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Abstract

In this paper, we study the global attractivity of the zero solution of a particular impulsive
delay differential equation. Some sufficient conditions that guarantee every solution of the
equation converges to zero are obtained.

1. Introduction

Recently, with the rapid development of the theory and applications of impulsive dif-
ferential equations, the study of the impulsive delay differential equation has attracted
the interest of many mathematiciaris g, 3, 4, 5, 6, 7, 8, 9]. The purpose of this
paper is to study the global attractivity of the following impulsive delay differential
equation:

X' (1) +at)x@) = pt)(1 — et ™), t>0,t#t, (1.1)

X(t5) — X(t) = bx(t), keN, '

wherea(t), p(t) € C([0, +00), [0, +00)), T > 0, by > =1, p(t) > O, for all
keN,t>0,0<t; <t,<---,withty - +o00 ask — +4o0.

In the special case whemg(t) = aNja(t), (1.1) has been used to model the
impulsive growth of red blood cells.

As usual, we say that(t) defined in[—t, +00) is a solution of {.1), if x(t) is
absolutely continuous at poirtts# t, and at = t,, x(t,") exists,x(t) is left-continuous
fort > —t, and satisfies](.1) for t > 0.
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2. Main results

The main results are as follows.

THEOREM 1. Suppose that
(i) there is a positive numbgr such that

p(p+1/2) < 1; (2.1)

(i) foranye > O, there exists an integeM such that

n+m

l_[(1+bk)<l+e, n>N,m>0; (2.2)
k=n
iii)
+00 s
/ p(s)elawadu ]_[ (1+bytds= +oo; (2.3)
0 O<tk<s
(iv) for sufficiently larget, we have
t
s 1 &
/ p(S)dl a(u)du l_[ (1+ bk)fl dSS p+ Ee—flqa(u)du (2_4)
t—7 t—7r<tk<s
and
at)>at—1), t>r. (2.5)

Then every solution of1.1) tends to zero as — oco.

THEOREM 2. Suppose thaf2.2), (2.3) and (2.5 hold and for sufficiently large,
we have

t
/ p(s)eliawdu ]_[ (1+bytds<3/2 (2.6)
t—t

t—r<tk<s

Then every solution of1.1) tends to zero as — oo.

RemMARK 1. Condition @.2) is not critical; it allows the convergence of
+00
[Ja+bo
k=1

and the possibility that1 < b, < 0 as special cases. Conditidh) allows constant
functions, nondecreasing functions angeriodic functions as special cases.
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REMARK 2. If the impulsives disappeared amadt) = 0, Theoren? is the main
result of {]. If a(t) = A, then the conditions of Theore?are

+00
/ pt)e' dt = 400 and / p(s)e* 't ds g
0

which improve the conditions irp].

3. Proofs of the theorems

LEMMA 1. Suppose thaf2.2) and (2.3) hold. Then every nonoscillatory solution
of (1.1) tends to zero at — oo.

PrOOF. Without loss of generality, suppose that) is eventually positive. Then
there existsT; > 0 such thatx(t — 7) > Ofort > T, t # t.. Moreover,x(t) is
decreasing inty, ty,1] with t, > T;. Letliminf,_ ., X(t) = «, thena > 0. We
shall prove thatr = 0. Sincex(ty) is the left minimum value ok(t), there exists a
subsequenci(t,)} such that lim_, ., X(t) = «. If @ > 0, choosings > 0 such
thata — ¢ > 0, again there exist§ > T, such thax(t — 7) > « — ¢, fort > T.

Then by (L.1) , we have

[T @+bo () —x(T) < @ — &) / pe)ei @ [T 2+ by ds

T<tk<tk T<ty<s

which contradictsZ.2 and @.3), soa = 0. Now for anyt > T, there exists,; such
thattkj <t< tkj+1 andtkj < tkj+1 << tkj+l <t. Then

0<X(®) <X( 1) = (L4 )X (t1) < (LB )X )

|
= (140 2) (14D DX (b -1 <+ < [ [(@4be )X (b))
s=0
From 2.3), there exists a constaAt> 0, such thaﬂ'szo(1+ by, +s) < Aforanyl and

anyk;. Hence O< x(t) < AXx(t;). Lett — +oo. Then we obtain lim. ., X(t) = 0.

LEMMA 2. Suppose thaR.2), (2.4) or (2.6), and(2.5) hold. Then every oscillatory
solution of (1.1) is bounded.

PrROOF. From 2.4) and @.5), or (2.5 and @.6), we obtain

/ ps)el 2% TT 1+ by ds < M,

s<ty<t
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whereM is a positive constant. First, we shall prove thét) is bounded above. By
(1.2),

X'(t) +a)x) < pt), t=0,t#¢4. (3.1)
Choose any sequende,} such thatx(c,) = 0Oand O< ¢, < ¢, < ---, with
lim_ o C, = +00, X(t) > 0fort € [Cy_y, Ci] andx(t) < Ofort € [y, Cy41]. Let
X = sup x(@) and % = inf Xx(t).
te[Co_1,Cai ] telcai, iyl

We shall prove thafx;} and{X} are bounded. First, we prove thi&} is bounded
above; there are two cases to consider.

Case 1:%; is the maximum value ok(t) in [Cs_1, Csi]. Then there exists ¢
(Cyi_1, Cy) suchthatk = x(c) > 0, x’(c) > 0. By (L.2), x(c — t) < 0, so there exists
& € (c— t,c)suchthax(&) = 0. Integrating 8.1) from & to ¢, we obtain

C
% = x(©) s/ ptyet*@® [T @+ bodt < M.
4 t<ty<c

Case 2:X; is not the maximum value of(t) in [Cy_1, Cy]. Then there exists
ty1 € (Cyi_1, Cy) such thatt = x(tJ,,). We assume thaty 1 < 1 < -+ <ty
There are two possible cases to consider.

Subcase 2.1:X(t,) is the left locally maximum value. By Case 1, we have
X(t) < M, s0% = x(t5) = (14 by )X (b)) < (14 b)) M.

Subcase 2.2x (1) is not the left locally maximum value. There are two possible
subcases to consider.

Subcase 2.2.1: Kk(t/,) < X(t.), thenx(t) has maximum value noted by(c)
iN (tn-1, te). By Case 1,x(c) < M, so% = x(t&) = (1 + be)X(te) <
(1+ be)x(€) < (1 + be)M.

Subcase 2.2.2: K(t",_,) > X(t,1), we have two possible cases to consider.

Subcase 2.2.2.1: K(t_1) is the left locally maximum value, then, by Case 1,
X(tiri—1) < M. Thus® = x(t°) = (1 + be)X () < 1+ b)) (X4 bg—) M.

Subcase 2.2.2. X (t,,_1) is not the left maximum ok(t). Repeating this process,
at the end, ifx(t1) is the left locally maximum value af(t), thenx(t.,) < M.
Therefore

| |
% < < [[A+bedxten) < [ A+ busM.

s=1 s=1

Otherwise, since(c,_1) = 0, x(t) has maximum value noted (C) in (Cy_1, tiy1).
By Case 1x(c) < M, so

| | |
% < [[L+beoxen < [[A+buox© < [JA+buoM.

s=1 s=1 s=1
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ThenX; < AM, whereA is defined in Lemm4.
From Cases 1 and 2, we hake< maxM, AM} = B. Next we shall prove that
{X;} is bounded below. Byl( 1), we obtain

X'(t) +at)xt) > (L—®)pt), t=>0, t#t.
Using a similar method to the above, we obtain
% > (1—e®)M or % > (1—eB)AM.
This shows thatx; } is bounded below, and completes the proof of the lemma.

LEMMA 3. Suppose thaf2.1), (2.2), (2.4) and (2.5 hold. Then every oscillatory
solution of (1.1) tends to zero as — +o0.

PROOF. Supposex(t) is any oscillatory solution of1(1). By Lemmaz2, x(t) is
bounded, so letlimsyp, . x(t) = v, liminf,_ , x(t) = u, Then—oo <u <0<
v < +00, and by R.2), for anye > 0, there existdN such that

n+m
[[a+b)<1+e. n=N m=o.

k=n
Again for thise > 0, there exist3 > ty such that
Uy=U—€e<X(t—1)<v+e=nv, t>T.
Then (L.1) gives
X'(t) +ax) < 1-eHpt), t=T,t#¢t, (3.2)
X'(t) +a®x) > (1—e)pt), t=T, t# (3.3)

Choose a sequenge,} such thax(c,) =0, T <¢; <--- < ¢, > 400, N —> 400,
X(t) > 0, fort € (cy_1, Cy) andx(t) < 0fort € (¢y, Cyi41). Let

X = sup X() and X = inf x().

te(Coi_1,Ca1) te(C,Coit1)

Without loss of generality, we assume that limsup % = v and liminf_ X = u.
First, we prove that

% < p(l—e")(1+e) (3.4)
or
R < p(l—e")(1+e) (3.5)
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There are two possible cases to consider.

Case 1:%; is the maximum value ok(t) in (c;_1, Cy). Then there exists ¢
(Cyi_1, Cy) suchthatk = x(c) > 0,x'(c) > 0. By (1.1), x(c— t) < 0, so there exists
& € (c—rt,c)suchthax(§) =0, ift € [§, c]thent — ¢ < &. Integrating 8.2) from
t — 7 to&, we have

&
- T] (1+bk)x(t—r)ef$Ta(“’dus(l—eul)/ p(s)eho 2@ [T(1+bods. (3.6)
t—7

t—r<ty<é& S<ty<é&

Since 1- e* < —x and by (L.1), we have
X'(t) +aMx@) < —pHxt—r1), t>0 t#k. (3.7)

Then

§
X'(®) +abx(t) < (L—e)p() / peef2wd TT @a+bytds (3.8)
t—71

t—r<tk<s

Integrating 8.8) from & to c, we get

§
l_[ 1+ bk)/ p(s)eh-awdu
t—t

t<ty<c

X(C)doca(u)du <@1- eul)/ p(t)d;a(u)du
&

x [] @+bodsdt

t—r<tk<s

¢ t 1 1
Uy b au)du Za J.awdu
5(1—e:)|:/s p(t)ef ||(1+bk)<p+2e )

t<ty<c

[ t
% Y awdu dt _/ p(t)efga(u)du l_[ (1+ bk)/ p(s)efosa(“)d“
& &

t<ty<c
x [T @+bodseh 2w TT (1+bk)1dt].

S<ty<cC t—r<ty<cC

Using (2.2), (2.4 and .5, we obtain

C ¢ t 1 C
x(c)efo a(uydu < (1 o eul)/ p(t)efoa(u)du l_[ (1+ bk)dt (E + pefcra(u)du>
&

t<ty<c

1-e"  rrawa [° lsawd
_ e b a(u u/ p(t) ocauau
1+E £

t
< [1 (1+bk)/é p(s)el 2@ TT (14 by ds dt

t<ty<c s<ty<cC
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¢ t 1 c
_ _ au o audu = . audu
=(1 )/s p(t)e/ ||(1+bk)dt<2+pd )

t<ty<c

1_ eul fcfr ( )d 1 ( ¢ e[l ( )d l—[ 2
o e o au)du— / p(t) o a()du (1 + bk) dt .
l1te 2\ Je t<te<c

In the following, we consider two possible subcases.
Subcase 1.1y p(1)el 2@ . (1 +bydt < (1+ e)eb 2@ Since the
function

(1/2 + péﬁif a(u)du) X — (1 + 6)7leff067r a(u)duX2/2

is increasing, we obtair(c)eh 2w < p(1 — e)elaWdu(] 4 ¢). Then B.4) holds.
Subcase 1.2;f; p(eL 2T . (1+bodt > (1+ e)el 2w We choose
n € (&, ¢) such that

/ p(t)ef‘; a(udu l_[ (1 + bodt = (14 €)el awdy,
n

t<ty<c

Integrating 8.2) from & to n, we have

X (el 8 < (1 — &™) / " pyehao [] @+bodt.
&

t<ty<n
Integrating 8.8) from n to c,
x(©)eb @ — T (14 box(pel 2

n<ty<c

¢ §
<{1- eul)/ p(t)eféa(u)du l_[ 1+ bk)/ p(s)efira(u)du
n t—t

t<ty<c

x [ @+bodsdt

t—r<tk<c

Then we get

x(c)eh 2@ < (1 — ") [/n pmehe@d TT (1+bydt
§

t—r<tk<c

¢ 3
+/ p(t)dola(u)du l_[ (1+ bk)/ p(S)difa(u)du
K t—71

t<ty<c

x ]‘[ (1+ by tds dt] )

t—r<tk<s
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Similarly to the argument we used in Subcase 1.1, we get

X(C)ef;a(u)du < (1_ eul)/” p(t)efola(u)du l_[ (1+ bk)dt
§

t<ty<c

2
1—eu c .
_ 21T o |:</é p(t)eloawadu l—[ (1+bk)dt)

t<ty<c

2
_ (/’7 p(t)d‘;am)du l_[ (1+bk)dt) i|
£

t—r<tk<c

1 . ¢ !
+(1—e™) (E + pefC*f a(u)du) / p(t)efoa(u)du l_[ (1+ by dt
n

t<ty<c

= p(l—e")(L+e)eh2®

Hence 8.4) is proved.

Case 2: X is not the maximum value of(t) in (c;_1,Cy). Then there exists
iy € (Ca_1, Cx) such that = x(t7,). Suppose that; ; < t1 < -+ < ty.
Proving thatx(t) is bounded, we obtain

|
5 <[[Ja+bopd—en@+e). j=12...1I
s=j
Then& < (1+€)*p(1—e"). From @.4) and B.5), leti — +oo ande — 0 to obtain
v < pl-—é. (3.9)
Next, we shall prove
u>(p+1/2(1—¢. (3.10)

There are two cases to consider.

Case 1:X; is the minimum value ok(t) in [cy, Csi41]. Then there exists €
(Cy, Coi41) Such thatx(c) = % < 0,x'(c) = 0. By (1.1), x(c — 7) > 0. Then there
exists¢ € [c— 1, ¢) such thax(§) = 0. Integrating 8.3) from & to ¢, we obtain

x(c)ghawdu > (1 e”l)/ p(t)eloawdu []@+bodt
&

t<ty<c

Then by .2 and @.4), we get

%> (L+e)(l—e)(p+1/2). (3.11)
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Case 2. %; is not the minimum value ok(t) in (¢, Ci41). Then there exists
ter1 € (Ca, Caiq1) such that = x(t7,). Suppose that; < tq < -++ < b
Proving thatx(t) is bounded, we get

|
%= [[Q+bed@+e)(p+1/2(1 - €. (3.12)

s=j

By (2.2, % > (1+e)*(p+1/2)(1 — e*). Leti — +oo ande — 0. By (3.11) and
(3.12, we get 8.10. From @.1), (3.9), (3.10 and the factthatco <u <0 <wv <
+00, we getu = v = 0. Thenx(t) tends to zero as — oco. By Lemmasl and3,
Theoreml is proved.

In order to prove Theorer we need the following lemma.

LEMMA 4. Suppose tha2.2), (2.5 and(2.6) hold. Then every oscillatory solution
of (1.1) tends to zero at — oco.

PrROOF. From Lemma2, x(t) is bounded. By the proof of Lemn& we get 8.2),
(3.3 and @3.6). Choosdc,} satisfing the conditions in Lemn3awith X, — v, X — u
asi — +oo. There are two cases to consider.

Case 1:X; is the maximum value of(t) in (c;_1, Cy). Substituting 8.6) into (1.1),
we have, fott € [&, c],t # ty,

X'(t) +at)x()
§
< p(t) |:1 — exp(—A/ p(s)el-awdu l_[ 1+ bk)lds)] . (3.13)
t—7 t—7r<tk<s

where 1— et = A. Integrating 8.13 from & to c, we get

c §
X(c)el 2 < / p(t)[l—exp(—A / p(oel- e [] <1+bk>1ds)}
t—t

§ t—r<tk<s

x gloawdu [T @+bodt

t<ty<c

S/ p(t)ef8a<u>du l_[ 1+ bk)dt—/ p(t)efo‘aw)du
¢ 3

t<ty<c

t
x H(1+bk)exp<—A[T p(s)eli-awdu ]_[ (1+bytds

t<ty<c t—t<tx<s

t
—I—A/ p(s)eff,ra(u)du l_[ (1+bk)ld8) dt
§

t—r<tk<s
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< / ptyeha @ [T 1+ by dt
§

t<ty<c

_e3A/2/ p(t)efga(u)du l_[ 1+ by)
§

t<ty<c

- Af; p(s)efosa(u)du HSStk<C(1 + b, ds dt
els "awdu HFTS(M(l + by

C
S/ p(t)dola(u)du l_[ (1+ bk)dt _ef3A/2A—l(1+€)a0°*fa(u)du
&

t<ty<c

|: (Af; p(s)efosa(u)du Hs<tk<c(1 + by) dS) i|
X | exp — —1].

(1+ )l "awdu

Case 1.1 p(t)elo @], (1+h)dt < —(1/A)In(1— Ajeh 2014 e).
Then

c N(A—-A) .- e 3A2
X(C)efo a(u)du < _¥ efo a(u)du<1+€) - —
A (1= AL +e)teh awd
N = A e s 1€ app o
= ——  "@h 1 - e /2ef0 a(u)du’
A re=97%

SO

InN1—-A 32
A 1-A)°
By Kuang’s method1, (2.21)], we get

x(©) =1+e (—

% = X(C) < (14 €)(A — A?/6). (3.14)
Case 1.2:
C
t 3 C—T
t)e awdu 1+ b)dt < Zelh Tawdu 14 ¢
L p(t) M]l( ) > (1+e)

In(1- A o
R = V]
= A
Then, integrating3.13 from & to ¢, similarly to Case 1.1, we get

ra(u)dU(l 4 6).

% =x(@C) <31+e)/2+ 1+ -1)/A

By a method similar to that used by Kuang Ih {2.19)], we get8.14).
Case 1.3y p(t)elo* @], (1+b)dt > —(1/A) In(1— A)(1+e)el 2w,
Choose) € (&, ¢) such that

¢ t InA—- A -
ca(u)du o audu
/n p(t)e | | (1+b)dt= ——(1+e)ef .

t<ty<c
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Integrating 8.2) from & to n, we have
n
X()el W < A / pyel 2% TT 1+ bydt.
§ t<ty<n

Integrating 8.13 from » to ¢, we have

X(C)doca(u)du_ l_[ (1+bk)x(n)dova(u)du

n<tx<c

¢ & ° a(u)du
; p(s)eh-
< (t)gloawdu | | L+by|1—expl-A ds) | dt.
/'7 p t<ty<c - p t—t Ht,rﬁk<s(1 + bk)

Deletingx(n), we obtain
X(C)e[oca(u) du

<A / "ptyelsws [T @+ bydt+ / ptyel@® TT (1+ by dt
§ n

t<ty<c t<ty<c

& Htfrglk<s(1 + bk)

<A / "ptyelsws [T @+ bydt+ / ptyel@® TT 1+ by dt
§ n

t<ty<c

c . t . audu
—e 2 / pt)el* @ TT (L +boexp (A bl ds) dt
n

t<ty<c

t<ty<c

C
-~ 613;2; gl "awadu |:exp <—lie / pvyek2% TT @+ by dt)
¢

t<ty<c

A " t
- ¢ audu
exp (—1 — /s p(t)el | | (1+by dt)} .

t<ty<c
Then

C K t
% =x(c) < AL+ e)efcra““dU/ pyel2@e TT @+ by dt
&

t<ty<c

c
+efccra(u)du/ p(t)dg,ra(u)du l_[ (1+bk)dt
1

t<t—k<c

l+e  r Luwau A c ¢ awrdu
“emat (exp(l—ﬂfg pet % [T -+ byt

t<ty<c

~ ! N au)d 1
p— — c—1 u u
exp( ] p /s p(t)ef t<|tk<|c( + bk) dt
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<(1+4+e)BA/2—((1-A/AINA-A) —1).

By Kuang’s method in7, (2.21)], we get$.14).

Case 2: If%; is not the maximum value of(t) in (c,_1, Cy), then there exists
tyw € (Coi_1, Cy) SUch tha, = X (). Suppose thady _; < tey1 < -+ < tyy. Then
we can obtain

|
f < [[d+be@+e(A—-A/6), j=12...1.
s=j

Then by @.2), we getk < (1+ €)*(A — A?/6). By (3.13 and @.19), leti — +oo
ande — 0 to obtainv < (1 —&") — (1 — €")?/6.
Next we prove

u=>(1-e)—1-e)?e. (3.15)

There are two cases to consider.

Case 1:X is the minimum value ok(t) in (cy, Csi41). Then there exists €
(Cy, Coip1) SUCh thatx(c) = % < 0, x/(c) < 0. There exist§ € (c — t, ¢) such that
x(§) =0. Ift € [€,c],thent — ¢ < &. Integrating 8.3) fromt — 7 to &, then

§
. l_[ (1+bk)X(t - .[)dolira(u)du > B/ p(S)difa(u)du l_[ (1+bk)ds,
t—t

t—r<ty<é& t—r<tk<s

whereB = 1 — €. By (1.1), we get, fort € [&,C],t # t,

& S awdu
X'(t) + at)x(t) > p) (1 — exp(—B psje! ds)) . (3.16)

t—1 Htffgtﬁs(l + bk)

There are three subcases to consider.
Subcase l.ljsC p(t)efirawdu [Ti,-c(1+ b dt < 1+ €. Integrating 8.7) from
& toc, we have

% = Xx(c) > B/ p(t)ele awdu ]_[ 1+ by dt.
&

t<ty<c

Then
% > (1+¢)B > (1+¢)(B — BY/6). (3.17)

Subcase 1.2:

C
1+e </ p(t)eh--awad
§

3 In(1-B)
l_[ (1+b)dt < <E+T> 1+e).

t<ty<c
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Integrating 8.3) from & to ¢, we have

% = X(C) > B/ p(t)el awau ]_[ (1+ by dt
&

t<ty<c

> B<g+_|n(18— B)>(1+e) > (1+e)<5—%52>-

Hence 8.17) is proved.
Subcase 1.3:

3 ¢ : 3 In(1l-B
51+ z/s pn)el-2@a TT (1+ by dt > <E+M> (1+e).

B

t<ty<c

Choosey € (¢, ¢) such that

/ p(t)gle—awau ]_[ A+ b)dt = <§ + In(l—_B)> A+ e).
n

2 B

t<ty<c
Integrating 8.3 from & to n and integrating3.16 from n to c, we obtain
% = X(C)

B/n pnyele@de T (1+bk)dt+/ pmyel2@d TT (1 + by dt
& n

t<ty<c

v

t<ty<c

c
_e3B/2/ p(t)d;ra(u)du l_[ (1+ Dby
1

t<ty<c

B t ¢
x eXp<m /s p(s)elerawd T (1+bk)ds) dt

S<ty<cC

B/n pvye- 2w TT (1+bk)dt+/ pvye 2% TT (1 + by dt
& n

t<ty<c

1+ B ¢ !
- g (exp(m/ pyel0 [T a+ bk>dt)
§

t<ty<c

i B ! Y audu
exp(—HE/é p(t)e l_[(1+bk)dt>>

t<ty<c

v

t<ty<c

3. 1 1.,
Z(1+e)<EB—§((l—B)|n(l— B)+B)) Z(1+6)<B—EB>-

Then @.17) is proved. The lastinequality is obtained by the method used by Y in [
page 234].
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Case 2. %; is not the minimum value ok(t) in (¢, Ci41). Then there exists
ter1 € (Ca, Coiy1) such thatk = x(t,,). Suppose thaty; < tiiq < -++ < . Then
we can obtairk;, > ]'['S:j(1+ bs)(1+€)(B—B%6),j=12,...,1. By (2.2, we
have

% > (14 €)*(B — B?/6). (3.18)

From 3.17 and 3.19, leti — +o0 ande — 0 to obtain 8.15).
Letl—e"=x,1—¢€"=—y. Then .15 and @.16 become

IN(14+y) <x—x?/6, In(1—x)>—-y—Yy%/6.

By [6, Lemma 1.4] x =y = 0, sou = v = 0. Thenx(t) tends to zero as — oc.
By Lemmasl and4, we obtain Theorerg.
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