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Abstract

In this paper, we study the global attractivity of the zero solution of a particular impulsive
delay differential equation. Some sufficient conditions that guarantee every solution of the
equation converges to zero are obtained.

1. Introduction

Recently, with the rapid development of the theory and applications of impulsive dif-
ferential equations, the study of the impulsive delay differential equation has attracted
the interest of many mathematicians [1, 2, 3, 4, 5, 6, 7, 8, 9]. The purpose of this
paper is to study the global attractivity of the following impulsive delay differential
equation: {

x′.t/+ a.t/x.t/ = p.t/.1 − ex.t−−//; t ≥ 0; t 6= tk;

x.t+
k / − x.tk/ = bkx.tk/; k ∈ N;

(1.1)

where a.t/; p.t/ ∈ C.[0;+∞/; [0;+∞//, − > 0, bk > −1, p.t/ > 0, for all
k ∈ N; t ≥ 0, 0< t1 < t2 < · · · , with tk → +∞ ask → +∞.

In the special case wherep.t/ = aN0a.t/, (1.1) has been used to model the
impulsive growth of red blood cells.

As usual, we say thatx.t/ defined in[−−;+∞/ is a solution of (1.1), if x.t/ is
absolutely continuous at pointst 6= tk and att = tk, x.t+

k /exists,x.t/ is left-continuous
for t ≥ −−; and satisfies (1.1) for t ≥ 0.

1Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081, P. R. China.
2Department of Mathematics, Yueyang Teacher’s University, Yueyang, Hunan 414000, P. R. China.
3Department of Mathematics,Ocean University of China, Qingdao 266071, P. R. China; e-mail:
bgzhang@public.qd.sd.cn.
c© Australian Mathematical Society 2003, Serial-fee code 1446-8735/03

271

http://www.austms.org.au/Publ/ANZIAM/V45P2/1932.html
mailto:bgzhang@public.qd.sd.cn


272 Yuji Liu and Binggen Zhang [2]

2. Main results

The main results are as follows.

THEOREM 1. Suppose that:

.i/ there is a positive numberp such that

p.p + 1=2/ < 1; (2.1)

.ii/ for anyž > 0, there exists an integerN such that

n+m∏
k=n

.1 + bk/ < 1+ ž; n > N;m ≥ 0; (2.2)

.iii / ∫ +∞

0

p.s/e
∫ s

0 a.u/ du
∏

0≤tk<s

.1 + bk/
−1 ds = +∞; (2.3)

.iv/ for sufficiently larget, we have∫ t

t−−
p.s/e

∫ s
t a.u/ du

∏
t−−≤tk<s

.1 + bk/
−1 ds ≤ p + 1

2
e− ∫ t

t−− a.u/ du (2.4)

and

a.t/ ≥ a.t − −/; t ≥ −: (2.5)

Then every solution of(1.1) tends to zero ast → ∞.

THEOREM 2. Suppose that(2.2), (2.3) and (2.5) hold and for sufficiently larget,
we have ∫ t

t−−
p.s/e

∫ s
t−− a.u/ du

∏
t−−≤tk<s

.1 + bk/
−1 ds ≤ 3=2: (2.6)

Then every solution of(1.1) tends to zero ast → ∞.

REMARK 1. Condition (2.2) is not critical; it allows the convergence of

+∞∏
k=1

.1 + bk/

and the possibility that−1 < bk ≤ 0 as special cases. Condition (2.5) allows constant
functions, nondecreasing functions and− -periodic functions as special cases.
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REMARK 2. If the impulsives disappeared anda.t/ ≡ 0, Theorem2 is the main
result of [4]. If a.t/ ≡ ½, then the conditions of Theorem2 are∫ +∞

0

p.t/e½t dt = +∞ and
∫ t

t−−
p.s/e.s−t+−/½ ds ≤ 3

2
;

which improve the conditions in [5].

3. Proofs of the theorems

LEMMA 1. Suppose that(2.2) and (2.3) hold. Then every nonoscillatory solution
of (1.1) tends to zero ast → ∞.

PROOF. Without loss of generality, suppose thatx.t/ is eventually positive. Then
there existsT1 ≥ 0 such thatx.t − −/ > 0 for t ≥ T1, t 6= tk. Moreover,x.t/ is
decreasing in.tk; tk+1] with tk ≥ T1. Let lim inf t→+∞ x.t/ = Þ, thenÞ ≥ 0. We
shall prove thatÞ = 0. Sincex.tk/ is the left minimum value ofx.t/, there exists a
subsequence{x.tkj

/} such that limj →+∞ x.tkj
/ = Þ. If Þ > 0, choosingž > 0 such

thatÞ − ž > 0, again there existsT > T1 such thatx.t − −/ > Þ − ž, for t ≥ T .
Then by (1.1) , we have

∏
T≤tk<tk j

.1 + bk/
−1x.tkj

/− x.T/ ≤ .1 − eÞ−ž/
∫ tk j

T

p.s/e
∫ s

T a.u/du
∏

T≤tk<s

.1 + bk/
−1ds;

which contradicts (2.2) and (2.3), soÞ = 0. Now for anyt ≥ T , there existstkj
such

thattkj
≤ t < tkj+1 andtkj

< tkj +1 < · · · < tkj +l ≤ t . Then

0< x.t/< x.t+kj +l / = .1+bkj +l /x.tkj +l /≤ .1+bkj +l /x.t
+
kj +l−1/

= .1+bkj +l /.1+bkj +l−1/x.tkj +l−1/≤· · · ≤
l∏

s=0

.1+bkj +s/x.tkj
/:

From (2.3), there exists a constantA > 0, such that
∏l

s=0.1+bkj +s/ ≤ A for anyl and
anykj . Hence 0< x.t/ ≤ Ax.tkj

/. Let t → +∞. Then we obtain limt→+∞ x.t/ = 0.

LEMMA 2. Suppose that(2.2), (2.4) or (2.6), and(2.5) hold. Then every oscillatory
solution of (1.1) is bounded.

PROOF. From (2.4) and (2.5), or (2.5) and (2.6), we obtain∫ t

t−−
p.s/e

∫ s
t a.u/ du

∏
s≤tk<t

.1 + bk/ds ≤ M;
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whereM is a positive constant. First, we shall prove thatx.t/ is bounded above. By
(1.1),

x′.t/+ a.t/x.t/ ≤ p.t/; t ≥ 0; t 6= tk: (3.1)

Choose any sequence{cn} such thatx.cn/ = 0 and 0< c1 < c2 < · · · , with
lim→+∞ cn = +∞; x.t/ ≥ 0 for t ∈ [c2i −1; c2i ] andx.t/ ≤ 0 for t ∈ [c2i ; c2i +1]. Let

x̂i = sup
t∈[c2i−1;c2i ]

x.t/ and x̃i = inf
t∈[c2i ;c2i+1]

x.t/:

We shall prove that{x̂i } and{x̃i } are bounded. First, we prove that{x̂i } is bounded
above; there are two cases to consider.

Case 1: x̂i is the maximum value ofx.t/ in [c2i −1; c2i ]. Then there existsc ∈
.c2i −1; c2i / such that̂xi = x.c/ > 0; x′.c/ ≥ 0. By (1.1), x.c − −/ ≤ 0, so there exists
¾ ∈ .c − −; c/ such thatx.¾/ = 0. Integrating (3.1) from ¾ to c, we obtain

x̂i = x.c/ ≤
∫ c

¾

p.t/e
∫ t

c a.u/ du
∏

t≤tk<c

.1 + bk/dt ≤ M:

Case 2: x̂i is not the maximum value ofx.t/ in [c2i −1; c2i ]. Then there exists
tk+l ∈ .c2i −1; c2i / such thatx̂i = x.t+

k+l /. We assume thatc2i −1 < tk+1 < · · · < tk+l .
There are two possible cases to consider.

Subcase 2.1:x.tk+l / is the left locally maximum value. By Case 1, we have
x.tk+l / ≤ M , so x̂i = x.t+

k+l / = .1 + bk+l /x.tk+l / ≤ .1 + bk+l /M .
Subcase 2.2:x.tk+l / is not the left locally maximum value. There are two possible

subcases to consider.
Subcase 2.2.1: Ifx.t+

k+l / < x.tk+l /, thenx.t/ has maximum value noted byx.c/
in .tk+l−1; tk+l /. By Case 1,x.c/ ≤ M , so x̂i = x.t+

k+l / = .1 + bk+l /x.tk+l / ≤
.1 + bk+l /x.c/ ≤ .1 + bk+l /M .

Subcase 2.2.2: Ifx.t+
k+l−1/ ≥ x.tk+l /, we have two possible cases to consider.

Subcase 2.2.2.1: Ifx.tk+l−1/ is the left locally maximum value, then, by Case 1,
x.tk+l−1/ ≤ M . Thusx̂i = x.t+

k+l / = .1 + bk+l /x.tk+l / ≤ .1 + bk+l /.1 + bk+l−1/M .
Subcase 2.2.2.2:x.tk+l−1/ is not the left maximum ofx.t/. Repeating this process,

at the end, ifx.tk+1/ is the left locally maximum value ofx.t/, thenx.tk+1/ ≤ M .
Therefore

x̂i ≤ · · · ≤
l∏

s=1

.1 + bk+s/x.tk+1/ ≤
l∏

s=1

.1 + bk+s/M:

Otherwise, sincex.c2i −1/ = 0, x.t/ has maximum value noted byx.c/ in .c2i −1; tk+1/.
By Case 1,x.c/ ≤ M , so

x̂i ≤
l∏

s=1

.1 + bk+s/x.tk+1/ ≤
l∏

s=1

.1 + bk+s/x.c/ ≤
l∏

s=1

.1 + bk+s/M:
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Thenx̂i ≤ AM, whereA is defined in Lemma1.
From Cases 1 and 2, we havex̂i ≤ max{M; AM} = B. Next we shall prove that

{x̃i } is bounded below. By (1.1), we obtain

x′.t/+ a.t/x.t/ ≥ .1 − eB/p.t/; t ≥ 0; t 6= tk:

Using a similar method to the above, we obtain

x̃i ≥ .1 − eB/M or x̃i ≥ .1 − eB/AM:

This shows that{x̃i } is bounded below, and completes the proof of the lemma.

LEMMA 3. Suppose that(2.1), (2.2), (2.4) and (2.5) hold. Then every oscillatory
solution of (1.1) tends to zero ast → +∞.

PROOF. Supposex.t/ is any oscillatory solution of (1.1). By Lemma2, x.t/ is
bounded, so let lim supt→+∞ x.t/ = v, lim inf t→+∞ x.t/ = u, Then−∞ < u ≤ 0 ≤
v < +∞, and by (2.2), for anyž > 0, there existsN such that

n+m∏
k=n

.1 + bk/ < 1 + ž; n ≥ N; m ≥ 0:

Again for thisž > 0, there existsT ≥ tN such that

u1 = u − ž < x.t − −/ < v + ž = v1; t ≥ T:

Then (1.1) gives

x′.t/+ a.t/x.t/ ≤ .1 − eu1/p.t/; t ≥ T; t 6= tk; (3.2)

x′.t/+ a.t/x.t/ ≥ .1 − ev1/p.t/; t ≥ T; t 6= tk: (3.3)

Choose a sequence{cn} such thatx.cn/ = 0, T < c1 < · · · < cn → +∞, n → +∞,
x.t/ ≥ 0, for t ∈ .c2i −1; c2i / andx.t/ ≤ 0 for t ∈ .c2i ; c2i +1/. Let

x̂i = sup
t∈.c2i−1;c2i /

x.t/ and x̃i = inf
t∈.c2i ;c2i+1/

x.t/:

Without loss of generality, we assume that lim supi →∞ x̂i = v and lim infi →∞ x̃i = u.
First, we prove that

x̂i ≤ p.1 − eu1/.1 + ž/ (3.4)

or

x̂i ≤ p.1 − eu1/.1 + ž/2: (3.5)
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There are two possible cases to consider.
Case 1: x̂i is the maximum value ofx.t/ in .c2i −1; c2i /. Then there existsc ∈

.c2i −1; c2i / such that̂xi = x.c/ > 0, x′.c/ ≥ 0. By (1.1), x.c− −/ ≤ 0, so there exists
¾ ∈ .c − −; c/ such thatx.¾/ = 0, if t ∈ [¾; c] thent − − ≤ ¾ . Integrating (3.2) from
t − − to ¾ , we have

−
∏

t−−≤tk<¾

.1+bk/x.t −−/e
∫ t−−

0 a.u/ du ≤ .1−eu1/

∫ ¾

t−−
p.s/e

∫ s
0 a.u/ du

∏
s≤tk<¾

.1+bk/ds: (3.6)

Since 1− ex ≤ −x and by (1.1), we have

x′.t/+ a.t/x.t/ ≤ −p.t/x.t − −/; t ≥ 0; t 6= tk: (3.7)

Then

x′.t/ + a.t/x.t/ ≤ .1 − eu1/p.t/
∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

∏
t−−≤tk<s

.1 + bk/
−1 ds: (3.8)

Integrating (3.8) from ¾ to c, we get

x.c/e
∫ c

0 a.u/ du ≤ .1 − eu1/

∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

×
∏

t−−≤tk<s

.1 + bk/
−1 ds dt

≤ .1 − eu1/

[∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

(
p + 1

2
e− ∫ t

t−− a.u/ du

)

× e
∫ t

t−− a.u/ du dt −
∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

∫ t

¾

p.s/e
∫ s

0 a.u/ du

×
∏

s≤tk<c

.1 + bk/dse−
∫ t−−

0 a.u/ du
∏

t−−≤tk<c

.1 + bk/
−1 dt

]
:

Using (2.2), (2.4) and (2.5), we obtain

x.c/e
∫ c

0 a.u/du ≤ .1 − eu1/

∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

(
1

2
+ pe

∫ c
c−− a.u/du

)

− 1− eu1

1 + ž
e− ∫ c−−

0 a.u/ du

∫ c

¾

p.t/e
∫ t

0 a.u/ du

×
∏

t≤tk<c

.1 + bk/

∫ t

¾

p.s/e
∫ s

0 a.u/ du
∏

s≤tk<c

.1 + bk/ds dt
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= .1 − eu1/

∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

(
1

2
+ pe

∫ c
c−− a.u/ du

)

− 1− eu1

1 + ž
e− ∫ c−−

0 a.u/ du 1

2

(∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

)2

:

In the following, we consider two possible subcases.
Subcase 1.1:

∫ c

¾
p.t/e

∫ t
0 a.u/ du

∏
t≤tk<c.1 + bk/dt ≤ .1 + ž/e

∫ c−−
0 a.u/ du. Since the

function (
1=2 + pe

∫ c
c−− a.u/ du

)
x − .1 + ž/−1e− ∫ c−−

0 a.u/ dux2=2

is increasing, we obtainx.c/e
∫ c

0 a.u/ du ≤ p.1 − eu1/e
∫ c

0 a.u/ du.1 + ž/. Then (3.4) holds.
Subcase 1.2:

∫ c

¾
p.t/e

∫ t
0 a.u/ du

∏
t≤tk<c.1 + bk/dt > .1 + ž/e

∫ c−−
0 a.u/du. We choose

� ∈ .¾; c/ such that∫ c

�

p.t/e
∫ t

0 a.u/du
∏

t≤tk<c

.1 + bk/dt = .1 + ž/e
∫ c−−

0 a.u/du:

Integrating (3.2) from ¾ to �, we have

x.�/e
∫ �

0 a.u/du ≤ .1 − eu1/

∫ �

¾

p.t/e
∫ t

0 a.u/du
∏

t≤tk<�

.1 + bk/dt:

Integrating (3.8) from � to c,

x.c/e
∫ c

0 a.u/ du −
∏
�≤tk<c

.1 + bk/x.�/e
∫ �

0 a.u/ du

≤ .1 − eu1/

∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

×
∏

t−−≤tk<c

.1 + bk/
−1 ds dt:

Then we get

x.c/e
∫ c

0 a.u/ du ≤ .1 − eu1/

[∫ �

¾

p.t/e
∫ t

0 a.u/ du
∏

t−−≤tk<c

.1 + bk/dt

+
∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

×
∏

t−−≤tk<s

.1 + bk/
−1 ds dt

]
:
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Similarly to the argument we used in Subcase 1.1, we get

x.c/e
∫ c

0 a.u/ du ≤ .1 − eu1/

∫ �

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

− 1 − eu1

2.1 + ž/e
∫ c−−

0 a.u/ du


(∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

)2

−
(∫ �

¾

p.t/e
∫ t

0 a.u/ du
∏

t−−≤tk<c

.1 + bk/dt

)2



+ .1 − eu1/

(
1

2
+ pe

∫ c
c−− a.u/ du

)∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

= p.1 − eu1/.1 + ž/e
∫ c

0 a.u/ du:

Hence (3.4) is proved.
Case 2: x̂i is not the maximum value ofx.t/ in .c2i −1; c2i /. Then there exists

tk+l ∈ .c2i −1; c2i / such thatx̂i = x.t+
k+l /. Suppose thatc2i −1 < tk+1 < · · · < tk+l .

Proving thatx.t/ is bounded, we obtain

x̂i ≤
l∏

s= j

.1 + bk/p.1 − eu1/.1 + ž/; j = 1;2; : : : ; l :

Thenx̂i ≤ .1+ž/2 p.1−eu1/. From (3.4) and (3.5), let i → +∞ andž → 0 to obtain

v ≤ p.1 − eu/: (3.9)

Next, we shall prove

u ≥ .p + 1=2/.1 − ev/: (3.10)

There are two cases to consider.
Case 1: x̃i is the minimum value ofx.t/ in [c2i ; c2i +1]. Then there existsc ∈

.c2i ; c2i +1/ such thatx.c/ = x̃i ≤ 0, x′.c/ = 0. By (1.1), x.c − −/ ≥ 0. Then there
exists¾ ∈ [c − −; c/ such thatx.¾/ = 0. Integrating (3.3) from ¾ to c, we obtain

x.c/e
∫ c

0 a.u/ du ≥ .1 − ev1/

∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt:

Then by (2.2) and (2.4), we get

x̃i ≥ .1 + ž/.1 − ev1/.p + 1=2/: (3.11)
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Case 2: x̃i is not the minimum value ofx.t/ in .c2i ; c2i +1/. Then there exists
tk+l ∈ .c2i ; c2i +1/ such thatx̃i = x.t+

k+l /. Suppose thatc2i < tk+1 < · · · < tk+l .
Proving thatx.t/ is bounded, we get

x̃i ≥
l∏

s= j

.1 + bk+s/.1 + ž/.p + 1=2/.1 − ev1/: (3.12)

By (2.2), x̃i ≥ .1 + ž/2.p + 1=2/.1 − ev1/. Let i → +∞ andž → 0. By (3.11) and
(3.12), we get (3.10). From (2.1), (3.9), (3.10) and the fact that−∞ < u ≤ 0 ≤ v <

+∞, we getu = v = 0. Thenx.t/ tends to zero ast → ∞. By Lemmas1 and3,
Theorem1 is proved.

In order to prove Theorem2, we need the following lemma.

LEMMA 4. Suppose that(2.2), (2.5) and(2.6) hold. Then every oscillatory solution
of (1.1) tends to zero ast → ∞.

PROOF. From Lemma2, x.t/ is bounded. By the proof of Lemma3, we get (3.2),
(3.3) and (3.6). Choose{cn} satisfing the conditions in Lemma3, with x̂i → v, x̃i → u
asi → +∞. There are two cases to consider.

Case 1:x̂i is the maximum value ofx.t/ in .c2i −1; c2i /. Substituting (3.6) into (1.1),
we have, fort ∈ [¾; c], t 6= tk,

x′.t/ + a.t/x.t/

≤ p.t/

[
1 − exp

(
−A

∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

∏
t−−≤tk<s

.1 + bk/
−1 ds

)]
; (3.13)

where 1− eu1 = A. Integrating (3.13) from ¾ to c, we get

x.c/e
∫ c

0 a.u/du ≤
∫ c

¾

p.t/

[
1 − exp

(
−A

∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

∏
t−−≤tk<s

.1 + bk/
−1 ds

)]

× e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

≤
∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt −
∫ c

¾

p.t/e
∫ t

0 a.u/ du

×
∏

t≤tk<c

.1 + bk/exp

(
−A

∫ t

t−−
p.s/e

∫ s
t−− a.u/ du

∏
t−−≤tk<s

.1 + bk/
−1 ds

+A
∫ t

¾

p.s/e
∫ s

t−− a.u/ du
∏

t−−≤tk<s

.1 + bk/
−1 ds

)
dt
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≤
∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

− e−3A=2

∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

× exp

(
A
∫ t

¾
p.s/e

∫ s
0 a.u/ du

∏
s≤tk<c.1 + bk/ds

e
∫ c−−

0 a.u/ du
∏

t−−≤tk<c.1 + bk/

)
dt

≤
∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt − e−3A=2A−1.1 + ž/e
∫ c−−

0 a.u/ du

×
[

exp

(
A
∫ c

¾
p.s/e

∫ s
0 a.u/ du

∏
s≤tk<c.1 + bk/ds

.1 + ž/e
∫ c−−

0 a.u/ du

)
− 1

]
:

Case 1.1:
∫ c

¾
p.t/e

∫ t
0 a.u/du

∏
t≤tk<c.1+bk/dt ≤ −.1=A/ ln.1− A/e

∫ c−−
0 a.u/ du.1+ž/.

Then

x.c/e
∫ c

0 a.u/ du ≤ − ln .1 − A/

A
e
∫ c−−

0 a.u/ du.1 + ž/ − e−3A=2

.1 − A/.1 + ž/−1e− ∫ c−−
0 a.u/ du

= − ln .1 − A/

A
e
∫ c−−

0 a.u/ du.1 + ž/− 1 + ž

1− A
e−3A=2e

∫ c−−
0 a.u/ du;

so

x.c/ ≤ .1 + ž/

(
− ln .1 − A/

A
− e−3A=2

1− A

)
:

By Kuang’s method [1, (2.21)], we get

x̂i = x.c/ ≤ .1 + ž/.A − A2=6/: (3.14)

Case 1.2:∫ c

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt ≤ 3

2
e
∫ c−−

0 a.u/ du.1 + ž/

< − ln .1 − A/

A
e
∫ c−−

0 a.u/ du.1 + ž/:

Then, integrating (3.13) from ¾ to c, similarly to Case 1.1, we get

x̂i = x.c/ ≤ 3.1 + ž/=2 + .1 + ž/.e3A=2 − 1/=A:

By a method similar to that used by Kuang in [1, (2.19)], we get (3.14).
Case 1.3:

∫ c

¾
p.t/e

∫ t
0 a.u/du

∏
t≤tk<c.1+bk/dt > −.1=A/ ln.1− A/.1+ž/e∫ c−−

0 a.u/ du.
Choose� ∈ .¾; c/ such that∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt = − ln.1 − A/

A
.1 + ž/e

∫ c−−
0 a.u/ du:
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Integrating (3.2) from ¾ to �, we have

x.�/e
∫ �

0 a.u/du ≤ A
∫ �

¾

p.t/e
∫ �

0 a.u/du
∏

t≤tk<�

.1 + bk/dt:

Integrating (3.13) from � to c, we have

x.c/e
∫ c

0 a.u/ du −
∏
�≤tk<c

.1 + bk/x.�/e
∫ �

0 a.u/ du

≤
∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/

[
1 − exp

(
−A

∫ ¾

t−−

p.s/e
∫ s

t−− a.u/ du∏
t−−≤tk<s.1 + bk/

ds

)]
dt:

Deletingx.�/, we obtain

x.c/e
∫ c

0 a.u/ du

≤ A
∫ �

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt +
∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

− e−3A=2

∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/exp

(
A
∫ t

¾

p.s/e
∫ s

t−− a.u/ du∏
t−−≤tk<s.1 + bk/

ds

)
dt

≤ A
∫ �

¾

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt +
∫ c

�

p.t/e
∫ t

0 a.u/ du
∏

t≤tk<c

.1 + bk/dt

− 1 + ž

e3A=2 A
e
∫ c−−

0 a.u/ du

[
exp

(
A

1 + ž

∫ c

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

)

−exp

(
A

1 + ž

∫ �

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

)]
:

Then

x̂i = x.c/ ≤ A.1 + ž/e− ∫ c
c−− a.u/ du

∫ �

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

+ e− ∫ c
c−− a.u/ du

∫ c

�

p.t/e
∫ t

c−− a.u/ du
∏

t≤t−k<c

.1 + bk/dt

− 1 + ž

e3A=2 A
e− ∫ c

c−− a.u/ du

(
exp

(
A

1 + ž

∫ c

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

)

− exp

(
A

1 + ž

∫ �

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

))
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≤ .1 + ž/.3A=2 − ..1 − A/=A/ ln.1 − A/ − 1/:

By Kuang’s method in [1, (2.21)], we get (3.14).
Case 2: Ifx̂i is not the maximum value ofx.t/ in .c2i −1; c2i /, then there exists

tk+l ∈ .c2i −1; c2i / such that̂xi = x.tk+l /. Suppose thatc2i −1 < tk+1 < · · · < tk+l . Then
we can obtain

x̂i ≤
l∏

s= j

.1 + bk+s/.1 + ž/.A − A2=6/; j = 1;2; : : : ; l :

Then by (2.2), we getx̂i ≤ .1 + ž/2.A − A2=6/. By (3.13) and (3.14), let i → +∞
andž → 0 to obtainv ≤ .1 − eu/− .1 − eu/2=6.

Next we prove

u ≥ .1 − ev/− .1 − ev/2=6: (3.15)

There are two cases to consider.
Case 1: x̃i is the minimum value ofx.t/ in .c2i ; c2i +1/. Then there existsc ∈

.c2i ; c2i +1/ such thatx.c/ = x̃i < 0; x′.c/ ≤ 0. There exists¾ ∈ .c − −; c/ such that
x.¾/ = 0. If t ∈ [¾; c], thent − − ≤ ¾ . Integrating (3.3) from t − − to ¾ , then

−
∏

t−−≤tk<¾

.1 + bk/x.t − −/e
∫ t−−

0 a.u/ du ≥ B
∫ ¾

t−−
p.s/e

∫ s
t−− a.u/ du

∏
t−−≤tk<s

.1 + bk/ds;

whereB = 1− ev1. By (1.1), we get, fort ∈ [¾; c], t 6= tk,

x′.t/+ a.t/x.t/ ≥ p.t/

(
1 − exp

(
−B

∫ ¾

t−−

p.s/e
∫ s

t−− a.u/ du∏
t−−≤tk<s.1 + bk/

ds

))
: (3.16)

There are three subcases to consider.
Subcase 1.1:

∫ c

¾
p.t/e

∫ t
t−− a.u/ du

∏
t≤tk<c.1 + bk/dt ≤ 1 + ž. Integrating (3.7) from

¾ to c, we have

x̃i = x.c/ ≥ B
∫ c

¾

p.t/e
∫ t

c a.u/du
∏

t≤tk<c

.1 + bk/dt:

Then

x̃i ≥ .1 + ž/B ≥ .1 + ž/.B − B2=6/: (3.17)

Subcase 1.2:

1+ ž <

∫ c

¾

p.t/e
∫ t

t−− a.u/ du
∏

t≤tk<c

.1 + bk/dt ≤
(

3

2
+ ln .1 − B/

B

)
.1 + ž/:
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Integrating (3.3) from ¾ to c, we have

x̃i = x.c/ ≥ B
∫ c

¾

p.t/e
∫ t

c a.u/ du
∏

t≤tk<c

.1 + bk/dt

≥ B

(
3

2
+ ln .1 − B/

B

)
.1 + ž/ ≥ .1 + ž/

(
B − 1

6
B2

)
:

Hence (3.17) is proved.
Subcase 1.3:

3

2
.1 + ž/ ≥

∫ c

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt >

(
3

2
+ ln .1 − B/

B

)
.1 + ž/:

Choose� ∈ .¾; c/ such that∫ c

�

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt =
(

3

2
+ ln .1 − B/

B

)
.1 + ž/:

Integrating (3.3) from ¾ to � and integrating (3.16) from � to c, we obtain

x̃i = x.c/

≥ B
∫ �

¾

p.t/e
∫ t

c a.u/ du
∏

t≤tk<c

.1 + bk/dt +
∫ c

�

p.t/e
∫ t

c a.u/ du
∏

t≤tk<c

.1 + bk/dt

− e−3B=2

∫ c

�

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/

× exp

(
B

1 + ž

∫ t

¾

p.s/e
∫ t

c−− a.u/ du
∏

s≤tk<c

.1 + bk/ds

)
dt

≥ B
∫ �

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt +
∫ c

�

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

− 1 + ž

Be3B=2

(
exp

(
B

1 + ž

∫ c

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

)

− exp

(
B

1 + ž

∫ �

¾

p.t/e
∫ t

c−− a.u/ du
∏

t≤tk<c

.1 + bk/dt

))

≥ .1 + ž/

(
3

2
B − 1

B
..1 − B/ ln.1 − B/+ B/

)
≥ .1 + ž/

(
B − 1

6
B2

)
:

Then (3.17) is proved. The last inequality is obtained by the method used by Yu in [6,
page 234].
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Case 2: x̃i is not the minimum value ofx.t/ in .c2i ; c2i +1/. Then there exists
tk+l ∈ .c2i ; c2i +1/ such that̃xi = x.t+

k+l /. Suppose thatc2i < tk+1 < · · · < tk+l . Then
we can obtaiñxi ≥ ∏l

s= j .1 + bk+s/.1 + ž/.B − B2=6/, j = 1;2; : : : ; l . By (2.2), we
have

x̃i ≥ .1 + ž/2.B − B2=6/: (3.18)

From (3.17) and (3.18), let i → +∞ andž → 0 to obtain (3.15).
Let 1− eu = x, 1− ev = −y. Then (3.15) and (3.16) become

ln .1 + y/ ≤ x − x2=6; ln .1 − x/ ≥ −y − y2=6:

By [6, Lemma 1.4] ,x = y = 0, sou = v = 0. Thenx.t/ tends to zero ast → ∞.
By Lemmas1 and4, we obtain Theorem2.
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