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Abstract

The concept of nonautonomous (or cocycle) attractors has become a proper tool for the
study of the asymptotic behaviour of general nonautonomous partial differential equations.
This is a time-dependent family of compact sets, invariant for the associated process and
attracting “from—oo”. In general, the concept is rather different to the classical global
attractor for autonomous dynamical systems. We prove a general result on the finite fractal
dimensionality of each compact set of this family. In this way, we generalise some previous
results of Chepyzhov and Vishik. Our results are also applied to differential equations with
a nonlinear term having polynomial growth at most.

1. Introduction

In this paper, we develop a general theory on the finite dimension of attractors for
nonautonomous partial differential equations and we apply it, in particular, to estimate
the fractal dimension of the attractor for the following nonautonomous equation:

9
a_ltj — AU+ f(t.u) = h),
U |3o=0,
u(t) = u,,

where the functior(t) is allowed to have polynomial growth in time (see condition
(4.4) below). For these kinds of nonautonomous systems it is not possible in general
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to obtain a uniform global attractor in the sense 5jf gince the trajectories can be
unbounded when time rises to infinity. A differentapproachwas develop8gdyH]

(see also3, 17, 16, 24]), where the existence of attractors for some stochastic and
nonautonomous equations was studied. The main definitions and theorems from the
abstract theory of attractors for such systems are given in Sextion

It is worth pointing out that in such systems the global attractor is not a compact
set, but a parameterised famidy (t) of compact sets. We are interested in proving
the finite dimensionality okach of the sets/(t). We note that the union of all the
attractors, that id,J,_; </ (t), can be infinite dimensional.

In the case of stochastic equations of parabolic and hyperbolic types such results
were obtained in]0, 12] and [13]. There are some technical tools in the proofs of these
papers that do not seemto be applicable to the nonautonomous case. As far as we kno
the only result for the nonautonomous case was proved] imder the assumption that
the functionh(t) was uniformly bounded in the varialileln such a case, the union of
the whole family of attractort ), </ (t) is bounded, and the well-known technique
of Lyapunov exponents, developed if{,[can be adapted with slight modifications.
However, when the functiom(t) is allowed to have polynomial growth, the supremum
of the norm of the global attractey (t) can also have polynomial growth, so that we
cannot expect the union of attractors to be bounded.

In this paper we extend the general theory on the finite-dimensionality of compact
invariant sets in Hilbert spaces (sdeg 14, 20, 23, 27]) to the case of a parameterised
family of global attractors with polynomial growth at most. The invariance property
for nonautonomous attractors is now stated for a time-dependent family of compact
sets{./ (1) g and the attraction is defined for trajectories with initial time going to
—oo. Thus the idea is to construct a sequence of coveringg @) by iteratingn
times an initial covering of# (t — nT*), asn — oo.

Further we apply this abstract theorem to the attractor of the equation given above.
We note that we are able to obtain the estimation of dimension in the case where the
function f (t, u) is globally Lipschitz on the second variahle In the autonomous
case it is possible to change the global Lipschitz condition to a local one by proving
that the global attractor is boundedin, (2) (see L5, 21, 28]). In our case, in order to
use a similar idea we would need to obtain an estimation of the notm (®) of the
union| J__, </ (), Vt, which is not possible in general as we have already remarked.

T<t

2. Attractors of nonautonomous equations

Inthis section, we introduce the general framework in which the theory of attractors
for nonautonomous systems is going to be studied (see Graalel8] and Schmalfuss
[2€]). As afirst step, we define semiprocesses as two-time dependent operators relate
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with the solutions of nonautonomous differential equations. In this way, we are able to
treat these equations as dynamical systems. Secondly, we give the general definition
of invariance, absorption and attraction and we finish with a general theorem on the
existence of global attractors for these equations.
Let(H, d) be a complete metric space (with the metfi@nd{S(t, S)};-s, t, s € R,
be a family of mappings satisfying:
(i S, t,-) =1Id,
(i) S(,s, S(s, t,u)) = S(t, r,u),forallt <s<t,ueH,
(iii) umr~ S(t, 7, u) is continuous irtH.
This map is called a process (this term was introduced by Daferfrigs [ In
general, we have to consid&t, z, u) as the solution of a nonautonomous equation
at timet with initial conditionu at timez.
Let Z be a non-empty set of parameterised families of non-empty bounded sets
D = {D(t)}ex. In particular,ﬁ = {D(M)}er € &, whereD(t) = B for all t, and
B c H is a bounded set. In what follows, we will consider this $eto be fixed, so
that the concepts of absorption and attraction in our analysis are always referred to it.
For A, B ¢ H we define the Hausdorff semidistance as

dist(A, B) = supinf d(a, b).
acA beB
DEeFINITION 2.1. Giventy € R, we say thaK (t) C H is attracting at time if for
everyD = {D(t)} € & we have that lim., _., dist(S(ty, , D(1)), K (t5)) = 0.
A family K = {K () };cg is attracting ifK (tp) is attracting at timey, for all ty € R.

The previous concept considers a fixed final time and moves the initial timeto
Note that this does not mean that we are going backwards in time, but we consider the
state of the system at timigstarting atr — —oo. This is calledoullback attraction
in the literature (see, for examplé,g 26)]).

DEFINITION 2.2. Giventy € R, we say thaB(ty) ¢ H is absorbing at timg, if for
everyD = {D(1)} € Z there existd = T(t, D) € R such that

S(ty, 7, D(7)) C B(ty), forall T <T.
A family B = {B(t)}er is absorbing ifB(ty) is absorbing at timé,, for all t, € R.
Note that every absorbing set at tifgés attracting.
DEFINITION 2.3. Let B = {B(t)},z be a family of subsets dfi. This family is said

to be invariant with respectto the proce&is S(t, 7, B(r)) = B(t), forall (z, t) € R?
T <t.
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Note that this property is a generalisation of the classical property of invariance for
semigroups. However, in this case we have to define the invariance with respect to ¢
family of sets depending on a parameter.

We define th@mega-limit seait timet, of D = {D(t)} € Z as

A(D.to) = (| Stto. 7. D(x)).

s<tp T<S

From now on, we assume that there exists a farffilyt {K () }er Of compact
absorbing sets, that i% (t) ¢ H is non-empty, compact and absorbing for each
t € R. Note that, in this case\ (D, t;) C K (), forall D = {D(t)} € Z, 1, € R. As
in the autonomous case, it is not difficult to prove that under these conditidDst,)
is non-empty, compact and attra@®s= {D(t)} € Z at timet,. The proof is similar
to that of B, Lemma 1.1], where the sét consists only of bounded sets.

DEFINITION 2.4. The family of compactset@ = {&/ (1) her IS Said to be the global
attractor associated with the proc&sit is invariant, attracting everﬁ ={D()} e
7 (for all ty € R) and minimal in the sense that@ = {C ()} is another family of
closed attracting sets, the#i(t) c C(t) forallt € R.

ReEMARK 2.5. Chepyzhov and Vishik4] define the concept of kernel sections for
nonautonomous dynamical systems which corresponds to our definition of a global
nonautonomous attractor wifh = {D(t) = B};.zg whereB c H is bounded.

The general result on the existence of nonautonomous attractors is a generalisatio
of the abstract theory for autonomous dynamical systems (Ter@@rHale [18]).

THEOREM 2.6. Assume that there exists a family of compact absorbing sets. Then
the familye/ = {7 (1) };cx defined by

) =|_JAD.b)
Dez
is the global nonautonomous attractor.

As the proof of this theorem repeats that 8f Theorem 1.1] with slight modifica-
tions, we will omit it.

ReEMARK 2.7. All the general theory of nonautonomous attractors can be written in
the framework of cocycles (see among others, Chelvah [3], Crauel and Flandoli
[9], Kloeden and Schmalfus4d$], Schmalfuss 26]). We could have also followed
this notation here, but we think that, in this case, it is clearer to keep the explicit
dependence on time of the attractor, which in addition, allows a more straightforward
comparison of the results id]|
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3. Dimension of nonautonomous attractors

In [4], Chepyzhov and Vishik prove a general result for the Hausdorff dimension
of kernel sections (t) associated with a proce$S(t, )} generated by a nonau-
tonomous differential equation. The main hypothesis is the uniform boundedness of
the set J,., «/ (t). In applications, this is related to the existence of a uniform bound
for the nonautonomous terms in the system. In our case, we allow these terms to be
unbounded it, so that their results are not suitable for our situation. However, we are
able to prove a general result on the finite fractal dimensionality of the nonautonomous
attractor.

Let H be a Hilbert space and’ C H be a compact subset &f. We first recall
the definition of the Hausdorff and fractal dimensionssof

We shall denote byB(a,r) a closed ball of radius centred ata. Let % be a
covering of« by a finite family of ballsB(x;, r;) such that sugr;) = §(%) < é.

Then thed-dimensional Hausdorff measure.af is defined as follows:

MH("QVI, d) = [IJn?),LLH(,,Q{, d’ 5)’
where
un(#,d, 8) = inf re,

8(%)=<s =
|

where the inf is extended to all the possible coveridgef < such that(%) < §.
It is known that there existd = dy (&) € [0, +o00] such thatuy (&, d) = 0 for
d > dy (&) anduy (&, d) = oo ford < dy (). The valued, (&) is called the
Hausdorff dimension ofs.

The fractal dimension o/ is given by

di (&) =inf{d > 0| us(«/,d) = 0},
where
Mf(ﬂ,d) =ﬁﬂf(d98’ d) =W6dné’

andn, is the minimum number of balls of radius= ¢ which is necessary to cover.
Sinceuy («&,d) < us(«/,d) itis clear thatdy («/) < d; (&), the converse being
false in general (Edeet al. [14]).

Before proving our main result in this section, we will recall a technical lemma
which will be repeatedly used in the proof (séellemma 1]).

LEMMA 3.1. Let B(a, ) C RN be a closed ball of radiug centred ata. For any
0 < A < y the minimum number of balls, of radiusA which is necessary to cover
B(a, y) is less than or equal t¢3y /A)N.
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We now consider a proceSét, 7,u) : R x R x H — H,t > t, having the family
of global attractorsy = {&/ (1) }ier.

THEOREM 3.2. Suppose there exist constaitg Ky, & > 0 such that
I I < Kolt]” + Ky, Vt € R, (3.1)

where||.« ()" = SUR.cyq Y-
Also assume that for artye R there exisfT* = T*(t), | = I(t, T*) € [1, +00),
8§ =8(t,T*) € (0,1/+/2) andN = N(t), such that forany, v € A(t), T <t — T*,

IS+ T 7, u) =St +T" 7,0 <llu—vl, (3:2)
IQN(S(t + T, 7,u) = S(r + T*, T, V)| < dllu—vll, (3:3)

whereQy is the projector mappingl onto some subspac¢€; of codimensiomN € N.
Then, forany; = n(t) > Osuch that = o (t) = (64/2)N(+/28)" < 1, the following
inequality holds

A (& (1) < di(/ (1) < N + 1. (3.4)

PrOOF. Let us fixt € R and choose) > 0 such thab < 1. We also take an
arbitraryr <t — T*, and denote(r) = 2(Ko|r|’ + K;). Let %, be a covering
of A(r) by one ballB(a;, ¢(1)), &, € A(r), of radiuse(r) centred ata;. Hence
& (1) C B(ay, e(1)).

Since«/(t + T*) = S(t + T*, 1, &/ (1)) and using condition3.2) we have

AT+ T CB(S(t+T" 1, a),le()).

Let us denote by the orthoprojector onto the subspddg of dimensionN which
is orthogonal toHy (and thenZy @ Qy = |, Hy® Hy = H). Itis clear that
PyB(S(t + T*, 1,3),le(r)) c BN(PyS(r + T*, 1,a), le(r)), whereBN(a, B)
denotes a closed ball i N of radiusp and centred &.

In view of the preceding lemma we can co®Y (2 S(tr + T*, 7, a1), le(1)) by
ballsBN(ayj, (§/2)e(z)), j =1, ..., my, &; € Hy andm, = my(t) < (6 /5)N.

Let us denote#:; = (Z'BN(ayj, (8/2)e(x))) N </ (x + T*). We take arbitrary
yij € #4;. We shall show that the set of balB(y,;, ye(r)), j = 1,...,my,
¥ = /25 (note that we have assumed thak 1), is a new covering of7 (t + T*).
Since

my
o (x+T9 c|

j=1
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it is sufficient to prove that#;; C B(yyj, ye(r)), Vj. Lety e .#;;. There exist
vy, V2 € B(ay, e(7)) N & (v) suchthalS(t + T*, 7,v1) =Y, S(t + T*, 7, v5) = V3.
Then|lv; — v;|| < e(r) and in view of 8.3), [QnY — QnYijll < de(r). On the other
hand,| Zny — 2yl = 128y —agjll + | 2n Y1) — &yl < de(r). Hence

Iy = aill < V(8e()? + (Be(r))? = ye(@).

We have obtained a coverirg of </ (r + T*) by balls of radiug/e(z) such that
the number of balls isy,. Thereforen,.,, <m; < (61/8), wheren, .., now denotes
the minimum number of balls of radius equaljte(r) which is necessary to cover
& (t +T%). Then

d
(S (24T, ye(). ) = Ny (re (@) = (61/8)" (V26(0)) .

Takingd = d(t) = N + n, we get
wi (& (T +T%,ye(r),N+n) < («/ES)n (6«/§|)N e(ON = oe()N.

Suppose now that <t — 2T*. Take the coveringy = {B(yuy, ye(r))}™, of
& (t+T*) anddefine#;, = S(t+2T*, t+T*, A(t + T*) N B(yu, ye(r))) N AT +
2T%),i=1,...,m,.

Now, sinced/ (t + 2T*) = S(r + 2T*, 7 + T*, &/(r + T*)) and using 8.2), we
have

o (x+2T%) c | Jat c | B(S@ +2T* 1+ T, yp). lye(r)).

i=1 i=1

Itis clear thatZy B(S(t + 2T*, t + T*, yy), lye(r)) € BN(P\S(r +2T*, 7 +
T*, yii), lye(z)), Vi. In view of the preceding technical lemma, we can cover each
BN (2 S(t+2T*, t+T*, yi), lye(r)) by ballsBN(a;, (8/2)ye(x), j =1,...,n;,
a; € Hy andn; = n;(t) < (61/8)N, Vi.

Let us denote#;; = (@,ngN(a-j, (8/2)ye(r))) N .. We take arbitrary;;
;. We shall show that the set of baBgy;;, y%e(r)),i =1,....,m, j =1,...,n;,
¥ = /28, is a new covering of/ (t + 2T*). Indeed, since” (t + 2T*) C Uij M,
it is sufficient to prove that#;; C B(y, y% (1)), Vi, j. Lety € .#;. There
existvy, v, € B(yy, ye(r)) N & (v + T*) such thatS(t + 2T*, 7 + T*, v1) =,
S(t +2T*, 1 + T*,v,) = V¥j. Then|v, — v;|| < ye(r) and in view of §.3),
1QnY — QnYijll < 8ye(r). On the other hand, vy — ZyYii | < I 2nY — &l +
I 2nY — &l < dye(r). Hence

Iy = i Il < V@ye()? + Gye(r)? = y%e (o).
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We have obtained a coveriré, of .« (tr + 2T*t) by balls of radius/?s(r) such
that the number of balls is, = m,(t) = Y™, n;. Therefore

my

Ny < M < my(Bl/8)N < (61/8)™.

i=1

Letk € N. If we suppose that <t — kT*, we can obtain, in the same way as
before, a sequence of coverings, j = 1,2, ..., k of the setse/ (v + jT*) by balls
of radiusy's(r) and such that the number of balls is less than or equélie)'N.
Thereforen, ;) < (61/8)!N, wheren, ;. .,, now denotes the minimum number of balls
of radius equal tg’'e(7) which is necessary to cover (t + jT*).

Hence choosing =t — kT* we obtain

i (< (1), y¥e(t), N + 1) < («/Zs)k" (6«/§I)kN £ (r)NV+

N+n

< 0" (Ky + Kol (t — KT9)[")

This implies thalim,_ou (< (t), «,d) = 0, ford = N + 5. Indeed, as fok large
enough the sequence

r(k) = y et — kT*) = p* (Ky + Kolt — kT*|%)

is decreasing, we have that for amy> 0 small enough, one can find sorkez N
such that (k) <o < r(k— 1). Itis clear than, < n,y, < (61/8)*N. Then

T a1 (< (©), o N+ ) = M n,a™* < lim (61/8)™ (r (k — 1)

Ki+ Kot — (kK — DT*e\ "
= lim 0k< 1t Kot k= 1) ') —0.
1%

k— o0

Hencedy (& (t)) < di (&/(t)) < N + 1.

CoROLLARY 3.3. Let conditiong3.1)—(3.3) hold. Then

_log 6v/2l(t, T*))

35
logv/28(t, T*) (3:9)

du (& (1) = de (& (1) < N(1) (1

ReEMARK 3.4. Note that if the constan{s*, N, | ands do not depend oty then the
estimate is uniform for altZ (t).
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4. Applications to a nonautonomous partial differential equation

Consider now the nonautonomous partial differential equation

wu Au+ f(t,u) = h(),

ot
U [ye=0, (4.1)
u(r) = u,

wheref € C1{(R? R), h(-) € L3.(R, L%(R)), Q is a bounded open subset®f and

loc
thereexist >0,p >2,¢ > 0,i =1,...,7, suchthat

Cijul® — ¢, < f(t, wu < Glul® + cq, 4.2)
Iht)ll2 < cslt]" + Cr, (4.4)

forallu,t € R.
DenoteH = L?(Q2) with norm| - ||, V = HJ(2). For a norm in another spac¢ée
we shall use the notatigh- || .

THEOREM4.1.For any 7z, T € R, T > 1, U, € L%Q) there exists a unique
solutionu(:) € C([r, T], H) N L%(z, T;V) N LP(z, T; LP()). Moreover, for all
u,, v, € L%(Q), t e [r, T]it holds that

lu@®) —v@®I < € u; — vl (4.5)

PrROOF. The existence of a solution for amy € L2(Q2) was proved in ¢, Theo-
rem 2.1]. The uniqueness property addf can be obtained in exactly the same way
asin 1, Theorem 1.1] or§, Theorem 3.1].

DenoteS(t, 7, u,) = u(t), whereu(r) = u,, which is a process. We denote by
SE(H) the class of families of bounded sd&s= {B(7)}..z (B(r) C H) such that

max{log [|B(7)|", 0}
m

T—00 T

—0, (4.6)

that is, the class of sets with subexponential growth on the time variable. In this case
2 = SE(H) (see the notation in Secti@®).

LEMMA 4.2. For anyt € R, there exists a bounded $84(t) in H such that for any
family B € SE(H) and anyt, < t, there existd = T (B, ty) < t, such that

S(ty, 7, B(r)) C Bo(t), VT <T, Vtj € [to, t]. 4.7)
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PrOOF. Multiplying (4.1) by u(s) = S(s, 7, U,), U, € B(r), and using4.2) and
(4.4) we have

1d
Ed—sllull2 + VUl + ciflullfs < () + [ullllh(s)]|
Moo, 1
< Cu(Q) +=lu —|Ih(s)||?
< Cou(£2) + 2|| | +lel| S]]
1 2 1 r 2
< Cu(R) + SIVull® + s—(cels|" +¢7)%,  (4.8)
2 2A1
whereu(2) is the Lebesgue measure®@fin R". Therefore
iIIUII2 + Aallull® + 2c|ullfy < iIIUII2 + [IVUll? + 2cy]|ullfs
ds ~ ds
1
= 26(Q) + —(Glsl' + )"
1

By the Gronwall lemma

t1 1
Jut) > < e u, |1* + / g Mt (202u(9) - A—(CBISIr - c7)2> ds,
1

T

so that the ball
Bo() = {y e H 1 Iyl = VKO + ),

with @ > 0, K(t) = ffoo e M9 (20,1 () + (CslS|" + ¢7)?/A1) ds, satisfies 4.7).
Indeed, in view of condition4.6), we can findT (B, to) such thae %= ||u, 1% < «,
VT < T(B, 1), VU, € B(7), Vi < t; <t.

COROLLARY 4.3. Foranyu, € B(t), < T(B, to),

t
/ (IIVull® + 2c1Jlullfs) ds < R(to, 1),
to

where

1 t
R(to, 1) = 2cu(2)(t — o) + A_/ (Colsl” + c)?ds+ K(t) +a.
1 Jty

PROOF. It is a consequence of Lemrda2 and @.8).

LEMMA 4.4. For anyt € R, ty < t there exists a seB,(ty, t) bounded inV and
compact inH such that for anyB € SE(H) there existsI = T (B, ty) < ty such that
VT <T,

S(t, 7, B(1)) C By(to, t). (4.9)



[11] The dimension of attractors of nonautonomous PDEs 217

ProOOF. Multiplying (4.1) by —Au, whereu(r) = S(r, 7, u,), U, € B(r), and
integrating by parts we have

1d 5 5 1 , 1 5
—— f vu, Vu) = (h, A —|lh =||Auj*.
20IrIIVUII + [[Au|I® + (fu(r, W Vu, Vu) = (h, Au) < 2|| (9]l +2|| ull
Using @.3) we obtain

d 2 d 2 2 2 2

—drIIVUII < aIIVUII + lAuUfl® < [h(r)]I* + 2¢cs[| Vull=. (4.10)

Denotea; = a,(t) = ftl: [h(r)|2dr, a, = a,(t) = exp(2cs(t — t;)). Assume that
to < s <r <tand multiply @.10 by exp—2cs(r — t5)). Then

d
ar (7= Vul?) < [Ih(r)|?e7** ™ < [lh(r)||*.

Integrating overs, t) we obtain
t
[Vu®) | < €= Vu(s)|* + ezcs(”")/ IhMIdr < (IVu©)|? + a1) a.
S

Finally, integrating with respect over (ty, t) and using Corollaryt.3we have
t — ) VU®? < (Rlto, t) + &t — ))&, V7 < T(B, 1),

so that, taking into account the compact embedding H, the closure irH of the
set

R
Bi(to, 1) = {u € HXQ) : VUl < ( t(t"’t” + a1> az}
-

is the desired set.

THEOREM4.5. The proces$ has the global attractor/ = (& () }icr. Moreover,
there existKy, K4, 8 > 0 such that

< O < Kolt]” + Ky,  Vt € R, (4.11)
so that/ € SE(H).

PrOOF. The existence of the global attractor is a consequence of Lefrfrend
Theoren?.6.
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Further, we note that, choositgin Lemma4.4such that —t, =1 > 0, we have

IBi(to, )II3; < B sup VYl < B (Rito, t)/1 + &) @)*?

yeBa(to,t)
t 1/2
<B ((v +/ (Colsl” + ¢7)° dS> az> :
to

1 1 ‘ r 2
V= T 2C ()] +)L— (cls|" +cp)“ds+ K(t) +a .

1 Jt

where

From the definition oK (t), we are ensured the existenceRyf R, £ > 0 such that
IKOIT < Rift]® + Ry, Vit
Hence, sinces (t) C Bi(tp, t) Vt, estimation 4.11) follows.

THEOREM4.6. Suppose there exists a positive and nondecreasing fungtion
defined for allt € R and such that foralt <t,u,v € R,

[f(r,u) — f(zr,v)| <EMDIU—v]. (4.12)
Then there exist;, L, > 0 depending orf2 andn such that
Ay (7 (1) < d (& (1) < max{Li(&(1)"?, La(cs)"?} . (4.13)

PrOOF. The proof is similar to that ofl, Theorem 7]. Let us first prove condi-
tion (3.2). We take afixed € R, and arbitrary solutions(-), v(-). Itis easy to obtain
in a standard way that

1y - S + IV (u(s) — v(s) I
2ds” (8) —v( v
+ (f(s,u(s)) — f(s,v(s)),u(s) —v(s)) =0, forallse R.
In view of (4.3),
d
d—SIIU(S) —v(9)|* < 2cs|lu(s) — v(9)I.

Let us now takeT* > O to be determined later on and depending orsronwall’'s
lemma implies that for any € R,

lur +T9 —v(@ +THI? < €T ur) —v(@)IP, (4.14)

so that 8.2) holds withl (t, T*) = €%,
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Denotem(s) = u(s) — v(s). Multiplying

dm(s)
ds
by Qn m(s), we get

— Am(s) + f(s,u(s)) — f(s,v(s)) =0

1d ) )
Ed_S”QN M) + IVQN mM(9)[I* + (f (s, u(s)) — f(s, v(s)), Qum(s)) = 0.

LetO < A1 < X, < --- < Ay — oo be the eigenvalues 6fA in Hi(2). Since
IVQNM(S)|| > AnsallQum(S) |2, and using conditions4(12 and @.14), we obtain
fors<t+T*<t,

d
d_S”QNm(S)HZ < — 21l QuMS) I + 25 (1) [M(s) |2

< — 21| QuMES) I + 26 (OE=C7 lu(r) — v(D)|I%.

Multiplying both sides bye?~+¢=" 'we have
;I—S (1Qum(s)[I?e*+¢77) < 28 ()= |u(r) — v(D)|*.

Integrating overr, T + T*) we get

. t .
I Qum(z + THIPE T < u(@) — v(D)|? (1+ O (e 1)) -
Cs + Ant1

Hence

_|_

Cs+A —&(t . t .
1QuM(T+THI? < lu(t) —v(0)|? (MGZ)\NJAT Lezc\ﬂ— )
Cs+ANt1 Cs+Ant1

_ . &) 26T+
< lu(x)—v(@) P |:e Pall p -~ @™
Cs + Ant1

= 8(t, T*, N)[lu(r) — v(0)|I*.

Choosing appropriatsl = N(t) andT*, we obtains(t) = §(t, T*, N) < 1/+/2.
Then condition 8.3) is satisfied. It follows from Theoremks5and3.2 that

di (& (1)) = N+n,

wheren is given by the conditior{6+/2! (t))N(ﬁB(t))” =o(t) <1.

We shall further prove4.13. It is well-known (seeZ, page 201],22, page 136])
thatiy = O(N?"), asN — oo, so that there exist® > 0 such thai/N%" > D,
VN € N. If we putn = N then

o?(t) = (125l (t))*N = 122 (e“NﬂT**Z%T* + _s0 e4°5T*> )
Cs + Ans1
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Denotey = 12. We have to choose* andi . in such a way that

e*Z(AN+1*c5)T* =, 4.15
- (@.15)
t . 1
5O er , (4.16)
Cs + Ans1 2y? +a

wherea > 0.
It follows from (4.15 thatT* = (log 2y?)/(2(An+1 — Cs)). Hence 4.16) will be
satisfied if the following inequality holds:

Cs+ A
(An+1 — Cs) log (m> > 4c5log /2y

Using the inequality.y,, > D(N + 1)¥" we get

Cs + Ant1
(22 + a)&(t)

(Ans1 — Cs) log (

2/n
) > (N +17"D —c,) Ic)g(ct—mt D(N + 1) )

(2y? + a)&(t)
ChoosingN = N(t) such thatD(N + 1)¥" > 5¢5 and

Cs+ D(N + 1"
Cy2+ag® —

the inequality 4.16) holds. Hence it is sufficient to choodesatisfying

2y,

N > max{(D:£(t))"? — 1, (5c5/D)"? — 1},

whereD; = cv2y(2y? + a)/D. We takeN = max{[(D£(t))"2], [(5cs/D)"?]},
where[x] denotes the integer partxfand therN < max{(Dlg ()2, (5¢s/ D)”/Z}.
Finally, TheorenB.2implies that

di (/1) < 2N < 2max{ (D ()", (5¢s/D)"?)
= max{L1(§(t)"?, La(cs)"?},

whereL, = 2(D,)"?, L, = 2(5/D)"2.

From the previous result we can also obtain a uniform bourndfar the fractal
dimension of the attractors.

COROLLARY 4.7. There exists a positive constaftdepending om, €, ¢cs and& (-)
(but not ont) such thatdy (&7 (t)) < df(«/ (1)) < K, forall't € R.
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PrROOF. Fix somet* € R. Since£(t) is non-decreasing, Theoreftf gives

de (& (1)) < max{Li(&(1)"? La(cs)"?}
< max{L; ()", Lao(cs)™?}, forall t <t*.

On the other hand, note that.(4) implies thatS(t + T, t) is Lipschitz with constant
€%, forall T > 0. Then, by P3, Proposition 13.2] we get

di (& (t+T)) =de (St + T, )/ (1) < di (& (1)), (4.17)
so that
de (& (1)) < max{Li(&(t")"? La(cs)”?} = K, forallt e R. (4.18)

REMARK 4.8. We note that 4.18) is satisfied for allt* € R. Hence the best
estimate is obtained by the limit = lim,._,_. max{L,(&(t*)"?, L,(cs)"?}, which
exists because the function is non-decreasing and bounded below by 0.
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