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Abstract

Voigt functions occur frequently in a wide variety of problems in several diverse fields of
physics. This paper presents a unified study of generalised Voigt functions. In particular,
some expansions of unified Voigt functions are given in terms of the original functions.
Some deductions from these representations are obtained which give us an opportunity to
underline the speciabte of the associated generating functions.

1. Introduction

The Voigt functionK (x, y) andL (x, y) play animportantale in several diverse fields

of physics such as astrophysical spectroscopy and the theory of neutron reactions
Furthermore, the functioi (x, y) + iL (X, y) is identical to the so-called ‘plasma
dispersion function’, which has been tabulated by Fried and Cdhte [

In many given physical problems, a numerical or analytical evaluation of Voigt func-
tions is required. As an interesting extension of the work of Rei6harjd Exton J],
Srivastava and Millerg] introduced and studied a unification (or generalisation) of
the Voigt functionsK (x, y) andL(x, y) in the following form:

X
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Vw(x,y)=<5) /Ot“ey“/“JU(xt)dt, (1.1)

(n, X,y € R" and Réu +v) > —1) so thatk (X, y) = Vi5_12(X, y) andL(x, y) =
Vi2-12(X, y), whereJ, (z) represents the Bessel function of ordedefined by (see
[5, page 108])
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Inview of integral and series representations of generalised Voigt functigjras
[9]), we present here some new unified representations of generalised Voigt functions
in terms of some familiar special functions of mathematical physics.

2. Representation of generalised Voigt functions

A well-known result, due to Watsori (), page 140], is

e}
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X oF[—m, w4+ m; v+ 1; @%] I, om(2), (2.1)
or, equivalently, that

S K+2 nr k 1
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m=0

rv+m+1)
X Pr;v’k)(l — 2a%) Ju+k+2m+l(2\/x_t)v (2.2)

wherep = v + Kk + 1, z = 2/xt andP“# (x) denotes a Jacobi polynomial (sée [
page 254 (1)]).
On multiplying 2.2) by exp(t) and using the relatiorb[ page 201 (2)]
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eJ,2v/xt) = (xt)V/?y —D 7 "
2/t = (xt) ;F(n+v+l)
we obtain
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t", (2.3)
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whereL @ (x) denotes the Laguerre polynomiab(page 200]).

Now replacing 2/t by t andx by x? respectively in 2.3), multiplying both sides
by exp—yt — t2/2)t*~*1 and then integrating with respectttdetween the limits 0
andoo (see P]), we get
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where the integrall(.1) is used for the expression on the left-hand side.
Separating the-series of 2.4) into its even and odd terms, we obtain
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(Re(u +v) > —1,a > 0andu, X,y € R").

Fora =1, (2.5 reduces to a new double series representation, otx, y), while
the special casgs = 1/2 andv = F1/2 of (2.5 give representations of the Voigt
functionsK (ax, y) andL (ax, y), respectively.

3. Expansions and generating functions

In a similar manner, replacingy by t andx by x?, respectively, in 2.2, mul-
tiplying both sides byt*~*-*exp(—yt — t2/2) and then integrating with respectto
between the limits 0 ansb, we obtain the transformation

X\ k1 w4+ k+2m+ D +k+m+1)
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2
X Pr;v’k)(l - 2a2)VM,k,1,v+k+2m+1(x, Y), (3.1)

where the integral representatidn) is employed.
Fora =1, (3.1) reducesto
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With the help of 2.1), we can obtain a similar expansion

e}
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(2) Viv(@x,y) =a mX::O F@A+v+m

X Pr;UYMH)il)(l - ZaZ)VU,/t+2m(X9 y) (32)

Now expanding both sides 082 with the help of a result of Srivastava and Miller
[8, page 113 (11)], we get the following expansion:

T'(a)yola; v+ 1,1/2;—ax?, y?]
— 2y (a + 1/2)yla + 1/2;v + 1, 3/2;—a%X?, Y7

= (Xz)m (v, u—v—1) 2
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—2yT (@ +1/24+ m)ynla + m+1/2; 1+ 2m+ 1, 3/2; —x%, y?]}, (3.3)

whereae = (u +v + 1)/2, Rda) > 0 anda, x, y € Rt, andiy, denotes Humbert's
confluent hypergeometric function of two variables, defined’jippge 59].

Replacingy by iy (i = +/—1) in (3.3) and equating real and imaginary parts, we
obtain

Yola;v 4+ 1,1/2; —ax?, —y?]

_ i @nOD"  pousng _g2)
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X Yolo + My +2m+1,1/2; —x?, —y?]. (3.4)

Finally, takingy = 0 in (3.4), using a relation fromg, page 254 (1)] and adjusting
the variables, we get the Eglyi multiplication formula [, page 283 (7)], (see also
[7, page 236 (55)]):

o0 Com -m,u+m ;
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where the parameter is so restricted that the second expression exists.



(5]

A unified presentation of generalised Voigt functions 293

Acknowledgements

| am thankful to the referee and to Prof. M. A. Pathan of Aligarh Muslim University,
Aligarh (India) for their valuable suggestions which led to an improvement of this
paper.

(1]

References

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricodigher transcendental functions
Volume 1 (McGraw-Hill, New York, 1953).

[2] A.Erdelyi, W. Magnus, F. Oberhettinger and F. G. Tricotdble of integral transforma/olume 1

(3]
(4]
(5]
(6]
(7]
(8]
9]

(10]

(McGraw-Hill, New York, 1954).

H. Exton, “On the reducibility of the Voigt functionsd, Phys. A.: Math. Geri4(1981) L75-L77.
B. D. Fried and S. D. Contd&,he plasma dispersion functigdcademic Press, New York, 1961).
E. D. Rainville,Special function§The Macmillan Comp., New York, 1960).

F. Reiche, “Uber die Emission, Absorption and Intesitatsverteilung von Spektrallingst”,
Deutsch Phys. Ge45(1913) 3-21.

H. M. Srivastava and H. L. ManochA treatise on generating functiofidalsted Press, New York,
1984).

H. M. Srivastava and E. A. Miller, “A unified presentation of the Voigt functiosstrophys. Space
Sci.135(1987) 111-118.

H. M. Srivastava, M. A. Pathan and M. Kamarujjama, “Some unified presentations of the general-
ized Voigt functions” Comm. Appl. Anal2 (1998) 49-64.

G. N. WatsonA treatise on the theory of Bessel functig@ambridge Univ. Press, Cambridge,
1944).



