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INEQUALITIES FOR THE BETA FUNCTION
OF n VARIABLES
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Abstract

We present various inequalities for Euler’s beta functiomadriables. One of our theorems
states that the inequalities

anEW—B(Xl,...,Xn)fbn (*)
i=1"

hold forallx;, > 1 (i = 1,...,n; n > 3) with the best possible constars = 0 and
b, = 1—-1/(n— 1)!. This extends a recently published result of Dragoetial., who
investigated) for the special case = 2.

1. Introduction

The classical beta function, which is also known as Euler’s integral of the first kind,
is defined for positive real numbexsandy by

1
B(X,y) = / 11 —t)Ytdt. (1.1)
0

The beta function plays a central role in the theory of special functions and also has
applications in other fields, such as mathematical physics and probability theory; see
[4, 5, 8]. An extension of {.1) to n variables is given by

n—1 n—1 % —1
B(Xy, ..., Xy) :/ (l_[ti"il> (1— Zti> dty---dt, ,
An-1 \j=1 i=1

(X >0;i=1,...,n;n>2), where
Anci={Ct ... .t eR™t; = 0,... .ty =0ty + -+ + 1ty < 1}
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denotes the standard simplex Rf~1. There exists a close connection between
B(Xy, ..., X,) and the gamma function,

' (x) =/ e 't ldt (x> 0),
0

as the elegant identity

B, .. xy = LOw L0
I O )

reveals. A collection of the most important properties of the beta function of two and
more variables is given, for instance, ify B].

Various inequalities foB(x, y) andB,(X, y) = fop t*-1(1 —t)¥-1dt appear in the
literature (seel2, 13, 15, 16, 19]), whereas inequalities for the beta function of three
or more variables are difficult to find. The following interesting inequalityBox, y)
was published in 2000 by Dragonat al. [9]:

0<1/(xy)—B(x,y) <1/4 (x,y=1). (1.2)

The lower bound 0 is sharp, but the upper bourid tan be improved. In3 it

is shown that the second inequality df.2) is valid with the best possible constant
0.0873L... Itis natural to look for an extension of.@) to more than two variables.
In this paper we determine the best possible constgraadb, such that the double-
inequality ¢) holds forallx, > 1( = 1,...,n;n > 3). Furthermore, we establish
several new inequalities f&(xy, ... , X,), which are valid for alh > 2. In Sectior3
we provide sharp constantg(c) andg,(c) in

on(C) —— 5 = B(Xq, ..., Xn) = Bn(C) — o
=1/2+37 1 X =1/2+37 %
(i) (2a%)
wherex; > ¢ > 0(i = 1,...,n). Moreover, we determine the best possible upper and
lower bounds for the rati@®(uxy, uXs, ... , uXn)/BWXy, vXs, ... , VX,), depending

only onu, v andn, and we establish that the inequalities

B((Xe 4+ %2)/2, ..., (%0 + ¥n)/2) < v/B(X1, ... . X)) B(Y1, ..., Yn)
and

1
BOXt 4 Y1, -+ 2 Xn + Vo) < E(B(xl,... %) + B(Y1, -+ 5 Yn))

are valid forallx;, > 0 (i = 1,...,n). In order to prove our results we need some
lemmas, which we present in the next section.
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2. Lemmas

First, we collect a few basic properties of the gamma function and its logarithmic
derivativeyr = I''/ T, which is known as the psi or digamma function.

LEMMA 2.1. Leta > 0, b > O andx > 0 be real numbers and lat > 1 be an
integer. Then we have

I'(@ax +b) ~ vV2re @12 (x — o0), (2.1)
1 1
logI'(x) ~(x—1/2)Iogx—x+5log(2n)+E—--- X —> 00), (2.2)
1 X
r(2x) = ﬁ‘l T (X + 1/2), (2.3)
 paTxta
Jim x F(x+b) L (2:4)
Y(X+1) =X+ 1/X, (2.5)
~ | = ! 1 X 2.6
Y (X) 09X = T2 T oo (X — 00), (2.6)
(n) _ (__1\h+1 > —xt t" _ (_1\+1 = 1

YO (x) = (1) /0 e dt= (-1 mg(xﬂ)m, (2.7)

11 / 1 1 1
;+ﬁ<l//(X)<;+ﬁ+&. (28)

The formulas?2.1)—(2.7) can be found in]], while (2.8) and corresponding rational
bounds fory:™ with n > 2 are given in 2, 10]. The following two lemmas present
inequalities for the psi function.

LEMMA 2.2. Lett > 3 be a real number and let = 1 — 1/ T'(t). Then we have
for all real numbersx > 1:

0 <ax' ' 4 (ax' — Dy (tx). (2.9)

PrROOF. We denote the expression on the right-hand side@) py f (x). Differ-
entiation gives

xf'(x) = g(x) + a(t — DXt 4+ atx" 1y (tx), (2.10)
whereg(x) = atx'vy (tx) — txy/'(tx). Sincey is positive on(1.461... ,00),x > 1
anda > 1/2 imply g(X)/(tx) > ¥ (tx)/2 — ¢/(tx). Sincey and—v’ are strictly
increasing o0, co), we obtain

1
% > S¥(3) — ¥/(3) = 0.066.... (2.11)
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From .10 and €.11) we conclude thaf’(x) > 0 forx > 1. Hence we have

h(t
fx)>f()=a+@-Dyt) = % (2.12)

whereh(t) = I'(t) — ¢ (t) — 1. Differentiation yieldsh'(t) = I''(t) — ¢/(t) and
h”(t) = I'"(t) — ¥"(t). Sincel and —y" are positive on(0, co), we obtain for
t > 3:h'(t) > h(3) = 1.450... andh(t) > h(3) = 0.077..., so that2.12 implies
that f is positive on[1, co).

LEMMA 2.3. Letn > 3 be an integer and leh = 1 — 1/ T'(n). Then we have for
all real numbersx, > 1(G =1,...,n):

1 n

O<vy (ZEx) |:ailjxi - 1} +a<ln<1izz?]<xi> Exi.

PrOOF. We may assume that > --- > x, > 1. Let

fXe, ..., X)) =¥ (ixi> |:al£[xi - 1} +aﬁxi
i=1 i=1 i=2

and fa(x) = f(X,... ,X, Xq4+1, ..., Xn), Wherex > 0 andq € {1,... ,n—1}. We
prove thatf, is increasing ofixq; 1, 00). Letx > Xy andy = qx + Zi":qﬂ X > n.
Differentiation gives

1 n n n
gl =V [axq []x —1} +yyaxt [ x+ad—1/ax*2 ] x.

i=gq+1 i=g+1 i=q+1

Sincex[]".., % >1,a> 0,¥(y) > 0,andy/(y) > 0, we obtain

i=q+1
éf(;(X) > @-Dy'(y) +ay(y) =9g(y), say
The functionga — 1)y’ anday are strictly increasing of0, oo), so that we get
Fmg(y) = F'(mg(n) = ¢y ()[I'(n) — 1] — ¢/(n) = h(n), say
Sinceh’'(n) = ¥'(n)['(n) — 1] + ¥ (N)I(n) — ¥"(n) > 0 forn > 3, we obtain
h(n) > h(3) =0.527... .
This implies thatf;(x) > 0 for x > xq,1. Thus we get

f(Xe, oo %) = Faxe) > fa(xe) = fa(Xe) = falXs) = -+ = fria(Xn)
= ax)™' + (ax) — Dy (nxy).
Applying Lemma2.2we conclude thaf (x4, ... , X,) > 0.
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Further, we need the following monotonicity theorem.
LEMMA 2.4. Leta > 1 be areal number. The function
Pa(X) = a(X — 1/2)logx — (ax — 1/2) log (ax) — alogI'(x) + logT'(ax) (2.13)
is strictly increasing o0, co) with lim,_ ., ¢a(X) = —%(a — 1 log(2r).
PrROOF. Letx > 0. Differentiation gives
X, (X) = _a%l — axloga — axy (X) + axyr(ax) = pa(x), say. (2.14)
Further, we get
a}lp/a(x) = —loga — ¥ (X) + ¥ (ax) — Xy’ (X) + axy’(ax) (2.15)

and
X
3 P, (X) = q(@x) — q(x), (2.16)

whereq(x) = 2xy/(X) + X2y (x). Next, we prove thag is strictly increasing on
(0, 00). We obtain

_1 (x) = _2 V) + =y () + ¢ (X)
2 X2 X )
Using the integral formula2(7) and

11
X" (n—1)!

o0
/ e Xt"ldt (x>0n=12...),
0
and the convolution theorem for Laplace transforms, we get

%q/(X) = /0 Ooe*“A(t)dt, (2.17)

where

t s t SZ t3
A(t) =2t/ ds—6/ ds+ )
o 1—es o 1—es l—et

Lett > 0. Then we obtain

/ ‘ S t ? —t
A(t)_Z/O o ds- (1—et> [1+e'(t—1)]
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and

L—eh , k-2,
N O =2+t 4 (- 2)€ _;Tt > 0.
SinceA(0) = A'(0) = 0, we getA(t) > Ofort > 0. From @.17) we conclude thaq
is strictly increasing ori0, co), so that .16 implies p,(x) > 0 forx > 0. Using the
asymptotic expansior2(6) and the limit relation lim_, ., xy¥'(X) = 1, we conclude
from (2.14) and Q.19 that lim,_, o, pa(X) = limy_.., p,(X) = 0. Thusp, is positive
on (0, co). From @.14) we obtain that, is strictly increasing ori0, co).

The asymptotic formulaZ 2) implies lim,_ ., ¢.(X) = —%(a —1log (2r).

3. Main results

We are now in a position to prove the inequalities for the beta function that we
announced in Sectiofh. Our first theorem provides a generalisation of the double-
inequality (L.2).

THEOREM3.1. Letn > 3 be an integer. Then we have for all real numbgrrs- 1
i=1...,n):

1

1
O< —=——BX, ..., X)) <1

- . A
[Ty % (n—21! (3.1)
Both bounds are best possible.
PrOOF. The first inequality of 8.1) is equivalent to
0< IogF(x1+---+xn)—ZIogI‘(xi +1). (3.2)

i=1
To prove (3.2 we may assume that > --- > x, > 1. We denote the right-hand side
of (3.2 by (X, ..., Xy). Further, leiqg € {1,... ,n— 1}, X > Xq,1, and

fq(X) = F(X, ..., X, Xq1, - -+ » Xn)

=logl (qx+ Z xi) —qlogT'(x+1) — Z logT'(x + 1).
i=q+1 i=q+1
Sincey is strictly increasing ori0, co), we get

1 n
afq/(x) =l//<qx+ Z Xi) —Yy(x+1 >0,

i=q+1
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so thatf, is strictly increasing offixy1, ©0). This implies

fXe, ..o X)) = fi(X) = 1) = (%) = fo(Xg) = -+ = fii(Xy)
=logl'(nx,) —nlogT'(x, + 1). (3.3)

Letg(x) =logT'(nx) —nlogI'(x + 1). Then we get fox > 1:

gx)/n=y¢ynx)—y(x+1) >0
and
g(x) > g(1) =logT'(n) > logI'(3) =log 2 (3.4)

From 3.3 and @3.4) we conclude that3.2) is valid.
Using the asymptotic formul&(1) we obtain

lim (1/x" = B(x, ... . x)) = lim (1/x" — (T (x))"/T (X)) =

which implies that in 8.1) the lower bound 0 cannot be replaced by a larger constant.
Leta=1-1/(n—1)!. To prove the right-hand side 08.(l) we have to show that

o<r (im) |:al£[Xi —1i| +ﬁr(xi +1 =u(X, ..., %), say
i=1

i=1 i=1

Letge{l,...,n—1},X; > --- > X%, >1,and
Ug(X) = U(X, ... , X, Xg11, - - - » Xn)
=T (CIX+ Z xi) |:axq ]_[ X — 1} + (Mx +1)* ]_[ L + 1).
i=q+1 i=q+1 i=q+1

We sety = gx + Zi":qH X and apply Lemm&.3. Then we get fox > Xq,1:

(@) up00 = v(y) |:axq [Tx- 1} +ax T x

i=q+1 i= q+l

+ (FPx+ D)y (x+ D(T(y) ]‘[ r'(x+1) >0.

i=q+1

Henceu, is strictly increasing oifix,..1, 00). This implies

U(Xg, ..., Xp) = U1(Xg) > Up(Xp) = Ua(Xp) > -+ = Up_1(Xn)
= @X — DI (nx,) + (F(x%, +1)". (3.5)
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Letv(x) = (@x" — DI'(nx) + ([(x + 1))". Then we have

V) aa . (Mx+ D)"Y (x+1)
N ax"" + (ax" — Dy (nx) + )

From Lemma2.2we conclude that is strictly increasing ofil, co). Thus
v(X) >v(l) =0 for x>1,

so that 8.5) yieldsu(xy, ... , X,) > 0.
If X, =--- =X, = 1, then the second inequality d.() holds with equality. This
implies that the upper bound-11/(n — 1)! is sharp.

REMARK. The inequalities .1) are not valid for all positive real numbers
(i=1,...,n). More precisely: there do not exist constaty8) andc,(n) such that

ci(n) < !

' N Hinzlxi
holdsforallx, > 0@ =1,...,n;n > 2). Indeed, ifweset; =--- =X,_; =x>0
andx, = y > 1, then the left-hand side 08 () yields

— B(Xq, ..., %)) < Ca(Nn) (3.6)

(x4 ) (y + 1)
r(n—ux+y)

We letx tend to 0 and obtain the incorrectinequalitgQL —T'(y + 1) /T'(y) = 1—V.
And, if we setx; = --- = X, = X > 0, then the right-hand side 08.@) gives

x"tye(n) <1

i (rex)n _ I'(nx+ 1) —nx(T'(x + )
X" T(x) X"T(nx + 1)

< Cx(N).

This is false, since the term on the left-hand side tends taf we let x tend to O.

The next theorem provides sharp upper and lower bound3(qt, . . . , X,), which
are valid in[c, co)", wherec > 0 is a fixed real number.

THEOREM 3.2. Letc > 0 be a real number and let > 2 be an integer. Then we

have for all real numbers;, >c(i=1,...,n):
. .
an(C) = — < B(Xg, ..., Xn) < Ba(0) — —, (3.7)
(T ) T ()
with the best possible constants
1" n
an(C) = 27)" Y2 and B,(c) = n”°*1/zc(”*1)/2ﬂ (3.8)

r'(nc)’
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PrROOF Let x > O andx > O (i = 1,...,n) be real numbers and let
gef{l,...,n—1}. We define

f(Xe, ..., Xy) = Xn:(xi —1/2)logx — (in — %) log (Z xi)
i=1 i=1

i=1

— Zlogr‘(xi) +logTl’ <in)
i=1 i=1

and
fq(X) = F(X, ..., X, Xq41s - - 5 Xn)

= (x — %) logx + Z X — 1/2)log X

i=q+1

— (qx+ Z X — %) log (qx+ Z xi) —qlogI'(x)

i=q+1 i=q+1

— Z logT' (%) + logT <qx+ Z xi) .
i=q+1 i=q+1
Then we getf,(x)/q = g(x) — g(y), whereg(z) = logz — 1/(22) — ¥(z) andy =
qX+Y 1% Theleft-hand side ofx 8) impliesg'(z) = 1/z+1/(22%) —/'(2) < 0
for z > 0. Hence we conclude from > x thatg(y) < g(x). This implies thatf, is
strictly increasing on{0, co).

To prove the right-hand inequality 03 (/) with 8,(c) as defined in%.8), we assume
thatx; > --- > x, > ¢. Then we obtain

f(Xe, o X0) = Fi(X) > F106G) = fa(xo) > falXa) > --- > f_a(Xn)
= ¢n(%n), (3.9)
whereg, is defined in 2.13. From Lemma2.4 we get
P (%) = dn(C) = —log Bi(C), (3.10)
so that 8.9) and @.10 lead to
f (X1, ..., X)) = —logpn(c), (3.11)

which is equivalent to the second inequality 8f49). Moreover, sincef, and¢, are
strictly monotonic, we conclude that the sign of equality holds3id 1) if and only if
X =---=X,=C.

To prove the left-hand side of3(7) with o, (c) = (27)"P/2 we suppose that
C < X; <--- < X,. The monotonicity off, and Lemmé&2.4lead to

F(Xp, ..o, Xn) = F1(X) < fi(X2) = fo(X) < fo(Xg) < -+ < fra(Xn)
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= ¢n(Xn) < (=1/2)(n — 1) log (27) = —logen(C),

which leads to the first inequality 08(7) with «,(c) = (27)"1/2,

Conversely, we assume that the left-hand inequality3of) (s valid for all x; > ¢
(i=1...,n). Thenwe sek; = --- = X, = X > 0 and obtainx,(c) < e *®,
Applying Lemma2.4we geta,(c) < lim,_, ., e %™ = (27)™Y/2, Thus in @.7) the
factora,(c) = (27)™Y/2 cannot be replaced by a larger constant.

If a function f satisfies the inequality (§xy, ..., 8%, < 8f(x, ..., X,) for all
X >0(=1,...,n)ands € (0, 1), thenf is said to be starshapedBf}. Interesting
properties of these functions can be founddnq]. As an immediate consequence of
the following theorem we obtain that the beta function is not starshap&j on

THEOREM 3.3. Let u andv be real numbers witlh > v > 0 and letn > 2 be an

integer. Then we have for all real numbe¢s> 0( =1,...,n):
B . -t
0 < (:u/Xli MX27 5 ILXn) < K . (312)
B(vXq, vXo, ..., VX)) %

Both bounds are best possible.
PrOOF. To establish the second inequality &.129) it suffices to show that the

function f(t) = t"!B(txy, ..., tx,) is strictly decreasing o0, cc). Lett > O.
Differentiation yields

%f/(t) :n—1+2txix/f(txi)—w(thi>2txi. (3.13)
i=1 -1 -y

Wesety, =tx; > 0( =1,...,n)anddefine

91, - - ,yn)=1/f(Zyi>Zyi =D Vv,
i=1 i=1 i=1
In order to prove

g(yl7 ) yn) >n-1 (314)

we assumethat > --- >y, > 0. Letqe {1,... ,n—1},y > 0,,and

gq(Y) = g(y7 DR y’ yCI+l7 DR yn)

=y (qy+ > M) (qy+ > M) —aQyv(y) — Y .

i=q+1 i=q+1 i=q+1
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Then we get

9,(y)/q = h(@) — h(y), (3.15)
where

ho) =y () +xy'(x) and z=qy+ Y y. (3.16)

i=q+1

Using the series representatiéh) we obtain

> k
h'(x) = 2¢/'(X) + xy"(X) =2 E >0
—~ (X + k)3

Sincez > y, we geth(z) > h(y), so that .15 implies thatg, is strictly increasing
on (0, c0). Hence we have

Y1, .-, ¥0) = 01(Y1) = Gu(Y2) = (Vo) = -+ = Gno1(Vn)
= nyn[‘/’(nyn) - 1/f(yn)] (3-17)
Let

w(y) = nyly(ny) — ¥ (y)]. (3.18)

Theno'(y)/n = h(ny) — h(y), whereh is defined in 8.16. Sinceh is strictly
increasing on0, co), we obtainw’(y) > 0 and

w(y) > !ing)a)(t) (y > 0). (3.19)
The recurrence formul&(5) implies
Iting)a)(t) =n-1, (3.20)

so that 8.17)—(3.20 lead to 8.14). From @.13 and @.14) we conclude thaff is
strictly decreasing o0, co).
Ifwe setx; = --- = X, = x > 0, then we have

B(uXy, ... . uX) I‘(ux+l)>” C(nvx + 1) K)“
B(VXy, ..., VX)) (I‘(vx+1) C(nux + 1) (u '

This implies

 B(uXy, ..., "~
im (uXy MXa) _ (V. ' (3.21)
x—0 B(UX]_, ey VXn) M
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And, if we putx; = x > 0,%, = --- = X, = 1, then we get
B(,lLXl, e ILXn) _ F(M’X) (MX)(n—l)u F(VX + (n - l)‘)) (vx)(l—n)u
B(vXq, ..., vXp) F'(ux+M—-LHu) I'(vx)
v () \"
x —) x—DO=0), (3.22)
uhI(w)
From 2.4) and 3.22 we obtain
fim 20X X0 (3.23)

x—00 B(UXq, ..., VX))
The limit relations 8.21) and 3.23 imply that the bounds given ir3(12 are best
possible.

A function f : R — Ris called midconvex (or Jensen-convex) if we have for all
X,yi>0@G=1,...,n):

1
f( 4 YD/2. ... (a4 Y0)/2) < E(f(xl, X))+ O W) (B.24)

It is known that a continuous midconvex function is also convex; $&e We now
prove thatf (Xq, ... , X,) = log B(Xy, ... , X,) satisfies 8.24), which implies that the
beta function is log-convex oR'. This extends a result given i8][ where a proof
for the log-convexity oB(x, y) is given.

THEOREM 3.4. Letn > 2 be an integer. Then we have for all real numbers with
X >0andy, >0(@( =1,...,n):

B(Ca +¥1)/2, ..., Ca +¥0)/2) _ 1
VBXy, ... . X)BOL, ... .Y

Both bounds are best possible.

0< (3.25)

PrOOF. The Cauchy-Schwarz inequality for integrals yields

2

1
(BO4 + Y1, % + ¥2))” = ( / P21 — by P21 — t)yzlfzdt>
0

1 1
5/ tz"ll(l—t)z"zldt/ (1 - Pt dt
0 0
= B(2xq, 2X5) B(2y3, 2V»). (3.26)

Using the representation

n-1 i
BXi..... %) =[][B (ij, xiH)
i=1 j=1
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and (.26 we obtain

n-1

2
(BOG+ Y1, - Xo + Vi) =]_[[ (ZXJ+ZyJ,X.+1+y.+1>}

i=1

< T 1[ (2ij,2x,+l> B (2;yj,2yi+l>}

= B(2X4, ..., 2X)B2Yi, ... , 2yn).

A

This proves the right-hand side &.29. Ifwesetx, =y, =z>0( =1,...,n),
then equality holds in the second inequality 8f45. Further, we have

i (B Y)/2 . o+ Y0)/2))
x1—0 B(Xg, ... X)B(Yey - - 5 Vo) B

so that in 8.25 the lower bound 0 cannot be improved.

A function f : R — Ris said to be subadditive if the inequality

fFX 4+ Vi, s X+ V) < X, 0 X) + TV, e, V) (3.27)

holds for allx;,y; > 0 (i = 1,...,n). Subadditive functions play a role in the
theory of differential equations, in the theory of convex bodies, and also in the theory
of semi-groups; se€lp]. From the following theorem we conclude that for all real
numbersc > 0 the function(xy, ... , X,) = (B(Xq, ... , X,))® is subadditive orR'} .

THEOREM3.5. Letc > 0 be a real number and let > 2 be an integer. Then we
have for all real numberg; > Oandy, > 0@ =1,...,n):

_ (B(Xy + Y1, .-+, Xn + Yn))° ~ pcn-D-1,
(B(Xq, ..., X)® + (B(Yi, ..., Yn))°

Both bounds are best possible.

(3.28)

PrOOF. To prove the second inequality d3.28 we apply Theoren3.4, the arith-
metic mean-geometric mean inequality, and TheoBedfwith © = 2,v = 1). Then
we get

(BOX1+ Y1, -+ 5 X+ Y) < [B2Xy, ..., 2) B2y, - ., 2yn)]7?

1
= SLB@x4, ., 26)° + (B, - » 2]
< 27 DB (X, e s X))+ (B, -, Vo))
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It remains to show that the bounds given 538 are sharp. First, we sgt =y, =
z>0(@(=1,...,n). The duplication formulaZ.3) leads to, say,

(B4 + V1, -+ X Y))° 1 ( 1 )““”(M)L f(2)

(B, - X))+ (B - . ya))° 2\ 247 T(nz+1/2)

Sincel'(1/2) = /7, we obtain

Iin?) f(z) = 271, (3.29)
And using @.1) we get
lim f(z) =0. (3.30)

From 3.29 and 3.30 we conclude that both bounds iB.28 are best possible.
REMARK. A multiplicative analogue of the definitior3(27) is given by

fXaYi, oo XaYn) < PO, oo X)) F(YL, ey V). (3.31)

If f satisfies8.3]) forall x;,y; > 0(i = 1,...,n), thenf is said to be submulti-
plicative onR"}. These functions have applications in functional analysis and group
theory; see1, 14]. If (3.3) holds with “>" instead of “<”, then f is called super-
multiplicative. Letn > 2. Wesetx, =1 (2<i <n)andy, =1(1<i <n;i # 2).
Then we obtain, say,
B(X1Y1, - - » XaYn) . X +n-1) o1

BXp, .. . X)B(Y1, . ¥n)  Tq+y+n—2)""

= 0 (Xp).

T(y, +n—1x *

Applying (2.4) we get: ify, > 1, thenlim, .., o (X;) = 0; and, ify, € (0, 1), thenwe
have lim, .., 0 (X;) = co. Thisimplies thatxy, ... , X,) — B(Xy, ... , X,) iS neither
submultiplicative nor supermultiplicative drr}.
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