO(1) as the step siz&ah(x,) — 0, and
terms (arising fronD,, D,)) that areO(Ah(xo)). In principle, the quadratic terms on
the right-hand sides of3(21) and 6.2) could be included to provide a higher-order
correction. This has not been done here.

To complete the construction of approximations to the pressure field in the bearing,
we note that sinch is a function ofx only, that is,h = h(x), the functionsp,, p, are
given by

1
P2(X,2) = P(X, 2) = El\h/(X)W?’(X)(Z2 —1/4),

where the values df(x) andh’(x) are assumed to be those appropriate to the regions
before and after the jump discontinuity>xat X,.
Thus the pressure distribution over the whole bearing domair0< 1, —1/2 <
z < 1/2is given approximately by
P(X. Z.€) = 1+ Ae| [4 — 20 003006 (Xo=) + Al = X)]

X Cle(Xo — X, Z, 6)
+ E[pZ(X9 Z) + 4h/(o)h73(O)G3(X9 Z, 6)

— 4h%06—)CoGs(% — X, 2. O)] | + O(e(AN(6)?)  (6:8)
on0< X < Xg, and

pX, 2, €) = 1+ Ae{ [4 — 202 (%) [BN(Xo-H)N (o) + AI(X — Xo)]

X Cle(X — X0+, Z, 6)
+ €[ P2(X, 2) + 4 (Dh (D) G3(1 — X, Z, €)

+ 40 (%) Co8s(X — X+, 2. )] | + O(e(Ah(6)?)  (6.9)

onxy, < X <1, where

- Ah(Xo)
Ci= h3(xo—) + h3(xo+) ’ (649
’ 3 ) — h —\h3
c, = NN 0o) — WM 0eh) (6.12)

h3(xo—) + h3(Xo+)
while G (t, z, €) is given by
G (t,z,¢) = i i COqu + l)]TZ e*(2m+1)nt/e .
P 2m+ 1P

m=0
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7. The load

The non-dimensional loadly, for the general bearing may be defined as

172 p1
W=/ /(p(x,z,e)—l)dxdz (7.2)
-1/2Jo

where p(x, z, €) is the pressure. Thud/ is the excess pressure over the ambient,
summed over the bearing.
If the expansionsd.8), (6.9) are applied to{.1), we obtain, after some calculation,
the non-dimensional loadly, over the domain & x <1,-1/2<z<1/2as
W = ®A (Wo + €Wy) + O (e (Ah(x0))?) (7.2)
where
1 -2 -2 -2 -2 16
Wo = 24 [h72(1) — h2(%+) + h™?(x%—) —h7*(0)] — ;Clsl (7.3)
and
4
W, = ——5C1[h*2(x0—) [3h(Xo—)N(%o—) + A]
b
+ h72(%+) [Bh(XeH)N (Xo+) + A] ]S
8
+ ;[h*3(0)h/(0) +h2 (D)D) + C, (h3x+) — h (%)) |S
+ 0 (¢(Ah(%0))?) (7.4)

whereS, = >~ ((2m+1)™".
8. Discussion

The expressions5(8), (6.9) for the pressure field, and @) for the load provide
explicit readily computed approximations valid to the extent indicated for a range of
wedge-bearing profilel(x), providede and Ah(x,) are small. Note that in6(8),

(6.9), the O(¢) contributions vanish ifAh(x,) = 0, that is, there is no step; while
termsO(e?) still include layer terms ax = 0, xo and 1, arising from the imposition
of ambient pressure at = 0, 1, and the change in slopgah’(X,), of the profile at
X = Xo. Infact, if h(x) is continuous ax = X, (6.10), (6.11) give

1 1
C.=0 GCy= E(h/(Xo+) —h(x%-) = EAh/(Xo),

and 6.9, (6.9) reduce to those obtained id][ If h(x) is smooth ak = X,, so that
Ah'(X9) = 0,C, = 0 also, and§.8), (6.9) reduce to those obtained if|[ with layers
only atx = 0, 1.
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FIGURE 2. Wedge step bearing profilg;(x) = 1 — 0.5x, l,(x) = 0.8 — 0.35x with X = 1/2.

FIGURE 3. Surface plot of non-dimensional pressure for the wedge step slider bearing as given by
asymptotic formulaeg.8) and 6.9 for the linear bearing profilds(x) = 1 — 0.5x, |,(x) = 0.8 — 0.35,
with e = 0.1, A = 20 andx, = 1/2.
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X

FIGURE 4. Contour plot of non-dimensional pressure for the wedge step bearing as given by asymptotic
formulae 6.8) and 6.9 for the linear bearing profilels(x) = 1 — 0.5x, I,(x) = 0.8 — 0.35x, with
€ =0.1, A =20 andxo, = 1/2.

Similar comments can be made regarding the load expresSichs((.4). In (7.2),
contributions are made from both step and slope change &@te andO(e®) levels.
If there is no stepC; = 0, and theC, contribution arising only in{.4) vanishes, so
that there is no contribution (at the level considered) of any change of slape .
This is consistent with the findings of]} and in fact, the load formula/(2) reduces
to that found in f}]. Onthe other hand, even&h’(xy) = 0, any finite step contributes
at both theO(e?) and O(€®) level, throughC,. Furthermore, if the bearing profile
is overall converging (as is experienced in practice), so Afatx,) < 0, we have
C; > 0, and the step acts to increase the load-bearing properties of the bearing.

Figure?2 displays a simple linear wedge-bearing profile, given by

{1—0.5X, 0<x<1/2,

h(x,z) =

08—-0.35, 1/2<x<1,

for which x, = 0.5, Ah(xg) = —0.125 andAh'(xy) = 0.15. The corresponding
(approximate) pressure distribution as given 6)8), (6.9 is displayed in the three-
dimensional plot of Figur&. The layers at the step= 0.5 and trailing edgex = 1
are clearly in evidence; the layer at the leading exige O is more subtle. Figuré
shows the contour plot of this, emphasising the layer structure. Fijoompares
longitudinal plots of the pressure as given liyg, (6.9 along the bearing midline
z = 0 with those obtained using a numerical packajefpr small values ok. The
accuracy of the asymptotic formulae clearly increases-asO0.
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FIGURE 5. Comparison of one-dimensional plots of the pressure for the wedge step bearing as given by
asymptotic formulae§.8) and 6.9) (solid line) with that obtained using PDEas8]}[(dashed line), for
the bearing profilel (x) = 1 — 0.5x, l,(x) = 0.8 — 0.35x, with A = 20, X, = 1/2 and varying.
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