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Abstract

This paper deals with a minimax control problem for semilinear elliptic variational inequal-
ities associated with bilateral constraints. The control domain is not necessamigxco

The cost functional, which is to be minimised, is the sup norm of some function of the state
and the control. The major novelty of such a problem lies in the simultaneous presence
of the nonsmooth state equation (variational inequality) and the nonsmooth cost functional
(the sup norm). In this paper, the existence conditions and the Pontryagin-type necessary

conditions for optimal controls are established.

1. Introduction

In this paper, we consider an optimal control problem in which the stetgoverned

by a controlled semilinear elliptic bilateral variational inequality

y € H3(Q) N H3 (),

p<y=<VY in Q,
(Ay — f(X,y,u)(y —¢) <0 in Q,
(Ay — f(X,y,up(y—v) <0 in Q,

and the cost functional is taken to be

J(y, u) = esssufh.(x, y(X), u(x)),

xXeQ

whereA is an elliptic differential operator an@, u) is a pair satisfyingX.1).
One of the motivations for the above problem is given as follows.

(1.1)

(1.2)

Consider

the deformation of a membrane constrained by two obstacles. We would like to
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design the shape of the membrane so that the largest deviation of the perpendicula
displacementy from the desired position, say, is minimised. In this case, we
could takeL (X, y, ¢, U) = |y — Yq(X)|2. Since the problem consists of minimising a
“maximum”, it is usually referred to asrainimax control problem

Minimax control problems seem to arise more naturally in applications than the
standard problem involving integral cost, especially when one is attempting to min-
imise the maximum deviation from the desired goal. However such problems have not
been thoroughly studied (especially for infinite-dimensional systems). The minimax
control problem for ordinary differential equations has been studied by several authors
(see B, 11]) and the Pontryagin maximum principle for finite-dimensional minimax
problem was derived in2]. The first infinite-dimensional version of the Pontryagin
principle for the minimax problem was presentedlid][with the state equation being
a second-order semilinear elliptic partial differential equation. Different aspects of
optimal control problems for variational inequalities have been discussed by many
authors (see for examplé,[6, 9]). However, to the best of our knowledge, minimax
control problems for variational inequalities have never been discussed before. The
nonsmoothnessf the cost leads to more complicated necessary conditions for mini-
max control problems and this is one of the reasons for the lack of investigation thus
far.

With respect to the control domain and the data involved, we make the following
assumptions.

(Hy) The region c R"is bounded withC*! boundarys2; U is a Polish space (a
separable complete metric space) @nid= {u: Q@ — U|u(-) is measurable
(H,) OperatorAis defined by

Ay(x) = = Y Dj(&; () D y(x))

ij=1

with a; € CX(Q), a; = a;;, 1 <i, j < n, and for some. > 0,

n n
D2 005E =AY 165 VX € Q. (... En) R
ij=1 i=1

(Hs) The functionf: @ x R x U — R has the following propertie$(-, y, u) is
measurable o2, and f (x, -, u) is in C*(R) with f(x, -, -) and f(x, -, -) continuous
on R x U. Moreover, there exists a constaft> 0, such that-K < f, < 0 on
QxRxUandf(x,0,u)] < KonQ xU.

(Hs) The functionL: @ x R x U — R satisfies the following: L(-, y,u) is
measurable o®, L(x, -, u) is in C*(R) with L(x, -, -) andL(x, -, -) continuous on
R x U, and for anyR > 0, there exists a constalik > 0, suchthafL|+ |L,| < Kg
onQ? x [-R, Rl xU.
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Under (H,), the operatoA is associated with a positive symmetric bilinear form
a(-, -): Hol(Q) X Hol(Q) —- R
ay.2= Y [ a00Dy00D 200 dx.
ij=1v%
Giveng, ¥ € W2P(Q) (Yp > 2) with ¢ < 0 < v ona, we set
K={ze Hy(Qlp <z<y ae.inQ}.
If y solves (..1), then
y e K (1.3)

and, foranyz € K, (z—y)* ((z—y)~, resp.) can differ from 0 only wheng— v is
< 0 (y—g¢is> 0)and therefordy — f > 0 (Ay— f < 0). Thus, by the divergence
theorem,

a(y,z—y>—/ f(x. y.u)(z — y) dx
Q
=/(Ay— f)y(z—y)dx
Q

=/(Ay— f)(z—y)*dx—/(Ay— fyz—y)"dx>0, VzeK. (1.4)
Q Q

On the other hand, any € H?(Q) satisfying (.3 and (L.4) must be a solution of
(1.1). In fact, fixing anyD C @ and denoting by x,} a sequence of functions from
C(Q) satisfying 0< x, < 1, x, — xp (characteristic function oD) a.e. inQ2, we
caninserz =y + xn(¢ —y) andz =y + x,(¢» — y) in (1.4) in turn and obtain

/(Ay— )xn(lp —y)dx >0 and /(Ay— )xn(¥ —y)dx >0,
Q Q
hence also
/(Ay—f)(w—y)dxzo and /(Ay—f)@/f—y)dxzo
D D

after passing to the limit as — oo. By the arbitrariness ob, we arrive at {.1).
The above discussion yields a weak formulation of the variational bilateral prob-
lem (1.1).

DEFINITION 1.1. Supposel € . A functiony € Hg () is called a weak solution
of the variational bilateral problem (1) if

y €K,
(1.5)
aly,z—y) > / f (X, y(xX),ux))(z—y)dx, VzeKkK.
Q
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Any elementu € % is referred to as a control. Any paly, u) € Hy(2) x %
satisfying (L.5) is called a feasible pair and the correspondirandu will be referred
to as a feasible state and control, respectively. The set of all feasible pairs is denotec
by <. Clearly, under (H)—(H,), % coincides with the set of all feasible controls and
for eachu € %, there is a corresponding unique feasible stafsee [L3]) and the
cost functional {.2) is well-defined. Hereafter, we always assume)tH,). Thus
we can writeJ (y, u) asJ(u) without any ambiguity.

Our minimax control problem can now be stated as follows.

ProBLEM (M). Find a feasible contral € %, such that
Jm)=nng)Ej. (1.6)

If such ad exists, we call it an optimal control. Accordingly, the corresponding
statey and the feasible paify, G) € </ will be called an optimal state and pair,
respectively.

2. State equation

2.1. AW?P-estimate of state Let us start with a basi#v?P-estimate of state.
ProPOSITION2.1. Let (H;)—(Hs) hold and(y, u) € . Then for anyp > 2,
IYllwer) < Cp, (2.1)

whereC, is a constant independent of the control variable

To prove @.1), we define

0, 0<t < +4oo,

) = —t%, -1/2<t <0, (2.2)
t+1/4, —oco<t<—-1/2,
0, —o0 <t <0,

y(t) ={t? 0<t<1/2 (2.3)

t—1/4, 1/2<t < +oo,

and introduce a family of approximations to the state equalfids):(

{Ayr +rIBG — @) +y(h — )] = (X y W) in @, (2.4),

Yr|asz = 0.
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It can be shown that, for any givane % andr > 0, (2.4), is uniquely solvable
in W2P(Q) N W, P(Q2) (see []). The set of all pairsy;, u) € Hg () x % satisfying
(2.4), will be denoted by, .

The estimateZ.1) results from the following two lemmas.

LEMMA 2.2. Let (H,)—(Hs) hold and(y;, u) € <. Then, for anyp > 2,

IrB(Ye — @)l < Cp, (2.5)
Iry e — ¥l < Cp (2.6)

and consequently
1Y lwzr) < Cp, (2.7)

whereC, is a constant independentiot> 0 andu € 7.

ProoF. Define, fort € R, B(t) = |B(1)|P28(t) andI'(t) = |y (t)|P"2y(t). Then
we have

B(t) <0 and I'(t) >0 VteR, (2.8)
Bt)=0 Vvti>0 and I'(t) =0 Vvt <0, (2.9)
B'(t)=(p—1|BM)P 2B t)=0 and I'(t)=(p—1)|y®)|P 2y (t)=0 (2.10)

and, asgp > 2 ands(0) = y(0) =0,
By — @), T(% — %) € Wo (@) — Wy (),
wherep’ = p/(p — 1) < pisthe conjugate number qf.

Multiplying (2.4), by B(y, — ¢) and integrating by parts, noting also that9)
implies (Y, — @)y (¥, — ¥) = 0 a.e. inf2, we obtain

a(yr’ B(yr - ) +r/ |,3(yr - (p)|de = / f(X’ Yrs U)B(yr - (p)dX. (2-11)
Q Q

From 2.8), (2.10 and the monotony of (x, -, u), we see that

/ f(X, yr, WB(Y, — ¢)dx 5/ f(X, 0, u)B(y, — ¢)dx (2.12)
Q Q
and

a(yy —¢, B(yr —¢)) = 0. (2.13)
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Then, from @.11)—(2.13 and Holder’s inequality, we have
FBGY = )ILr g < / f(X, 0, WB(Y, —p)dx —a(e, By, —¢))
Q

= /[f(X,fp, u) — AplB(y; — ¢) dx
Q
< [fC (), u) = ApO e lIBY: — w)ll[’;(lm.

Thus, using (H), we get the desired estimate ). The estimate4.6) can be obtained
similarly, and @.7) follows immediately from 2.5, (2.6) and the standard elliptic
LP-estimate (se€]).

LEMmMA 2.3. Let (Hy)—(Hs) hold, (y;,u) € 24 and(y,u) € &/. Then, as — oo,
yr — y weakly inW?P(2) and strongly inW; ().

PROOF. By (2.7), we may assume that, as— oo, y; — y* weakly in W?P(Q)
and strongly inW3 () for somey*. It suffices to verify that

(y,u) e & (2.14)

since the uniqueness will ensure tlyat=y.
First, it follows from(2.4), that, for anyz € K,

a(yr’z_ yr) _/ f(X’ yr’ U)(Z_ yr)dx
Q

_ /[ﬂ(yr — Oy — Wz —y)dx =0
Q

(note thatB(y;, — ¢) can differ from 0 only whely, < ¢ < zandy (y, — ¥) can differ
from 0 only wheny, > v > z). Then the lower semicontinuity yields

alys,y) <limacy,y) <a(y". 2 — / f(x,y,wz-yHdx vzeK. (2.15)
r—0 Q
Next, for anyn € Hg(2) with n > 0 a.e. inQ, we have from(2.4), that

1
/ [BOY: — ) +y (Y —¥)|ndx = - {/ f(x,yr,U)ndX—a(yr,n)} -0
Q Q

because the terms{r} are bounded. Then, with the help of the dominated convergence
theorem,

/ [BOY — @) +y (Y —¥)|ndx =0,
Q
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hence

By —¢)+y(y —¥)=0 ae.inQ (2.16)

due to the arbitrariness @f. By the definition of3(-) andy (-), (2.16) implies that
y* € K. This, together withZ.15), proves the feasibility of4.14).

2.2. Continuous dependence of the state on the controlin the control se# , we
define the distance, called Ekeland’s distance, as

d(u,v) = m({x € Qu(x) #v(X)}) VYu,v € %,

wherem denotes the Lebesgue measure. We can show(#iatl) is a complete
metric space (se@]).

The following result is concerned with the continuity of the stateith respect to
the controlu under the above metric.

PrOPOSITION2.4. Let (H;)—(Hs) hold and(y, u), (Y, Ux) € & (k=1,2,...). If
d(ug, u) — 0, then for anyp > 2, ||yk — Yllwte) — O.

ProOOF. From Proposition2.1, we know that, for some subsequenge — y*
weakly inW?P(Q), strongly inwo“’(sz). Clearly

e(X) <Y (X) <v¥(X) ae.xe. (2.17)
Note that

GG ue() — FC Y O, uC) 2 g
< G WO, k() = £ WO, U iz + TG W), ul)
— fC Yy O, uO)le (@
< C{dUe. WY+ Ik — Yl 2} = O.

Passing to the limit inX.5), in whichu andy are replaced by, andy, respectively,
we obtain

ay,z—y*) > / f (X, y*(X),ux))(z —yHdx VzekK.
Q
This, combined withZ.17), means thay* is a solution of {.5). By the uniqueness,

we must have thay* = y and the whole sequendsy} converges toy strongly
in Wy P(Q).
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2.3. Some reductions For the sake of convenience, let us make some reductions
(just asin [L4]).
First of all, by scaling, we may assume that

m(Q) = 1. (2.18)

Next, from theW?P-estimate of state and Sobolev’'s embedding, it follows that
is uniformly bounded and independentwfe %/. Thus, by (H), we may assume
without loss of generality that

LY, W] <M VX, y,u) e Qx RxU. (2.19)

Set

- L(x,y,u M+1
Lx,y,u) = ( yZM)J—:z + (X,y,u) € Q2 x R x U.

By (2.19, we know that

<L(x,y,u) < 2M +1 1 VX, y,u) e Q2xRxU
b 9 J— < b E) e X X .
My2 - Y oM + 2 y

0<

Since minimisingJ (u) is equivalent to minimising

J(u) = esssuh(x, y(x), u(x)),

xXeQ

we may, again without loss of generality, assume at the beginning that
O<a<LXXy,u<b<l VXyuelxRxU (2.20)

for some constants andb. We will retain assumption2(18 and @.20 for the rest
of this paper.

3. Existence of optimal controls

This section is devoted to the existence of optimal controls. Let us dicstlirthe
following.

DerINITION 3.1 (see B, 9]). LetY be a Banach space a@dbe a metric space. Let
A: Z — 2" be a multifunction. We say possesses the Cesari property at Z, if
(M5-0COA(O5(2)) = A(2), whereCo E stands for the closed convex hull of the &et
andO;(2) is thes-neighbourhood of the poizt If A has the Cesari property at every
pointz € Z, we simply say that\ has the Cesari property ah
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DEFINITION 3.2. Let @ c R" be some Lebesgue measurable setldrimk a Polish
space. LetA: Q@ — 2Y be a multifunction. The function: @ — U is called a
selection ofA () if u(x) € A(X) a.ex € Q. If such auis measurable, thamis called
a measurable selection af(-).

The following gives the existence of measurable selections.

LEMMA 3.3 (see@]). Let A: @ — 2V be measurable taking closed set values.
ThenA(-) admits a measurable selection.

We refer the readers t®,[pp. 100-101] for the proof of Lemnta3.

To establish the existence of an optimal control for Prob(etn we first introduce
the following set:A(x,y) = {(¢§,n7) € R? | £ > L(X,y,u),n = f(X,y,u),u e U}
and make the following assumption.

(Hs) Foralmostalk € 2, the mapping/ — A(X, y) has the Cesari property d

THEOREM 3.4. Let (H;)—(Hs) hold. Then ProbleniM) admits at least one optimal
controld € %.

PrOOF. The proof is essentially similar to that given [ Here, we only give an
outline.
Let {us} C % be a minimising sequence satisfying

J(u) < J+1/k. (3.1)

By the Mazur theorem, (£), and the measurable selection theorem (Leririg we
can find a feasible paily, 0) € <, such that

L(x, y(X),G(x)) <L(x) a.e.xeQ, (3.2)
where
L(x) = lim &(x) ae.xeQ (3.3)
j—>o0
and
() = oL Vi () Ui () (3.4)
i>1
with
o = 0; Zaij =1 V] (35)

i>1

and(y;j, Uiyj) € & foreveryi, j.
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Now, from (2.198), (3.1), (3.4) and 3.5, it follows that, for anyj andp > 1,
- 1 -1
1&ilr@ < & v < Do I < D oy (J + —) =T+
i>1 i>1
This yields

lim 1EillLr) < J vVp > 1 (3.6)

j—>o0
Consequently, by3.2), (3.3, (3.6) and Fatou’s lemma, we obtain

J@) = Ll = lim [IL{lte) < limlim [[§][ipg) < J.
p—o0 p—o0 ;

]—0o0

This means thai is an optimal control of Problertivl).

4. Regularisation

Note that, in discussing Problefi), our difficulty is twofold: both the state
equation and the cost functional are nonsmooth. Thus it is natural that both of them
should be regularised.

4.1. Approximation of the state In Section2, we introduced a family of approx-
imate equations2.4), and denoted by the set of all pairgy;, u) € Hj(Q2) x %
satisfying(2.4),. Here we will prove a useful convergence result for the approximate
states.

ProPOsITION4. 1. Let(H;)—(Hs) hold and le{u, } c % be any sequencéy;, U,) €
< and(y', u,) € «. Then, for anyp > 2,

rILngo ly: — yr”Wol‘p(Q) =0. (4.1)
PrOOF. By Proposition2.1and Lemm&.2, we have that, for anp > 2,

1Y llwee@) + 1Y lwer) < Cp (4.2)

with C, independent of > 0. Thus, we may assume that, for some subsequence,
Y, — y strongly inHg(€2) and

Y lhyen=@ < C  with C independent of > O. (4.3)

The same argument as that used in the proof of LerBrBahows thay <y < ¢
a.e.inQ.
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Now, lettingz, = y; Vo A, we havez, — y strongly inHJ(€2), and consequently,
1z — Y llnge) — O. (4.4)

Recalling thaty, andy" solve (2.4), and (L.5) respectively, we have

ayr, ¥r — yr) =—r /[,B(yr -0 +y =Y — yr)dx
Q

+/ fOX Ve, U (Y — Y dX (4.5)
Q
and
ay',z —y") z/ fx, Yy, u)(z —y)dx (4.6)
Q

By the monotonicity off (x, -, u), B(-) andy () we see that

/[f(x, Yoo U) — F(X, ¥, u)l(yr — y)dx <0,
@ (4.7

/,B(yr — o)V _yr)dXZO and /)/(yr — Y)W —yr)dXZO.
Q Q

Here, we have used the fact that> ¢ > y, wheny, < ¢, andy" < ¥ <y, when
Y, > ¥. From @.3—(4.7), we may deduce that

ayy —y. e —y)<ay.z -y —/ f(X, ¥y, u)(z — y)dx
Q

<Clz = ¥llhye = 0
which implies
rano]o I¥e = Y g = 0. (4.8)

Moreover, by Lions’ interpolation theorem (se]), we have the following lemma
(see Lemmat.2 below), which, together with4(2) and @.8), results in £.1).

LEMMA 4.2. Suppose > 2, {w, } is bounded inW2P(2) and lim, _, . [|w; [l n1ey=0.
Thenlim, . [[w; lwir@) = 0.

4.2. Approximation of the cost functional We shall now introduce a regularisation
of the cost functional. We first recall a well-known real analysis result.

LEMMA 4.3. LetQ2 be bounded and € L>(2). Then

lim lwllr @ = llwllis)-
r—00
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The above lemma suggests that we can regularise our cost funcfid)ddy using
JW =LC YO U@ Yue, (4.9)

wherer > 1 and(y;, u) € ;.
We will see that the functional, (-) is continuous o% , d) and is a reasonable
regularisation of our nonsmooth cost functiodal).

PrOPOSITION4.4. Let (H;)—(H,4) hold. Then we have the following

(i) For any fixed > 1, J (u) is continuous o7, d);
(i) Foranygiveru € Z, lim,_ ., J. (u) = J(u).

Before proving the above proposition, we state a lemma, which can be easily
obtained from Propositiod.1 This lemma will play an interesting role below.

LEmMMA 4.5. Let (H,)—(H,) hold. Then, for any sequenée } C %, we have

) lim,_ [Jr(ur) —ILC Yy (), ur('))”L'(Q)] =0;
(i) lim._ [J(Ur) —ILC, ¥ (), ur('))||L°°(Q)] =0,
where(y", u,) € & and(y;, U;) € <.

PROOF OFPROPOSITION4.4. (i) Let (y;,u), (Vik,Ux) € @ (k = 1,2,...) and
d(ug, u) — 0. By the continuity of the approximate stage with respect to the
controlu under Ekeland’s metrid(-, -), we know that, for anyp > 2,

IYrk — ¥ llwere) — O.

Takep > n. By Sobolev’'s embedding, we hay§; x — V; ||~ — 0. Thus we get

[ (Ui — W] < ILC Ve U () = LEC Y (), uC) e @
< Clll¥ik = Yl @) + d(u, w1 — 0 (k= 00).

(ii) We have thau € 7 and(y, u) € <. Since
[J W) = IWI = [FW) = [ILC, YO, u) I @l + HILE YO, uC) @ — JW]
and (recalling Lemmd.3)
Iim LG,y O uC) e @) = JW), (4.10)

our conclusion is an immediate consequence of Lerirha

We point out that the convergence 10 is not uniform inu € % . Nor is the
convergence in (ii) of Propositio.4.
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4.3. Convergence theorem Before going further, let us make an additional assump-
tion:

(He) L(x,y,u) is continuous or2 x R x U and there exists a nondecreasing
continuous functiomw: [0, +00) — [0, +00) with w(0) = 0, such that

ILX, ¥, u) = LX, Yy, W] = o(X =X+ ¥ = y])

VX, y,u), (X,¥,u) e Q x R x U.

In what follows, we denotd, = inf,cs J; (U).
Our main result in this section is the following convergence theorem, which will
be essential for deriving the optimality conditions later.

THEOREM4.6. Let (H,)—(H4) and (Hg) hold. Then

lim J = J. (4.11)

r—-oo

To prove Theorem.6, we need the following lemmas.

LEMMA 4.7. Let (H,)—(H,) and (He) hold. Then, for anyy;, u) € . andw € R,
there existsV;, () € «; satisfying

{x € QJU(X) #u(x)} c D (4.12)
and
L(X, % (), 0(x) < &+ oCmD)Y" + [If; — %illi~e) ae.xeQ (4.13)

whereD = {x € Q|L(x,y;(X),u(x)) > «}, C is a constant independent af r
andu, andw(-) is the(uniform) modulus ofL given in(Hg).

PrOOF. First, we may letO< m(D) < 1 (recallm(2) = 1), since4.13 is trivially
true whemrm(D) = 0. Leté > 0 be such that

m(D) < m(B;(0)) < 2m(D), (4.14)

whereB;(x) denotes the open ball centredxatith radiuss. Then we can choose
X € , such that J._, B;(x)) D Q. By (4.14, we know that for each > 1, there
exists arx, € B;(x) \ D. For such,, we havelL (%, ; (%), u(%)) < a.

Now we define

10 ux) xeQ\D,
u(x) = '
u®) x e DN[Bi0o)\ U Bix))]
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and let(y;, 0) € <.
Clearly, @.12 holds. For anyk € @\ D, we have

L (X, % (), G(x)) = L(X, ¥ (X), u(x))
=a+o(%) =YD =a+olll% = Yril=@)-

Forx e DN[Bs(X) \ Uij;ll Bs(x;)], we have (note4.14)

L(X, % (%), G(x)) = L(X, % (X), u(%))
Sa+o(X =%+ (%) — ¥ &)D)
<a+oCs+ IV — ¥rllit=@)
<a+oCmD)Y" +|§ — Ve llL=(@)-
Hence €.13 follows.

In the above, we have used the fact that, for> n, by (4.2 and Sobolev’s
embedding|ly:llc:@ < IIYrllwere) < Cp with C,, being independent afandu.

LEMMA 4.8. Let (H;)—(H,) and (Hg) hold. Then, for any sequenée } C %,
lim J(u) > J. (4.15)

PrROOF. Suppose that4(15 does not hold. Then, for some > 0 and some
subsequence (still denoted by itsglf) } ¢ %, we haveJ, (u;) < J — 2&, Vr > r,.
Let (Y, U) € & andD, = {x € QIL(X, ¥ (X), u; (X)) > J —¢}. Then

J—2e>3U) > ILC, Y () U (Do = (3 —e)m(D)Y".
Thus

r

J - 28) 50 (r— o). (4.16)

D) <|—=
m( )<<J

According to Lemmat.7, there exists¥;, U,) € «, such that
d(G,, u,) = m{x € Q|G (X) # ux)} <m(D,) (4.17)
andL(x, % (x), G, (X)) < J —& + o Cm(D)Y" + ||¥ — Vi |lL~@) a.e.x € Q. This
implies
ILC % . G (Dlle@ £ I —e + €MD)V + 1% — % lli~@).  (4.18)

From the standard?-estimate, we can deduce thigt — ; |z < Cd(G;, u,)">.
Note that, by 4.16—(4.17),

j_o2 r/2
d(@G,, ur)l/2 =< ( 3 8) — 0.
— &
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Using Lemma&4.2, we further obtain (fop > n)

Iy — yr”Lx(Q) <y - yr”WOLP(Q) — 0. (4-19)
Combining @.16), (4.18—(4.19, we get
M LG 5O, G (D@ = I — . (4.20)

On the other hand, by Lemnda5 (ii), we have

lim LG 9 G O (D) lliee = BMULILC, § (), O () llus @) — I(@) + I = J.

r—oo r—oo

This contradicts4.20. Hence ¢.15 holds.

PROOF OFTHEOREM4.6. Let u, € % be such thatJ(u,) < J + 1/r and let
(Y', uy) € &/. By Holder’s inequality, we have écallm(2) = 1)

[IL(, yr('), Uy ('))Lf(Q) <J) < j+ l/r.
It then follows that
J < 3U) < Ju) —|LC, YO, U (Do @ + J+1/r.

Thus, by Lemmat.5 (i), we get
im J < J. (4.21)
r—o00
On the other hand, for amy> 1, one canfindi, € % such that), (u,) < J, +1/r.
Hence, by Lemmd.8, we have
lim J > lim J(u) > J. (4.22)

r—oo r—oo

Finally, (4.11) follows from (4.21) and @.22.

5. Necessary conditions

Now we are in a position to prove the following Pontryagin principle for Prob-
lem(M).

THEOREM5.1. Let(H;)—(H,) and(Hs) hold and(y, 0) € « be an optimal pair for
Problem(M). Then there exist ¢ W*P(Q) with p = p/(p—1) € (1,n/(n — 1))
and, i € L®(Q)*, such that

{AZ— fy(X, ¥, 0Z=AL,(X,¥,.0) + 2 in Q, (5.1

Z|po =0
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and

Z(x) f (X, ¥(x), G(X)) = nJip)Z(x)f(x, y(X),u) a.e.xe (5.2)

where

Uo(X) = {fu e UIL(X, y(X),u) < J} XxeQ,
M) = (A, xq) >a>0. (5.3)

{Qo = (X € QIL(X, ¥(X), 0(x)) < J},

Moreover, in the casm () > 0, for any O< o < m(£), there exists a measur-
able sef§, c @, with m(S,) > o, such that

xS) =0. (5.4)

We note that in general, the abokes only a finitely additive measure and is not
necessarily in# (Q). If » happens to be inZ (Q), then there exists a measurable set
S c Qo withm(, \ S) = 0, such thai(S) = 0. This means that the supportiofs
disjoint with .

PROOF. Givenr > 1 ande, = (J () — J; +1/r)*2 > 0, from Propositiont.4 (i)
and Theoremd.6, we see that

o — 0. (5.5)
SinceJ; (u) is continuous or% , d) (recall Propotion 4.4 (i)) and
J@ = J +of = inf JW) +of,
by Ekeland’s variational principle (sef]], there exists &I, € %, such that

d(u,0) < e, (5.6)
—a, du,u) <J(u)—JUu) YueZ. (5.7)

Assume2y # @ (otherwise, there is nothing to prove, see Renzaoklow) and let
s > 0 be such tha®s = {x € £ | L(x, ¥(X), 0(X)) < J — s} # #. Then denote

Us(X) = {u € U|L(X, y(X),u) < J — s}
and define
US(X) X e QS7

Is(X) = { _
{U(x)} xeQ\ Q.
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It is clear thatl's: @ — 2Y is measurable and takes closed set values. Thus, by
Lemma3.3, there exists a measurable selectioa % . In what follows, we denote
by 7; the set of all such selections, that#§,= {v € Z |v(X) € [s(X) a.e.x € Q}.

Now, let (y;,u,) € @« andv € 7 be fixed. By using the technique of spike
variation (see4, Proposition 4.2]) we know that, for any € (0, 1), there exists a
measurable sé” C Q with m(E”) = pm(2) = p, such that if we define

u(x), if xeQ\(E’rNQy,

u’(x) =
r ) {v(x), if xeE”NSQs

and let(y’, u?) € @, then

. 1
lim / (1— ;XEI’> [(LX, ¥ (0, v — (L(X, ¥ (X), U (X)))] xg, dX =0
Q

p—0

andy’ =y, + pw, + 67 with lim,_o([16/ lwir)/p) = 0, wherew, satisfies the
following:

Aw, +{r B — @) + 7' (% — W) — Fy(X, Vi, uo) by
=[fX Y, v) — (X W, U)X, in Q.

wr e = 0.

Takingu = u? in (5.7) and lettingp — 0, we obtain

—0 = %[Jr(uf) = JU)] — /[)Lr Ly(X’ Yo, Up)w, +h Jdx (o — 0) (58)
Q

where
(L0 Y00, 4 00)\
Ar(X) = ( W) ) , (5.9)
h (x) = [(L(X, Y (X), v(X))" — (L(X, ¥ (X), Uy (X)))r]XQS(X)' (5.10)
r(Ju)) -t
Letz € Hy(2) be the solution of the following system:
Az +{r(B'(Y — ) + ' (% — ] = fy (X, Y, U}z
= A Ly(X, ¥, Ur) in Q, (5.11)

Z |y = 0.
Then we may deduce frond @) that

/ [z (F (X, ¥, v) = FOX Y, Up)) + R JdX > —a. (5.12)
Qs
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In what follows, we shall obtain our final conclusions by making some estimates
and taking the limits in%.10)—(5.12).
First, by .18 and .20, the function, (x) > 0 satisfies

1 r
/Q)Lr(x)dx > T /Q(L(x, Vi, u ) dx=J () >a (5.13)

and by Holder’s inequality,
”)"r”Ll(Q) = / )\.r (X) dX S ||)\.r|||_r/(r—l)(Q) == 1 (514)
Q

Thus we may assume

A — A weakly star in L= (2)*,
MLyG Y (), @ (), U (1) — o weakly star in L®(Q)*.
Clearly, by 6.13, 1 satisfies §.3).

Let S(t) € CY(R) be a family of smooth approximations to sigrsatisfying the
following: Sj(t) > 0, Vvt € R, and

1 if t>3,
St ={0 if t=0,
-1 if t < -=6.

Multiplying (5.17) by S(z), integrating it over2, and lettings — 0, we obtain

IriB'<ye —@) +v'(¥r — Wz llr@ < CliArllg < C. (5.15)

Then, applying the standard estimate for an elliptic equationtifsee [L2]) to the
system 6.11), we get

1Z llwee @) < C (5.16)
and, using$.11), we further get
IrB' (Y — @) + 7' % — ¥z llwrr <C (5.17)

wherep’' = p/(p—1) € (L,n/(n—1)).
In all the above estimate$.(15—(5.17), the constan€ is independent of > 1.
Hence we may let, extracting some subsequence if necessary,

Z —Z weakly in W1P (), strongly in L (Q),
rB (Y —o) +y(y —¥)z — 0  weakly star in WP (Q) N L>(Q)*.
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Let(y", u,) € «. By (5.5—(5.6) and the continuity of the state on the control, we
have, for anyp > 2,

Iy — Yllwie — 0 (5.18)
and
IYr — Yllweeey — O (5.19)
where the convergends; — Y lwir@) — O (see £.1)) has been used.
Passing to the limit ing.11), we see thaZ solves 6.1) with
f=p—0 =Ly, y(),0().

Lets, = |J — J| + o(|ly; — YllL~@), Wherew(-) is the (uniform) modulus of
continuity forL given in (Hs). By (5.19 and Theorend.6, it is easy to ge§, — 0
(asr — o0). Then, by the definition df, (-) (see 6.10), we have

/hr(x)dXS 3 (u) (L(x,yr(x),v(x))> N
. rJo J (uy)

3 t_)/ (L(x,s‘/(x),_v(x))m)fdx
Qs J

-

b/J—s+35

< - (T&> -0 (r— 00) (5.20)

becausdé, — 0 ands > O is fixed.
Hence we take limits in5.12) to obtain

/ 72, V,0) — f(X,7,0)]dx>0 Vve %, s=>0. (5.21)
Qs

The desired conclusiors (2) thus follows (see Lemma.2 below).
Finally, using an argument analogous to thatd(jvith some necessary modifica-
tions), we can proves(4).

LEMMA 5.2. Equation(5.2) follows from(5.21).

PROOF. Let
HX,u) =2z f(x, yxX),u) xe, uel.

We see that, by (), for anyx € , H(X, -) is continuous otJ.
As U is separable, there exists a countable dens&get {u;,i > 1} c U. For
eachu; € Ug andQy; C 0, we denote

hij ) = [H(X, u) — HX, D] xe,,(X) X € Q.
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Sinceh;; (-) € LY(R), there exists a measurable &t c Q with m(D;;) = m(Q),
such that any point iD;; is a Lebesgue point df;;, namely,

i —_— hi' — hi' = v Di' .
lim miB00) BS(X)[ i) —hij()]dx=0 Vx e D
Let Do = () ;.1 Dij- Thenm(Do) = m(2).
To obtain £.2), it suffices to prove that, for eache Qo N Dy andv € Uy(X),
H (X, U(x)) < H(X, v). (5.22)

Given such ax € QoM Dy andv € Uy(x), by the definitions of2, andUy(x), and
the density olUy, we can choose an integgr> 1 and a subsequence (still denoted
by itself) {u;} ¢ Uy, such that

X € Quj,  veUy(X), U eUyx),
(5.23)

lim u; = v.

I—>00

For anyu; chosen above, we define
0y (E) = u@) &€\ (By(x) N8yy),
’ U £eB,(x)NQy,; V8> 0.

We may easily check thag € 77,;. Takings = 1/j andv = v; in (5.21), we have
f&(x) hi; (§£)dé > 0. Dividing by § > 0 and sending — 0, we obtainh;; (x) > 0.
That meandH (x, G(x)) < H(x, ), Vi. Hence, from %.23 and the continuity of
H(x,u)inu e U, (5.22 follows.

The proof of the Pontryagin principle is complete.

RemMARK 1. If L is independent ofi, 2, andUqy(x) can be replaced bg andU,
respectively. As a matter of fact, in this case, we hiave- 0 and we can carry out
the proof without considerins and7; etcetera

REMARK 2. If Z # 0, then 6.2) gives a necessary condition for the optimal control
0. Whereas iz = 0, then £.2) is trivial. In this case,q.1) tells us that

ALy(X, ¥, 0) 4+ i = 0. (5.24)

This gives (implicitly, if L is independent ofi) a necessary condition far. Due to
(5.3), (5.29) is nontrivial.

Also, if m(R2p) = 0, (5.2) tells us nothing. But, in this case, we must have
L(x, ¥(x),G(x)) =J a.ex € Q.

This has already given us some information about the optimakpair).
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