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Abstract

Voigt functions occur frequently in a wide variety of problems in several diverse fields of
physics. This paper presents a unified study of generalised Voigt functions. In particular,
some expansions of unified Voigt functions are given in terms of the original functions.
Some deductions from these representations are obtained which give us an opportunity to
underline the special rôle of the associated generating functions.

1. Introduction

The Voigt functionsK .x; y/andL.x; y/play an important rˆole in several diverse fields
of physics such as astrophysical spectroscopy and the theory of neutron reactions.
Furthermore, the functionK .x; y/ + i L .x; y/ is identical to the so-called ‘plasma
dispersion function’, which has been tabulated by Fried and Conte [4].

In many given physical problems, a numerical or analytical evaluation of Voigt func-
tions is required. As an interesting extension of the work of Reiche [6] and Exton [3],
Srivastava and Miller [8] introduced and studied a unification (or generalisation) of
the Voigt functionsK .x; y/ andL.x; y/ in the following form:

V¼;¹.x; y/ =
(x

2

)1=2
∫ ∞

0

t¼e−yt−t 2=4J¹.xt/dt; (1.1)

(¼; x; y ∈ R+ and Re.¼+ ¹/ > −1) so thatK .x; y/ = V1=2;−1=2.x; y/ andL.x; y/ =
V1=2;−1=2.x; y/, whereJ¹.z/ represents the Bessel function of order¹, defined by (see
[5, page 108])

J¹.z/ =
∞∑

m=0

.−1/m .z=2/¹+2m

m!0.¹ + m + 1/
; |z| < ∞:
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In view of integral and series representations of generalisedVoigt functions ([8] and
[9]), we present here some new unified representations of generalised Voigt functions
in terms of some familiar special functions of mathematical physics.

2. Representation of generalised Voigt functions

A well-known result, due to Watson [10, page 140], is

( z

2

)¼−¹
J¹.az/ = a¹

0.1 + ¹/

∞∑
m=0

.¼+ 2m/0.¼ + m/

m!
× 2F1[−m; ¼+ m; ¹ + 1; a2] J¼+2m.z/; (2.1)

or, equivalently, that

.xt/.k+1/=2 J¹.2a
√

xt/ = a¹
∞∑

m=0

.¹ + k + 2m + 1/0.¹ + k + m + 1/

0.¹ + m + 1/

× P.¹;k/
m .1 − 2a2/J¹+k+2m+1.2

√
xt/; (2.2)

where¼ = ¹ + k + 1, z = 2
√

xt andP.Þ;þ/
n .x/ denotes a Jacobi polynomial (see [5,

page 254 (1)]).
On multiplying (2.2) by exp.t/ and using the relation [5, page 201 (2)]

et J¹.2
√

xt/ = .xt/¹=2
∞∑

n=0

L.¹/
n .x/

0.n + ¹ + 1/
tn;

we obtain

et.xt/.k+1/=2 J¹.2a
√

xt/

= a¹
∞∑

m=0

.¹ + k + 2m + 1/0.¹ + k + m + 1/

0.¹ + m + 1/
P.¹;k/

m .1 − 2a2/

× .xt/.¹+k+2m+1/=2
∞∑

n=0

L.¹+k+2m+1/
n .x/

0.n + ¹ + k + 2m + 2/
tn; (2.3)

whereL.Þ/
n .x/ denotes the Laguerre polynomial ([5, page 200]).

Now replacing 2
√

t by t andx by x2 respectively in (2.3), multiplying both sides
by exp.−yt − t2=2/t¼−k−1 and then integrating with respect tot between the limits 0
and∞ (see [2]), we get

V¼;¹.ax; y/ = .ax/¹+1=22.¼−¹−2/=2
∞∑

m;n=0

.¹ + k + 2m + 1/0.¹ + k + m + 1/.x2/m

0.¹ + m + 1/0.¹ + k + 2m + n + 2/2m+n
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× P.¹;k/
m .1 − 2a2/L.¹+k+2m+1/

n .x2/

×
∞∑

r =0

.−√
2y/r

r ! 0.¼+ ¹ + 2m + 2n + r + 1/; (2.4)

where the integral (1.1) is used for the expression on the left-hand side.
Separating ther -series of (2.4) into its even and odd terms, we obtain

V¼;¹.ax; y/

= .ax/¹+1=22.¼−¹−2/=2
∞∑

m;n=0

.¹ + k + 2m + 1/0.¹ + k + m + 1/

0.¹ + m + 1/0.¹ + k + 2m + n + 2/

.x2/m

2m+n

× P.¹;k/
m .1 − 2a2/L.¹+k+2m+1/

n .x2/

×
{
0

[
¼+ ¹ + 1

2
+ m + n

]
1F1

[
¼+ ¹ + 1

2
+ m + n;

1

2
;

y2

2

]

−√
2y0

[
¼+ ¹ + 2

2
+ m + n

]
1F1

[
¼+ ¹ + 2

2
+ m + n;

3

2
;

y2

2

]}
(2.5)

(Re.¼+ ¹/ > −1, a > 0 and¼; x; y ∈ R+).
For a = 1, (2.5) reduces to a new double series representation ofV¼;¹.x; y/, while

the special cases¼ = 1=2 and¹ = ∓1=2 of (2.5) give representations of the Voigt
functionsK .ax; y/ andL.ax; y/, respectively.

3. Expansions and generating functions

In a similar manner, replacing 2
√

t by t andx by x2, respectively, in (2.2), mul-
tiplying both sides byt¼−k−1 exp.−yt − t2=2/ and then integrating with respect tot
between the limits 0 and∞, we obtain the transformation

(x

2

)k+1

V¼;¹.ax; y/ = a¹+1=2
∞∑

m=0

.¹ + k + 2m + 1/0.¹ + k + m + 1/

0.¹ + m + 1/

× P.¹;k/
m .1 − 2a2/V¼−k−1;¹+k+2m+1.x; y/; (3.1)

where the integral representation (1.1) is employed.
For a = 1, (3.1) reduces to

(x

2

)k+1

V¼;¹.x; y/ =
∞∑

m=0

.¹ + k + 2m + 1/0.¹ + k + m + 1/.1 + k/m
0.¹ + m + 1/m!

× .−1/mV¼−k−1;¹+k+2m+1.x; y/:



292 M. Kamarujjama [4]

With the help of (2.1), we can obtain a similar expansion

(x

2

)¼−¹
V¼;¹.ax; y/ = a¹+

1
2

∞∑
m=0

.¼+ 2m/0.¼ + m/

0.1 + ¹ + m/

× P.¹;¼−¹−1/
m .1 − 2a2/V¹;¼+2m.x; y/: (3.2)

Now expanding both sides of (3.2) with the help of a result of Srivastava and Miller
[8, page 113 (11)], we get the following expansion:

0.Þ/ 2[Þ; ¹ + 1;1=2;−a2x2; y2]
− 2y0.Þ + 1=2/ 2[Þ + 1=2;¹ + 1;3=2;−a2x2; y2]

=
∞∑

m=0

.x2/m

.1 + ¹/m.¼+ m/m
P.¹;¼−¹−1/

m .1 − 2a2/

× {0.Þ + m/ 2[Þ + m;¼ + 2m + 1;1=2;−x2; y2]
− 2y0.Þ + 1=2 + m/ 2[Þ + m + 1=2;¼ + 2m + 1;3=2;−x2; y2]}; (3.3)

whereÞ = .¼ + ¹ + 1/=2, Re.Þ/ > 0 anda, x; y ∈ R+, and 2 denotes Humbert’s
confluent hypergeometric function of two variables, defined in [7, page 59].

Replacingy by iy (i = √−1) in (3.3) and equating real and imaginary parts, we
obtain

 2[Þ; ¹ + 1;1=2;−a2x2;−y2]

=
∞∑

m=0

.Þ/m.x2/m

.1 + ¹/m.¼+ m/m
P.¹;¼−¹−1/

m .1 − 2a2/

×  2[Þ + m;¼ + 2m + 1;1=2;−x2;−y2]: (3.4)

Finally, takingy = 0 in (3.4), using a relation from [8, page 254 (1)] and adjusting
the variables, we get the Erd´elyi multiplication formula [1, page 283 (7)], (see also
[7, page 236 (55)]):

1F1[Þ; ¹ + 1;ax] =
∞∑

m=0

.Þ/m

.¼+ m/m

.−x/m

m! 2F1


−m; ¼+ m ;

a
¹ + 1 ;




× 1F1


 Þ + m ;

x
¼+ 2m + 1 ;


 ;

where the parameter¼ is so restricted that the second expression exists.
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