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Abstract

This paper deals with a minimax control problem for semilinear elliptic variational inequal-
ities associated with bilateral constraints. The control domain is not necessarily convex.
The cost functional, which is to be minimised, is the sup norm of some function of the state
and the control. The major novelty of such a problem lies in the simultaneous presence
of the nonsmooth state equation (variational inequality) and the nonsmooth cost functional
(the sup norm). In this paper, the existence conditions and the Pontryagin-type necessary
conditions for optimal controls are established.

1. Introduction

In this paper, we consider an optimal control problem in which the statey is governed
by a controlled semilinear elliptic bilateral variational inequality



y ∈ H 2.�/ ∩ H1
0 .�/;

' ≤ y ≤  in �;

.Ay − f .x; y;u//.y − '/ ≤ 0 in �;

.Ay − f .x; y;u//.y −  / ≤ 0 in �;

(1.1)

and the cost functional is taken to be

J.y;u/ = esssup
x∈�

L.x; y.x/;u.x//; (1.2)

whereA is an elliptic differential operator and.y;u/ is a pair satisfying (1.1).
One of the motivations for the above problem is given as follows. Consider

the deformation of a membrane constrained by two obstacles. We would like to
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design the shape of the membrane so that the largest deviation of the perpendicular
displacementy from the desired position, sayyd, is minimised. In this case, we
could takeL.x; y; ';u/ = |y − yd.x/|2. Since the problem consists of minimising a
“maximum”, it is usually referred to as aminimax control problem.

Minimax control problems seem to arise more naturally in applications than the
standard problem involving integral cost, especially when one is attempting to min-
imise the maximum deviation from the desired goal. However such problems have not
been thoroughly studied (especially for infinite-dimensional systems). The minimax
control problem for ordinary differential equations has been studied by several authors
(see [2, 11]) and the Pontryagin maximum principle for finite-dimensional minimax
problem was derived in [2]. The first infinite-dimensional version of the Pontryagin
principle for the minimax problem was presented in [14] with the state equation being
a second-order semilinear elliptic partial differential equation. Different aspects of
optimal control problems for variational inequalities have been discussed by many
authors (see for example [1, 6, 9]). However, to the best of our knowledge, minimax
control problems for variational inequalities have never been discussed before. The
nonsmoothnessof the cost leads to more complicated necessary conditions for mini-
max control problems and this is one of the reasons for the lack of investigation thus
far.

With respect to the control domain and the data involved, we make the following
assumptions.

(H1) The region� ⊂ R
n is bounded withC1;1 boundary@�; U is a Polish space (a

separable complete metric space) andU = {u : � → U |u.·/ is measurable}.
(H2) OperatorA is defined by

Ay.x/ = −
n∑

i; j =1

Dj .ai j .x/Di y.x//

with ai j ∈ C1.S�/, ai j = aji , 1 ≤ i; j ≤ n, and for some½ > 0,

n∑
i; j =1

ai j .x/¾i ¾ j ≥ ½

n∑
i =1

|¾i |2; ∀x ∈ �; .¾1; ¾2; : : : ; ¾n/ ∈ Rn:

(H3) The function f : � × R× U → R has the following properties:f .·; y;u/ is
measurable on�, and f .x; ·;u/ is in C1.R/ with f .x; ·; ·/ and fy.x; ·; ·/ continuous
on R × U . Moreover, there exists a constantK > 0, such that−K ≤ f y ≤ 0 on
�× R× U and| f .x;0;u/| ≤ K on�× U .
(H4) The function L : � × R × U → R satisfies the following: L.·; y;u/ is

measurable on�, L.x; ·;u/ is in C1.R/ with L.x; ·; ·/ andLy.x; ·; ·/ continuous on
R× U , and for anyR> 0, there exists a constantK R > 0, such that|L| + |Ly| ≤ K R

on�× [−R; R] × U .
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Under (H2), the operatorA is associated with a positive symmetric bilinear form
a.·; ·/ : H1

0 .�/ × H1
0 .�/ → R

a.y; z/ =
n∑

i; j =1

∫
�

ai j .x/Di y.x/Dj z.x/dx:

Given'; ∈ W2;p.�/ (∀p ≥ 2) with ' ≤ 0 ≤  on @�, we set

K = {z ∈ H 1
0 .�/|' ≤ z ≤  a.e. in�}:

If y solves (1.1), then

y ∈ K (1.3)

and, for anyz ∈ K , .z − y/+ (.z − y/−, resp.) can differ from 0 only wherey −  is
< 0 (y − ' is> 0) and thereforeAy− f ≥ 0 (Ay− f ≤ 0). Thus, by the divergence
theorem,

a.y; z − y/−
∫
�

f .x; y;u/.z − y/dx

=
∫
�

.Ay − f /.z − y/dx

=
∫
�

.Ay − f /.z − y/+ dx −
∫
�

.Ay − f /.z − y/− dx ≥ 0; ∀z ∈ K : (1.4)

On the other hand, anyy ∈ H 2.�/ satisfying (1.3) and (1.4) must be a solution of
(1.1). In fact, fixing anyD ⊂ � and denoting by{�n} a sequence of functions from
C∞

c .�/ satisfying 0≤ �n ≤ 1, �n → �D (characteristic function ofD) a.e. in�, we
can insertz = y + �n.' − y/ andz = y + �n. − y/ in (1.4) in turn and obtain∫

�

.Ay − f /�n.' − y/dx ≥ 0 and
∫
�

.Ay − f /�n. − y/dx ≥ 0;

hence also∫
D

.Ay − f /.' − y/dx ≥ 0 and
∫

D

.Ay − f /. − y/dx ≥ 0

after passing to the limit asn → ∞. By the arbitrariness ofD, we arrive at (1.1).
The above discussion yields a weak formulation of the variational bilateral prob-

lem (1.1).

DEFINITION 1.1. Supposeu ∈ U . A functiony ∈ H1
0 .�/ is called a weak solution

of the variational bilateral problem (1.1) if


y ∈ K ;

a.y; z− y/ ≥
∫
�

f .x; y.x/;u.x//.z − y/dx; ∀z ∈ K :
(1.5)



542 Qihong Chen [4]

Any elementu ∈ U is referred to as a control. Any pair.y;u/ ∈ H1
0 .�/ × U

satisfying (1.5) is called a feasible pair and the correspondingy andu will be referred
to as a feasible state and control, respectively. The set of all feasible pairs is denoted
byA . Clearly, under (H1)–(H4),U coincides with the set of all feasible controls and
for eachu ∈ U , there is a corresponding unique feasible statey (see [13]) and the
cost functional (1.2) is well-defined. Hereafter, we always assume (H1)–(H4). Thus
we can writeJ.y;u/ asJ.u/ without any ambiguity.

Our minimax control problem can now be stated as follows.

PROBLEM (M). Find a feasible control̄u ∈ U , such that

J.ū/ = inf
u∈U

J.u/ ≡ J̄: (1.6)

If such aū exists, we call it an optimal control. Accordingly, the corresponding
state ȳ and the feasible pair.ȳ; ū/ ∈ A will be called an optimal state and pair,
respectively.

2. State equation

2.1. A W2,p-estimate of state Let us start with a basicW2;p-estimate of state.

PROPOSITION2.1. Let (H1)–(H3) hold and.y;u/ ∈ A . Then for anyp ≥ 2,

‖y‖W2;p.�/ ≤ Cp; (2.1)

whereCp is a constant independent of the control variableu.

To prove (2.1), we define

þ.t/ =




0; 0 ≤ t < +∞;

−t2; −1=2 ≤ t < 0;

t + 1=4; −∞ < t < −1=2;

(2.2)


 .t/ =




0; −∞ < t < 0;

t2; 0 ≤ t < 1=2;

t − 1=4; 1=2 ≤ t < +∞;

(2.3)

and introduce a family of approximations to the state equation (1.5):{
Ayr + r [þ.yr − '/+ 
 .yr −  /] = f .x; yr ;u/ in �;

yr |@� = 0:
.2:4/r
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It can be shown that, for any givenu ∈ U andr > 0, .2:4/r is uniquely solvable
in W2;p.�/ ∩ W1;p

0 .�/ (see [7]). The set of all pairs.yr ;u/ ∈ H1
0 .�/×U satisfying

.2:4/r will be denoted byAr .
The estimate (2.1) results from the following two lemmas.

LEMMA 2.2. Let (H1)–(H3) hold and.yr ;u/ ∈ Ar . Then, for anyp ≥ 2,

‖rþ.yr − '/‖L p.�/ ≤ Cp; (2.5)

‖r 
 .yr −  /‖L p.�/ ≤ Cp (2.6)

and consequently

‖yr ‖W2;p.�/ ≤ Cp; (2.7)

whereCp is a constant independent ofr > 0 andu ∈ U .

PROOF. Define, fort ∈ R, B.t/ = |þ.t/|p−2þ.t/ and0.t/ = |
 .t/|p−2
 .t/. Then
we have

B.t/ ≤ 0 and 0.t/ ≥ 0 ∀t ∈ R; (2.8)

B.t/ = 0 ∀t ≥ 0 and 0.t/ = 0 ∀t ≤ 0; (2.9)

B′.t/= .p−1/|þ.t/|p−2þ ′.t/≥0 and 0′.t/= .p−1/|
 .t /|p−2
 ′.t/≥0 (2.10)

and, asp ≥ 2 andþ.0/ = 
 .0/ = 0,

B.yr − '/; 0.yr −  / ∈ W1;p
0 .�/ ,→ W1;p′

0 .�/;

wherep′ = p=.p − 1/ ≤ p is the conjugate number ofp.
Multiplying .2:4/r by B.yr − '/ and integrating by parts, noting also that (2.9)

impliesþ.yr − '/
 .yr −  / = 0 a.e. in�, we obtain

a.yr ; B.yr − '//+ r
∫
�

|þ.yr − '/|p dx =
∫
�

f .x; yr ;u/B.yr − '/dx: (2.11)

From (2.8), (2.10) and the monotony off .x; ·;u/, we see that

∫
�

f .x; yr ;u/B.yr − '/dx ≤
∫
�

f .x; ';u/B.yr − '/dx (2.12)

and

a.yr − '; B.yr − '// ≥ 0: (2.13)
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Then, from (2.11)–(2.13) and Hölder’s inequality, we have

r ‖þ.yr − '/‖p
L p
.�/

≤
∫
�

f .x; ';u/B.yr − '/dx − a.'; B.yr − '//

=
∫
�

[ f .x; ';u/ − A']B.yr − '/dx

≤ ‖ f .·; '.·/;u.·// − A'.·/‖L p
.�/‖þ.yr − '/‖p−1

L p
.�/
:

Thus, using (H3), we get the desired estimate (2.5). The estimate (2.6) can be obtained
similarly, and (2.7) follows immediately from (2.5), (2.6) and the standard elliptic
L P-estimate (see [7]).

LEMMA 2.3. Let (H1)–(H3) hold, .yr ;u/ ∈ Ar and.y;u/ ∈ A . Then, asr → ∞,
yr → y weakly inW2;p.�/ and strongly inW1;p

0 .�/.

PROOF. By (2.7), we may assume that, asr → ∞, yr → y∗ weakly in W2;p.�/

and strongly inW1
0 .�/ for somey∗. It suffices to verify that

.y∗;u/ ∈ A (2.14)

since the uniqueness will ensure thaty∗ = y.
First, it follows from.2:4/r that, for anyz ∈ K ,

a.yr ; z− yr /−
∫
�

f .x; yr ;u/.z − yr /dx

= −r
∫
�

[þ.yr − '/+ 
 .yr −  /].z − yr /dx ≥ 0

(note thatþ.yr −'/ can differ from 0 only whenyr < ' ≤ z and
 .yr − / can differ
from 0 only whenyr >  ≥ z). Then the lower semicontinuity yields

a.y∗; y∗/ ≤ lim
r →0

a.yr ; yr / ≤ a.y∗; z/−
∫
�

f .x; y∗;u/.z − y∗/dx ∀z ∈ K : (2.15)

Next, for any� ∈ H 1
0 .�/ with � ≥ 0 a.e. in�, we have from.2:4/r that∫

�

[
þ.yr − '/+ 
 .yr −  /

]
� dx = 1

r

{∫
�

f .x; yr ;u/� dx − a.yr ; �/

}
→ 0

because the terms in{ }are bounded. Then, with the help of the dominated convergence
theorem, ∫

�

[
þ.y∗ − '/+ 
 .y∗ −  /

]
� dx = 0;
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hence

þ.y∗ − '/+ 
 .y∗ −  / = 0 a.e. in� (2.16)

due to the arbitrariness of�. By the definition ofþ.·/ and
 .·/, (2.16) implies that
y∗ ∈ K . This, together with (2.15), proves the feasibility of (2.14).

2.2. Continuous dependence of the state on the controlIn the control setU , we
define the distance, called Ekeland’s distance, as

d.u; v/ = m.{x ∈ �|u.x/ 6= v.x/}/ ∀u; v ∈ U ;

wherem denotes the Lebesgue measure. We can show that.U ;d/ is a complete
metric space (see [9]).

The following result is concerned with the continuity of the statey with respect to
the controlu under the above metric.

PROPOSITION2.4. Let (H1)–(H3) hold and.y;u/; .yk;uk/ ∈ A .k = 1;2; : : : /. If
d.uk;u/ → 0, then for anyp ≥ 2, ‖yk − y‖W1;p.�/ → 0.

PROOF. From Proposition2.1, we know that, for some subsequenceyk → y∗

weakly inW2;p.�/, strongly inW1;p
0 .�/. Clearly

'.x/ ≤ y∗.x/ ≤  .x/ a.e. x ∈ �: (2.17)

Note that

‖ f .·; yk.·/;uk.·// − f .·; y∗.·/;u.·//‖L2
.�/

≤ ‖ f .·; yk.·/;uk.·// − f .·; yk.·/;u.·//‖L2
.�/ + ‖ f .·; yk.·/;u.·//

− f .·; y∗.·/;u.·//‖L2
.�/

≤ C
{
d.uk;u/

1=2 + ‖yk − y∗‖L2
.�/

} → 0:

Passing to the limit in (1.5), in whichu andy are replaced byuk andyk respectively,
we obtain

a.y∗; z − y∗/ ≥
∫
�

f .x; y∗.x/;u.x//.z − y∗/dx ∀z ∈ K :

This, combined with (2.17), means thaty∗ is a solution of (1.5). By the uniqueness,
we must have thaty∗ = y and the whole sequence{yk} converges toy strongly
in W1;p

0 .�/.
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2.3. Some reductions For the sake of convenience, let us make some reductions
(just as in [14]).

First of all, by scaling, we may assume that

m.�/ = 1: (2.18)

Next, from theW2;p-estimate of state and Sobolev’s embedding, it follows thaty
is uniformly bounded and independent ofu ∈ U . Thus, by (H4), we may assume
without loss of generality that

|L.x; y;u/| ≤ M ∀.x; y;u/ ∈ �× R× U: (2.19)

Set

L̃.x; y;u/ = L.x; y;u/ + M + 1

2M + 2
.x; y;u/ ∈ �×R× U:

By (2.19), we know that

0<
1

2M + 2
≤ L̃.x; y;u/ ≤ 2M + 1

2M + 2
< 1 ∀.x; y;u/ ∈ �×R× U:

Since minimisingJ.u/ is equivalent to minimising

J̃.u/ = esssup
x∈�

L̃.x; y.x/;u.x//;

we may, again without loss of generality, assume at the beginning that

0< a ≤ L.x; y;u/ ≤ b < 1 ∀.x; y;u/ ∈ �×R× U (2.20)

for some constantsa andb. We will retain assumptions (2.18) and (2.20) for the rest
of this paper.

3. Existence of optimal controls

This section is devoted to the existence of optimal controls. Let us first recall the
following.

DEFINITION 3.1 (see [3, 9]). Let Y be a Banach space andZ be a metric space. Let
3 : Z → 2Y be a multifunction. We say3 possesses the Cesari property atz ∈ Z, if⋂

Ž>0 Sco3.OŽ.z// = 3.z/, whereScoE stands for the closed convex hull of the setE
andOŽ.z/ is theŽ-neighbourhood of the pointz. If 3 has the Cesari property at every
point z ∈ Z, we simply say that3 has the Cesari property onZ.



[9] A minimax control problem 547

DEFINITION 3.2. Let� ⊂ R
n be some Lebesgue measurable set andU be a Polish

space. Let3 : � → 2U be a multifunction. The functionu : � → U is called a
selection of3.·/ if u.x/ ∈ 3.x/ a.e.x ∈ �. If such au is measurable, thenu is called
a measurable selection of3.·/.

The following gives the existence of measurable selections.

LEMMA 3.3 (see [8]). Let 3 : � → 2U be measurable taking closed set values.
Then3.·/ admits a measurable selection.

We refer the readers to [9, pp. 100–101] for the proof of Lemma3.3.
To establish the existence of an optimal control for Problem(M), we first introduce

the following set:3.x; y/ = {.¾; �/ ∈ R2 | ¾ ≥ L.x; y;u/; � = f .x; y;u/;u ∈ U }
and make the following assumption.

(H5) For almost allx ∈ �, the mappingy 7→ 3.x; y/ has the Cesari property onR.

THEOREM 3.4. Let (H1)–(H5) hold. Then Problem(M) admits at least one optimal
control ū ∈ U .

PROOF. The proof is essentially similar to that given in [4]. Here, we only give an
outline.

Let {uk} ⊂ U be a minimising sequence satisfying

J.uk/ ≤ J̄ + 1=k: (3.1)

By the Mazur theorem, (H5), and the measurable selection theorem (Lemma3.3), we
can find a feasible pair.ȳ; ū/ ∈ A , such that

L.x; ȳ.x/; ū.x// ≤ SL.x/ a.e. x ∈ �; (3.2)

where
SL.x/ = lim

j →∞
¾ j .x/ a.e. x ∈ � (3.3)

and

¾ j .·/ =
∑
i ≥1

Þi j L.·; yi + j .·/;ui + j .·// (3.4)

with

Þi j ≥ 0;
∑
i ≥1

Þi j = 1 ∀ j (3.5)

and.yi + j ;ui + j / ∈ A for every i; j .
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Now, from (2.18), (3.1), (3.4) and (3.5), it follows that, for anyj and p > 1,

‖¾ j ‖L p.�/ ≤ ‖¾ j ‖L∞.�/ ≤
∑
i ≥1

Þi j J.ui + j / ≤
∑
i ≥1

Þi j

(
J̄ + 1

i + j

)
≤ J̄ + 1

j
:

This yields

lim
j →∞

‖¾ j ‖L p.�/ ≤ J̄ ∀p > 1: (3.6)

Consequently, by (3.2), (3.3), (3.6) and Fatou’s lemma, we obtain

J.ū/ ≤ ‖SL‖L∞.�/ = lim
p→∞

‖SL‖L p.�/ ≤ lim
p→∞

lim
j →∞

‖¾‖L p.�/ ≤ J̄:

This means that̄u is an optimal control of Problem(M).

4. Regularisation

Note that, in discussing Problem(M), our difficulty is twofold: both the state
equation and the cost functional are nonsmooth. Thus it is natural that both of them
should be regularised.

4.1. Approximation of the state In Section2, we introduced a family of approx-
imate equations.2:4/r and denoted byAr the set of all pairs.yr ;u/ ∈ H1

0 .�/ × U
satisfying.2:4/r . Here we will prove a useful convergence result for the approximate
states.

PROPOSITION4.1. Let(H1)–(H3) hold and let{ur } ⊂ U be any sequence,.yr ;ur / ∈
Ar and.yr ;ur / ∈ A . Then, for anyp ≥ 2,

lim
r →∞

‖yr − yr‖W1;p
0 .�/ = 0: (4.1)

PROOF. By Proposition2.1and Lemma2.2, we have that, for anyp ≥ 2,

‖yr ‖W2;p.�/ + ‖yr ‖W2;p.�/ ≤ Cp (4.2)

with Cp independent ofr > 0. Thus, we may assume that, for some subsequence,
yr → y strongly inH 1

0 .�/ and

‖yr ‖H 1.�/∩L∞
.�/ ≤ C with C independent ofr > 0: (4.3)

The same argument as that used in the proof of Lemma2.3 shows that' ≤ y ≤  

a.e. in�.
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Now, lettingzr = yr ∨'∧ , we havezr → y strongly inH 1
0 .�/, and consequently,

‖zr − yr ‖H 1
0 .�/

→ 0: (4.4)

Recalling thatyr andyr solve.2:4/r and (1.5) respectively, we have

a.yr ; yr − yr / = −r
∫
�

[þ.yr − '/ + 
 .yr −  /].yr − yr /dx

+
∫
�

f .x; yr ;ur /.yr − yr /dx (4.5)

and

a.yr ; zr − yr / ≥
∫
�

f .x; yr ;ur /.zr − yr /dx: (4.6)

By the monotonicity off .x; ·;u/, þ.·/ and
 .·/ we see that∫
�

[ f .x; yr ;ur /− f .x; yr ;ur /].yr − yr /dx ≤ 0;∫
�

þ.yr − '/.yr − yr /dx ≥ 0 and
∫
�


 .yr −  /.yr − yr /dx ≥ 0:
(4.7)

Here, we have used the fact thatyr ≥ ' > yr whenyr < ', andyr ≤  < yr when
yr >  . From (4.3)–(4.7), we may deduce that

a.yr − yr ; yr − yr / ≤ a.yr ; zr − yr /−
∫
�

f .x; yr ;ur /.zr − yr /dx

≤ C‖zr − yr ‖H 1.�/ → 0

which implies

lim
r →∞

‖yr − yr ‖H 1
0 .�/

= 0: (4.8)

Moreover, by Lions’ interpolation theorem (see [10]), we have the following lemma
(see Lemma4.2below), which, together with (4.2) and (4.8), results in (4.1).

LEMMA 4.2. Supposep>2, {wr } is bounded inW2;p.�/ and limr →∞‖wr ‖H 1.�/=0.
Thenlimr →∞ ‖wr ‖W1;p.�/ = 0.

4.2. Approximation of the cost functional We shall now introduce a regularisation
of the cost functional. We first recall a well-known real analysis result.

LEMMA 4.3. Let� be bounded andw ∈ L∞.�/. Then

lim
r →∞

‖w‖Lr .�/ = ‖w‖L∞.�/:



550 Qihong Chen [12]

The above lemma suggests that we can regularise our cost functional (1.2) by using

Jr .u/ = ‖L.·; yr .·/;u.·//‖Lr .�/ ∀u ∈ U ; (4.9)

wherer > 1 and.yr ;u/ ∈ Ar .
We will see that the functionalJr .·/ is continuous on.U ;d/ and is a reasonable

regularisation of our nonsmooth cost functionalJ.·/.

PROPOSITION4.4. Let (H1)–(H4) hold. Then we have the following:

.i/ For any fixedr > 1, Jr .u/ is continuous on.U ;d/;
.ii/ For any givenu ∈ U , limr →∞ Jr .u/ = J.u/.

Before proving the above proposition, we state a lemma, which can be easily
obtained from Proposition4.1. This lemma will play an interesting role below.

LEMMA 4.5. Let (H1)–(H4) hold. Then, for any sequence{ur } ⊂ U , we have

.i/ limr →∞
[
Jr .ur /− ‖L.·; yr .·/;ur .·//‖Lr .�/

] = 0;
.ii/ limr →∞

[
J.ur /− ‖L.·; yr .·/;ur .·//‖L∞ .�/

] = 0,

where.yr ;ur / ∈ A and.yr ;ur / ∈ Ar .

PROOF OFPROPOSITION4.4. (i) Let .yr ;u/, .yr;k;uk/ ∈ Ar (k = 1;2; : : : ) and
d.uk;u/ → 0. By the continuity of the approximate stateyr with respect to the
controlu under Ekeland’s metricd.·; ·/, we know that, for anyp ≥ 2,

‖yr;k − yr ‖W1;p.�/ → 0:

Takep > n. By Sobolev’s embedding, we have‖yr;k − yr ‖L∞.�/ → 0. Thus we get

|Jr .uk/ − Jr .u/| ≤ ‖L.·; yr;k.·/;uk.·// − L.·; yr .·/;u.·//‖Lr .�/

≤ C[‖yr;k − yr ‖Lr .�/ + d.uk;u/
1=r ] → 0 .k → ∞/:

(ii) We have thatu ∈ U and.y;u/ ∈ A . Since

|Jr .u/ − J.u/| ≤ |Jr .u/ − ‖L.·; y.·/;u.·//‖Lr .�/| + |‖L.·; y.·/;u.·//‖Lr .�/ − J.u/|
and (recalling Lemma4.3)

lim
r →∞

‖L.·; y.·/;u.·//‖Lr .�/ = J.u/; (4.10)

our conclusion is an immediate consequence of Lemma4.5.

We point out that the convergence in (4.10) is not uniform inu ∈ U . Nor is the
convergence in (ii) of Proposition4.4.
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4.3. Convergence theorem Before going further, let us make an additional assump-
tion:

(H6) L.x; y;u/ is continuous on� × R × U and there exists a nondecreasing
continuous function! : [0;+∞/ → [0;+∞/ with !.0/ = 0, such that

|L.x̃; ỹ;u/ − L.x; y;u/| ≤ !.|x̃ − x| + |ỹ − y|/

∀.x; y;u/; .x̃; ỹ;u/ ∈ �× R× U .

In what follows, we denotēJr = inf u∈U Jr .u/.
Our main result in this section is the following convergence theorem, which will

be essential for deriving the optimality conditions later.

THEOREM 4.6. Let (H1)–(H4) and (H6) hold. Then

lim
r →∞

J̄r = J̄: (4.11)

To prove Theorem4.6, we need the following lemmas.

LEMMA 4.7. Let (H1)–(H4) and (H6) hold. Then, for any.yr ;u/ ∈ Ar andÞ ∈ R,
there exists.ỹr ; ũ/ ∈ Ar satisfying

{x ∈ �|ũ.x/ 6= u.x/} ⊂ D (4.12)

and

L.x; ỹr .x/; ũ.x// ≤ Þ + !.C̃m.D/1=n + ‖ỹr − yr ‖L∞.�// a.e. x ∈ � (4.13)

where D = {x ∈ �|L.x; yr .x/;u.x// > Þ}, C̃ is a constant independent ofÞ, r
andu, and!.·/ is the(uniform) modulus ofL given in(H6).

PROOF. First, we may let 0< m.D/ ≤ 1 (recallm.�/ = 1), since (4.13) is trivially
true whenm.D/ = 0. LetŽ > 0 be such that

m.D/ < m.BŽ.0// < 2m.D/; (4.14)

whereBŽ.x/ denotes the open ball centred atx with radiusŽ. Then we can choose
xi ∈ �, such that

⋃
i ≥1 BŽ.xi / ⊃ �. By (4.14), we know that for eachi ≥ 1, there

exists anx̃i ∈ BŽ.xi / \ D. For suchx̃i , we haveL.x̃i ; yr .x̃i /;u.x̃i // ≤ Þ.
Now we define

ũ.x/ =
{

u.x/ x ∈ � \ D;

u.x̃i / x ∈ D ∩
[

BŽ.xi / \ ⋃i −1
j =1 BŽ.xj /

]
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and let.ỹr ; ũ/ ∈ Ar .
Clearly, (4.12) holds. For anyx ∈ � \ D, we have

L.x; ỹr .x/; ũ.x// = L.x; ỹr .x/;u.x//

≤ Þ + !.|ỹr .x/ − yr .x/|/ ≤ Þ + !.‖ỹr − yr ‖L∞.�//:

For x ∈ D ∩ [BŽ.xi / \ ⋃i −1
j =1 BŽ.xj /], we have (note (4.14))

L.x; ỹr .x/; ũ.x// = L.x; ỹr .x/;u.x̃i //

≤ Þ + !.|x − x̃i | + |ỹr .x/− yr .x̃i /|/
≤ Þ + !.CŽ + ‖ỹr − yr ‖L∞.�//

≤ Þ + !.C̃m.D/1=n + ‖ỹr − yr ‖L∞.�//:

Hence (4.13) follows.
In the above, we have used the fact that, forp > n, by (4.2) and Sobolev’s

embedding,‖yr ‖C1.S�/ ≤ ‖yr ‖W2;p.�/ ≤ Cp with Cp being independent ofr andu.

LEMMA 4.8. Let (H1)–(H4) and (H6) hold. Then, for any sequence{ur } ⊂ U ,

lim
r →∞

Jr .ur / ≥ J̄: (4.15)

PROOF. Suppose that (4.15) does not hold. Then, for some" > 0 and some
subsequence (still denoted by itself){ur } ⊂ U , we haveJr .ur / ≤ J̄ − 2", ∀r ≥ r0.
Let .yr ;ur / ∈ Ar andDr = {

x ∈ �|L.x; yr .x/;ur .x// > J̄ − "
}
. Then

J̄ − 2" ≥ Jr .ur / ≥ ‖L.·; yr .·/;ur .·//‖Lr .Dr / ≥ . J̄ − "/m.Dr /
1=r :

Thus

m.Dr / ≤
(

J̄ − 2"

J̄ − "

)r

→ 0 .r → ∞/: (4.16)

According to Lemma4.7, there exists.ỹr ; ũr / ∈ Ar , such that

d.ũr ;ur / = m{x ∈ �|ũr .x/ 6= u.x/} ≤ m.Dr / (4.17)

andL.x; ỹr .x/; ũr .x// ≤ J̄ − " + !.C̃m.Dr /
1=n + ‖ỹr − yr ‖L∞.�// a.e.x ∈ �. This

implies

‖L.·; ỹr .·/; ũr .·//‖L∞ .�/ ≤ J̄ − " + !.C̃m.Dr /
1=n + ‖ỹr − yr ‖L∞.�//: (4.18)

From the standardL2-estimate, we can deduce that‖ỹr − yr ‖H 1
0 .�/

≤ Cd.ũr ;ur /
1=2.

Note that, by (4.16)–(4.17),

d.ũr ;ur /
1=2 ≤

(
J̄ − 2"

J̄ − "

)r=2

→ 0:
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Using Lemma4.2, we further obtain (forp > n)

‖ỹr − yr ‖L∞.�/ ≤ ‖ỹr − yr ‖W1;p
0 .�/ → 0: (4.19)

Combining (4.16), (4.18)–(4.19), we get

lim
r →∞

‖L.·; ỹr .·/; ũr .·//‖L∞ .�/ ≤ J̄ − ": (4.20)

On the other hand, by Lemma4.5(ii), we have

lim
r →∞

‖L.·; ỹr .·/; ũr .·//‖L∞ .�/ ≥ lim
r →∞

[‖L.·; ỹr .·/; ũr .·//‖L∞ .�/ − J.ũr /+ J̄] = J̄:

This contradicts (4.20). Hence (4.15) holds.

PROOF OFTHEOREM 4.6. Let ur ∈ U be such thatJ.ur / < J̄ + 1=r and let
.yr ;ur / ∈ A . By Hölder’s inequality, we have (recallm.�/ = 1)

‖L.·; yr .·/;ur .·//Lr .�/ ≤ J.ur / < J̄ + 1=r:

It then follows that

J̄r ≤ Jr .ur / ≤ Jr .ur /− ‖L.·; yr .·/;ur .·//‖Lr .�/ + J̄ + 1=r:

Thus, by Lemma4.5(i), we get

lim
r →∞

J̄r ≤ J̄: (4.21)

On the other hand, for anyr > 1, one can findur ∈ U such thatJr .ur / < J̄r +1=r .
Hence, by Lemma4.8, we have

lim
r →∞

J̄r ≥ lim
r →∞

Jr .ur / ≥ J̄: (4.22)

Finally, (4.11) follows from (4.21) and (4.22).

5. Necessary conditions

Now we are in a position to prove the following Pontryagin principle for Prob-
lem(M).

THEOREM 5.1. Let (H1)–(H4) and(H6) hold and.ȳ; ū/ ∈ A be an optimal pair for
Problem(M). Then there exist̄z ∈ W1;p′

.�/ with p′ = p=.p − 1/ ∈ .1;n=.n − 1//
and½̄; ¼̄ ∈ L∞.�/∗, such that{

Az̄ − f y.x; ȳ; ū/z̄ = ½̄L y.x; ȳ; ū/ + ¼̄ in �;

z̄|@� = 0
(5.1)
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and

z̄.x/ f .x; ȳ.x/; ū.x// = min
u∈U0.x/

z̄.x/ f .x; ȳ.x/;u/ a.e. x ∈ �0 (5.2)

where {
�0 = {x ∈ �|L.x; ȳ.x/; ū.x// < J̄};
U0.x/ = {u ∈ U |L.x; ȳ.x/;u/ < J̄} x ∈ �;

½̄.�/ ≡ 〈½̄; ��〉 ≥ a > 0: (5.3)

Moreover, in the casem.�0/ > 0, for any 0< ¦ < m.�0/, there exists a measur-
able setS¦ ⊂ �0 with m.S¦ / ≥ ¦ , such that

½̄.S¦ / = 0: (5.4)

We note that in general, the above½̄ is only a finitely additive measure and is not
necessarily inM .S�/. If ½̄ happens to be inM .S�/, then there exists a measurable set
S ⊂ �0 with m.�0 \ S/ = 0, such that̄½.S/ = 0. This means that the support of½̄ is
disjoint with�0.

PROOF. Givenr > 1 andÞr = .Jr .ū/− J̄r +1=r /1=2 > 0, from Proposition4.4(ii)
and Theorem4.6, we see that

Þr → 0: (5.5)

SinceJr .u/ is continuous on.U ;d/ (recall Proposition 4.4(i)) and

Jr .ū/ ≤ J̄r + Þ2
r = inf

u∈U
Jr .u/ + Þ2

r ;

by Ekeland’s variational principle (see [5]), there exists aur ∈ U , such that

d.ur ; ū/ ≤ Þr ; (5.6)

−Þr d.u;ur / ≤ Jr .u/ − Jr .ur / ∀u ∈ U : (5.7)

Assume�0 6= ∅ (otherwise, there is nothing to prove, see Remark2 below) and let
s> 0 be such that�s ≡ {x ∈ � | L.x; ȳ.x/; ū.x// ≤ J̄ − s} 6= ∅. Then denote

Us.x/ = {u ∈ U |L.x; ȳ.x/;u/ ≤ J̄ − s}
and define

0s.x/ =
{

Us.x/ x ∈ �s;

{ū.x/} x ∈ � \�s:
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It is clear that0s : � → 2U is measurable and takes closed set values. Thus, by
Lemma3.3, there exists a measurable selectionv ∈ U . In what follows, we denote
by Vs the set of all such selections, that is,Vs = {v ∈ U |v.x/ ∈ 0s.x/ a.e. x ∈ �}.

Now, let .yr ;ur / ∈ Ar andv ∈ Vs be fixed. By using the technique of spike
variation (see [4, Proposition 4.2]) we know that, for any² ∈ .0;1/, there exists a
measurable setE² ⊂ � with m.E²/ = ²m.�/ = ², such that if we define

u²r .x/ =
{

ur .x/; if x ∈ � \ .E² ∩�s/;

v.x/; if x ∈ E² ∩�s

and let.y²r ;u
²
r / ∈ Ar , then

lim
²→0

∫
�

(
1− 1

²
�E²

)
[.L.x; yr .x/; v.x///

r − .L.x; yr .x/;ur .x///
r ] ��s

dx = 0

and y²r = yr + ²wr + �²r with lim²→0.‖�²r ‖W1;p.�/=²/ = 0, wherewr satisfies the
following:


Awr + {

r [þ ′.yr − '/+ 
 ′.yr −  /− fy.x; yr ;ur /
}
wr

= [ f .x; yr ; v/− f .x; yr ;ur /]��s
in �;

wr |@� = 0:

Takingu = u²r in (5.7) and letting² → 0, we obtain

−Þr ≤ 1

²
[Jr .u

²
r /− Jr .ur /] →

∫
�

[½r L y.x; yr ;ur /wr + hr ] dx .² → 0/ (5.8)

where

½r .x/ =
(

L.x; yr .x/;ur .x//

Jr .ur /

)r −1

; (5.9)

hr .x/ = [.L.x; yr .x/; v.x///r − .L.x; yr .x/;ur .x///r ]��s
.x/

r .Jr .ur //
r −1

: (5.10)

Let zr ∈ H 1
0 .�/ be the solution of the following system:


Azr + {r [þ ′.yr − '/ + 
 ′.yr −  /] − fy.x; yr ;ur /}zr

= ½r L y.x; yr ;ur / in �;

zr |@� = 0:

(5.11)

Then we may deduce from (5.8) that∫
�s

[zr . f .x; yr ; v/− f .x; yr ;ur //+ hr ] dx ≥ −Þr : (5.12)
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In what follows, we shall obtain our final conclusions by making some estimates
and taking the limits in (5.11)–(5.12).

First, by (2.18) and (2.20), the function½r .x/ ≥ 0 satisfies∫
�

½r .x/dx ≥ 1

Jr .ur /
r −1

∫
�

.L.x; yr ;ur //
r dx = Jr .ur / ≥ a (5.13)

and by Hölder’s inequality,

‖½r ‖L1.�/ =
∫
�

½r .x/dx ≤ ‖½r ‖Lr=.r −1/.�/ = 1: (5.14)

Thus we may assume{
½r → ½̄ weakly star in L∞.�/∗;

½r L y.·; yr .·/; 'r .·/;ur .·// → ¼ weakly star in L∞.�/∗:

Clearly, by (5.13), ½̄ satisfies (5.3).
Let SŽ.t/ ∈ C1.R/ be a family of smooth approximations to signt , satisfying the

following: S′
Ž.t/ ≥ 0, ∀t ∈ R, and

SŽ.t/ =




1 if t > Ž;

0 if t = 0;

−1 if t < −Ž:
Multiplying (5.11) by SŽ.zr /, integrating it over�, and lettingŽ → 0, we obtain

‖r [þ ′.yr − '/+ 
 ′.yr −  /]zr ‖L1.�/ ≤ C‖½r ‖L1.�/ ≤ C: (5.15)

Then, applying the standard estimate for an elliptic equation inL1 (see [12]) to the
system (5.11), we get

‖zr ‖W1;p′
.�/ ≤ C (5.16)

and, using (5.11), we further get

‖r [þ ′.yr − '/+ 
 ′.yr −  /]zr ‖W−1;p′
.�/ ≤ C (5.17)

wherep′ = p=.p − 1/ ∈ .1;n=.n − 1//.
In all the above estimates (5.15)–(5.17), the constantC is independent ofr > 1.

Hence we may let, extracting some subsequence if necessary,{
zr → z̄ weakly in W1;p′

.�/; strongly in L p′
.�/;

r [þ ′.yr − '/ + 
 .yr −  /]zr → � weakly star in W−1;p′
.�/ ∩ L∞.�/∗:
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Let .yr ;ur / ∈ A . By (5.5)–(5.6) and the continuity of the state on the control, we
have, for anyp ≥ 2,

‖yr − ȳ‖W1;p.�/ → 0 (5.18)

and

‖yr − ȳ‖W1;p.�/ → 0 (5.19)

where the convergence‖yr − yr‖W1;p.�/ → 0 (see (4.1)) has been used.
Passing to the limit in (5.11), we see that̄z solves (5.1) with

¼̄ = ¼− � − ½̄L y.·; ȳ.·/; ū.·//:
Let Žr = | J̄r − J̄| + !.‖yr − ȳ‖L∞.�//, where!.·/ is the (uniform) modulus of

continuity for L given in (H6). By (5.19) and Theorem4.6, it is easy to getŽr → 0
(asr → ∞). Then, by the definition ofhr .·/ (see (5.10)), we have∫

�

hr .x/dx ≤ Jr .ur /

r

∫
�s

(
L.x; yr .x/; v.x//

Jr .ur /

)r

dx

≤ b

r

∫
�s

(
L.x; ȳ.x/; v.x// + Žr

J̄r

)r

dx

≤ b

r

(
J̄ − s + Žr

J̄ − Žr

)r

→ 0 .r → ∞/ (5.20)

becauseŽr → 0 ands> 0 is fixed.
Hence we take limits in (5.12) to obtain∫

�s

z̄[ f .x; ȳ; v/− f .x; ȳ; ū/] dx ≥ 0 ∀v ∈ Vs; s> 0: (5.21)

The desired conclusion (5.2) thus follows (see Lemma5.2below).
Finally, using an argument analogous to that in [9] (with some necessary modifica-

tions), we can prove (5.4).

LEMMA 5.2. Equation(5.2) follows from(5.21).

PROOF. Let

H .x;u/ = z̄.x/ f .x; ȳ.x/;u/ x ∈ �; u ∈ U:

We see that, by (H3), for anyx ∈ �, H .x; ·/ is continuous onU .
As U is separable, there exists a countable dense setUd = {ui ; i ≥ 1} ⊂ U . For

eachui ∈ Ud and�1=j ⊂ �0, we denote

hi j .x/ = [H .x;ui /− H .x; ū/]��1=j
.x/ x ∈ �:
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Sincehi j .·/ ∈ L1.�/, there exists a measurable setDi j ⊂ � with m.Di j / = m.�/,
such that any point inDi j is a Lebesgue point ofhi j , namely,

lim
Ž→0

1

m.BŽ.x//

∫
BŽ.x/

[hi j .¾/− hi j .x/] dx = 0 ∀x ∈ Di j :

Let D0 = ⋂
i; j ≥1 Di j . Thenm.D0/ = m.�/.

To obtain (5.2), it suffices to prove that, for eachx ∈ �0 ∩ D0 andv ∈ U0.x/,

H .x; ū.x// ≤ H .x; v/: (5.22)

Given such anx ∈ �0 ∩ D0 andv ∈ U0.x/, by the definitions of�0 andU0.x/, and
the density ofUd, we can choose an integerj > 1 and a subsequence (still denoted
by itself) {ui } ⊂ Ud, such that{

x ∈ �1=j ; v ∈ U1=j .x/; ui ∈ U1=j .x/;

lim
i →∞

ui = v:
(5.23)

For anyui chosen above, we define

vŽ.¾/ =
{

ū.¾/ ¾ ∈ � \ .BŽ.x/ ∩�1=j /;

ui ¾ ∈ BŽ.x/ ∩�1=j ∀Ž > 0:

We may easily check thatvŽ ∈ V1=j . Takings = 1= j andv = vŽ in (5.21), we have∫
BŽ .x/

hi j .¾/d¾ ≥ 0. Dividing by Ž > 0 and sendingŽ → 0, we obtainhi j .x/ ≥ 0.
That meansH .x; ū.x// ≤ H .x;ui /, ∀i . Hence, from (5.23) and the continuity of
H .x;u/ in u ∈ U , (5.22) follows.

The proof of the Pontryagin principle is complete.

REMARK 1. If L is independent ofu, �0 andU0.x/ can be replaced by� andU ,
respectively. As a matter of fact, in this case, we havehr = 0 and we can carry out
the proof without considering�s andVs etcetera.

REMARK 2. If z̄ 6= 0, then (5.2) gives a necessary condition for the optimal control
ū. Whereas if̄z = 0, then (5.2) is trivial. In this case, (5.1) tells us that

½̄L y.x; ȳ; ū/+ ¼̄ = 0: (5.24)

This gives (implicitly, if L is independent ofu) a necessary condition for̄u. Due to
(5.3), (5.24) is nontrivial.

Also, if m.�0/ = 0, (5.2) tells us nothing. But, in this case, we must have

L.x; ȳ.x/; ū.x// = J̄ a.e.x ∈ �:
This has already given us some information about the optimal pair.ȳ; ū/.
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