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Abstract

Let u be a random signal with realisations in an infinite-dimensional vector spaceX andv
an associated observable random signal with realisations in a finite-dimensional subspace
Y ⊆ X. We seek a pointwise-best estimate ofu using a bounded linear filter on the observed
data vectorv. Whenx is a finite-dimensional Euclidean space and the covariance matrix
for v is nonsingular, it is known that the best estimateû of u is given by a standard matrix
expression prescribing a linear mean-square filter. For the infinite-dimensional Hilbert
space problem we show that the matrix expression must be replaced by an analogous but
more general expression using bounded linear operators. The extension procedure depends
directly on the theory of the Bochner integral and on the construction of appropriate Hilbert-
Schmidt operators. An extended example is given.

1. Introduction

A common problem in engineering, applied mathematics and statistics is the estima-
tion of a random signalu by measuring an associated observable random signalv.
Realisations ofu are often represented as elements in an infinite-dimensional vector
space. For a general background to the theory of random signals and noise, we cite
the classic text by Davenport and Root [2] and the book by Frank [4]. A more recent
work by Haykin [6] is primarily concerned with adaptive filters. There are many
other general references. Of particular relevance to this paper is the strong similar-
ity between optimal filtering problems and problems of approximation of linear and
nonlinear systems. Representation and approximation are the themes in a sequence
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of papers by Sandberg [11, 12, 14, 13, 15] and the fundamental theory of constructive
approximation for nonlinear systems is discussed by Torokhti and Howlett [17] and
by Howlett and Torokhti [7, 8].

Let u be a random signal with realisationsu.!/ = x in an infinite-dimensional
vector spaceX for each outcome! from the set� of all possible outcomes. We
seek an estimate of the vectoru by observing an associated random vectorv where
the outcomev.!/ = y of the observed data vector is realised as an element of some
finite-dimensional subspaceY ⊆ X. Our goal is to find the best possible estimate of
u using a linear estimator onv. Previous similar formulations of this problem and
the corresponding solutions [9, 10, 16, 18] are justified only for estimation of random
vectors with realisations in finite-dimensional vector spaces.

Suppose.�;6;¼/ is a probability space andu ∈ L2.�;Rm/, v ∈ L2.�;Rn/

are random vectors with realisationsu.!/ ∈ R
m, v.!/ ∈ R

n in finite-dimensional
Euclidean space and assume that the covariance matricesE [uvT] ∈ Rm×n, E [vvT ] ∈
R

n×n are known. The symbolE denotes the expectation operator. If the matrixE [vvT]
is nonsingular, then it is well-known [16] that the best linear mean-square estimateû
of the random vectoru from the observed data vectorv is given by a linear estimator
of the form

û = E [uvT]E [vvT]−1v: (1.1)

We emphasise that the formula (1.1) involves finite-dimensional matrices and as
such is valid only for random vectors with realisations in finite-dimensional Eu-
clidean space. Each matrixF ∈ R

m×n defines a bounded linear transformation
MF ∈ L .L2.�;Rn/; L2.�;Rm// via the formula[MFv].!/ = Fv.!/ for each
! ∈ �. It is customary to writeFv rather thanMFv so that we can also write
[Fv].!/ = Fv.!/ for each! ∈ �. We note that there are many bounded linear
transformations fromL2.�;Rn/ into L2.�;Rm/ that cannot be written in the form
[MFv].!/ = Fv.!/ for each! ∈ �.

Some generalisations of formula (1.1) have already been considered. In the case
wherev = u + ¾ and ¾ is an independent noise term, Kazakos [10] used a trun-
cated singular-value decomposition of the matrixE [uvT]E [vvT]−1. More recently,
Yamashita and Ogawa [18] have shown that when the inverse matrixE [vvT]−1 does
not exist the optimal estimate of Kazakos can be replaced by an optimal estimate
using a truncated singular-value decomposition of the matrixE [uvT ]E [vvT ]†, where
E [vvT ]† is a generalised inverse matrix. Hua and Liu [9] argue that this truncated
form of the matrix formula

û = E [uvT]E [vvT]†v (1.2)

is valid when no specific relationship betweenu andv is assumed. They claim that
in this case the formula is easily established by finding the matrixF0 ∈ Rm×n that
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minimises

Q.F/ = E [‖u − Fv‖2]:
The argument proposed by Hua and Liu relies on the identity

Q.F/ − Q.F0/ = tr{.F − F0/E [vvT ].F − F0/}; (1.3)

where tr{A} denotes the trace of the square matrixA. Once again the arguments
are based on a standard matrix formulation and the random vectors are realised in
some finite-dimensional Euclidean space. Similar arguments relating to minimum
mean-square errors can be found in a recent paper by Zou and Lu [20], who consider
the problem of optimal estimation in systems with linear associative memory.

In this paper we show that an extended form of the optimal estimator (1.2) can
be applied to random vectors with realisations in a separable Hilbert space. To be
specific, we show that the best linear mean-square estimateû of the random vectoru
from the observed data vectorv is given by a linear estimator of the form

û = E [Ju Jv
T]E [JvJv

T ]†v + K [I − .E [JvJv
T]/1=2.E [JvJv

T ]†/1=2]v; (1.4)

whereK ∈ L .Y; X/ is arbitrary. This extended form of the optimal estimator can
be applied to random vectors with realisations in a separable Hilbert space. Although
the principles of least squares approximation are well-known, this explicit formula for
the optimal estimator appears to be new.

To define the expected value for a random vector with realisations in a separable
Hilbert space it is necessary to use a vector-valued Bochner integral. Consequently
we must also show that certain special random vectors are strongly6-measurable. We
use a standard Banach space formulation of the Bochner integral [19] and apply this
theory to Hilbert space. To ensure that the trace operator is well-defined the optimal
estimator is constructed using Hilbert-Schmidt operators.

In the following section, we address the background mathematical machinery,
while Section3 presents a motivating generic example. Section4 introduces some
bounded linear mappings that are used to establish the main results, which are given
in Section5. We conclude in Section6 with an analysis of the generic example.

In formulating practical problems it is often necessary to choose between two
options, an approximate solution to the exact problem and the exact solution to an
approximate problem. We have chosen the former course of action for the follow-
ing reason. If we construct an optimal filter in infinite-dimensional space using
bounded linear operators, then we can estimate the truncation errors in subsequent
finite-dimensional approximations. If we truncate the signal before we attempt any
estimation, it is difficult to see how we could make sensible judgements about the
errors.
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2. Preliminaries

In this section we outline a theoretical basis for the description of random vectors
with realisations in Banach space. We follow the methods of Halmos [5], Dunford and
Schwartz [3] and Yosida [19]. Although many of the results are natural extensions of
results for real-valued random variables, the extensions require some care.

As in the real context,.�;6;¼/will denote a probability space. Here� is the set of
outcomes,6 a (completed)¦ -field of measurable subsetsE ⊂ � and¼ : 6 7→ [0;1]
an associated probability measure on6, so that¼.�/ = 1. Each element! ∈ �

represents the outcome of an observation of experiment and eachE ∈ 6 a set of
outcomes, called an event. We say that the eventE has occurred if! ∈ E.

SupposeEj ∈ 6 ( j = 1; : : : ;n) are mutually disjoint events and4 ∈ X, a Banach
space, forj = 1; : : : ;n. We may define a finitely-valued functionu : � 7→ X by

u.!/ =
n∑

j =1

� j .!/¾ j ; (2.1)

where the characteristic function� j : � 7→ {0;1} of the setEj is given by� j .!/ = 0
or 1 according as! ∈ Ej or! =∈ E j .

A functionu : � 7→ X is said to bestrongly6-measurableif there exists a sequence
.un/n≥1 of finitely-valued functionsun : � 7→ X such that‖u.!/ − un.!/‖ → 0 as
n → ∞ for almost all! ∈ �. The valueu.!/ of a strongly6-measurable function
u is referred to as a random vector. Whenu is finitely-valued, the Bochner¼-integral
I .u/ ∈ X is prescribed by

I

(
n∑

j =1

� j ¾ j

)
=

n∑
j =1

¼.Ej /¾ j :

Whenu is strongly6-measurable, we say thatu is Bochner¼-integrable if there
exists a sequence.un/n≥1 of finitely-valued functionsun : � 7→ X with ‖un.!/ −
u.!/‖ → 0 for¼-almost all! ∈ � in such a way that∫

�

‖un.!/ − u.!/‖¼.d!/ → 0

asn → ∞. In this case the Bochner¼-integral is defined by∫
�

u.!/¼.d!/ = I .u/;

whereI .u/ ∈ X is the unique element with‖I .u/ −I .un/‖ → 0 asn → ∞. In
general, for eachE ∈ 6, we define∫

E

u.!/¼.d!/ =
∫
�

�E.!/u.!/¼.d!/;
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where� is the characteristic function of the setE. The following general results can
be found in Yosida [19].

THEOREM 1. A strongly 6-measurable functionu : � 7→ X is Bochner¼-
integrable if and only if‖u‖ is¼-integrable.

COROLLARY 1. If ‖u‖ is¼-integrable, then
∥∥∫

�
u.!/¼.d!/

∥∥ ≤ ∫
�

‖u.!/‖¼.d!/.

COROLLARY 2. Let X andY be Banach spaces andA ∈ L .X;Y/ a bounded linear
map. Ifu : � 7→ X is Bochner¼-integrable inX and if v = A[u], thenv : � 7→ Y
is Bochner¼-integrable inY and

∫
�
v.!/¼.d!/ = A

[∫
�

u.!/¼.d!/
]
.

SupposeX andY are Banach spaces. Letu : � 7→ X be a Bochner¼-integrable
random vector inX. The expected value ofu is defined by

E [u] =
∫
�

u.!/¼.d!/

and we note from Corollary1 that ‖E [u]‖ ≤ E [‖u‖]. When A ∈ L .X;Y/ is a
bounded linear map, it follows from Corollary2 thatE [A.u/] = A.E [u]/.

The theory of random vectors in Hilbert space is an extension of the corresponding
theory in Banach space. LetX be a Hilbert space with scalar product〈·; ·〉. Of
particular interest are properties relating to the scalar product, which are used directly
in defining special operators for the optimal filter.

Let X be a Hilbert space with scalar product〈·; ·〉 and letu : � 7→ X be the
finitely-valued random vector given by (2.1). Since‖u.!/‖2 = ∑n

j =1� j .!/‖¾ j ‖2, it
follows that if A ∈ L .X; X/ is a bounded linear map, then〈∫

�

u.!/¼.d!/;
∫
�

A[u.!/]¼.d!/
〉

=
n∑

j =1

n∑
k=1

¼.Ej /¼.Ek/〈¾ j ; A[¾k]〉

= ‖A‖
n∑

j =1

n∑
k=1

¼.Ej /¼.Ek/‖¾ j ‖ · ‖¾k‖ ≤ ‖A‖
n∑

j =1

[¼.Ej /]2‖¾ j ‖2

≤ ‖A‖
n∑

j =1

¼.Ej /‖¾ j ‖2 = ‖A‖
∫
�

‖u.!/‖2¼.d!/;

using the elementary inequalities

|〈¾ j ; A[¾k]〉| ≤ ‖A‖ · ‖¾ j‖ · ‖¾k‖ and ‖¾ j ‖ · ‖¾k‖ ≤ [‖¾ j ‖2 + ‖¾k‖2
]
=2:
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By taking appropriate limits, we can easily extend the above argument to establish
the following general results, which are used to justify the construction of the optimal
filter.

THEOREM 2. If u : � 7→ X is strongly6-measurable and‖u‖2 is ¼-integrable,
thenu is Bochner¼-integrable and for each bounded linear mapA ∈ L .X; X/ we
have 〈∫

�

u.!/¼.d!/;
∫
�

A[u.!/]¼.d!/
〉

≤ ‖A‖
∫
�

‖u.!/‖2¼.d!/:

COROLLARY 3. If u : � 7→ X is strongly6-measurable and‖u‖2 is ¼-integrable,
then ∥∥∥∥

∫
�

u.!/¼.d!/

∥∥∥∥
2

≤
∫
�

‖u.!/‖2¼.d!/:

The last two results can be expressed in terms of expected values. LetA ∈ L .X; X/
and letu : � 7→ X be a random vector. If‖u‖2 is¼-integrable, then

〈E [u];E [A.u/]〉 ≤ ‖A‖E [‖u‖2]

and in particular‖E [u]‖2 ≤ E [‖u‖2].
We write L2.�; X/ for the set of all strongly6-measurable functionsu : � 7→ X

with E [‖u‖2] < ∞.
To conclude this section, we review some basic structural results for bounded linear

maps with finite-dimensional ranges on Hilbert space, which are used directly in our
construction of the optimal estimates. We assume thatX is a separable Hilbert space
and Y ⊆ X is a finite-dimensional subspace with dimensionn. The material on
Hilbert-Schmidt operators follows Balakrishnan [1].

Let A ∈ L .X;Y/ and letR.A/ ⊆ Y denote the range space ofA. SupposeR.A/
has dimensionr ≤ n. LetN .A/ ⊆ X denote the null space ofA. The bounded linear
mapAT ∈ L .Y; X/ is defined uniquely by the equation

〈AT .y/; x〉 = 〈y; A.x/〉

for eachy ∈ Y. We writeR.AT / ⊆ X for the range space ofAT and letN .AT / ⊆ Y
denote the null space ofAT . SinceR.A/ has dimensionr ≤ n, it follows thatR.AT /

also has dimensionr .
SinceR.A/ is finite-dimensional and therefore closed, it follows thatY = R.A/⊕

N .AT / and that eachy ∈ Y can be written uniquely in the formy = yR + yN ,
where yR ∈ R.A/ and yN ∈ N .AT / and where〈yR; yN 〉 = 0. In a similar
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fashionX = R.AT / ⊕N .A/ and eachx ∈ X can be written uniquely in the form
x = xR + xN , wherexR ∈ R.AT /, xN ∈ N .A/ and〈xR; xN 〉 = 0.

The generalised inverseA† ∈ L .Y; X/ of A is defined as follows. Lety ∈ Y, put
y = yR + yN and choosex ∈ X such thatA.x/ = yR. Write x = xR + xN and
define

A†.y/ = xR:

The bounded linear operatorsAT A ∈ L .X; X/ and AAT ∈ L .Y;Y/ are positive-
definite and self-adjoint.

Since AT A ∈ L .X; X/ and AAT ∈ L .Y;Y/, we can find orthonormal vectors
{ei }r

i =1 forming a basis forR.AT / and{ fi }r
i =1 forming a basis forR.A/ which satisfy

AT Aei = si
2ei and AAT fi = si

2 fi

for eachi = 1;2; : : : ; r . Heres1 > s2 > · · · > sr > 0 are real numbers and

fi = 1

si
Aei and ei = 1

si
AT fi

for eachi = 1;2; : : : ; r . BecauseX is separable, the orthonormal sets{ei }r
i =1 and

{ fi }r
i =1 can be extended to form complete orthonormal sets{ei }∞

i =1 and{ fi }∞
i =1 in X and

the bounded linear operatorsA and AT are by definition Hilbert-Schmidt operators
because

‖A‖2
H S :=

∞∑
i =1

‖Aei ‖2 =
r∑

i =1

si
2 < ∞

and

‖AT‖2
H S :=

∞∑
i =1

‖AT fi ‖2 =
r∑

i =1

si
2 < ∞:

We recall ([1, Definition 3.4.2]) the concept of anuclearor trace classoperator.
SupposeH1,H2 are separable Hilbert spaces with respective orthonormal bases{gi },
{hi }. A bounded linear operatorA :H1 7→H2 is nuclearif

∑∞
i =1 |〈Agi ;hi 〉| < ∞.

It follows that the operatorsAT A andAAT are nuclear operators with finite traces
given by

tr.AT A/ :=
∞∑

i =1

〈AT Aei ;ei 〉 =
r∑

i =1

si
2 < ∞

and

tr.AAT / :=
∞∑

i =1

〈AAT fi ; fi 〉 =
r∑

i =1

si
2 < ∞:
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3. A generic example

In this section we show that an elementary random function is equivalent to a
random vector with realisations in an infinite-dimensional Hilbert space. This generic
example will be used later in the paper to illustrate our proposed optimal linear
estimator. It is well-known that a functionx : [0;1] 7→ R for which∫ 1

0

[x.t/]2 dt < ∞

can be represented by a Fourier sine seriesx.t/ =∑∞
k=1 xk

√
2 sink³ t , or equivalently

by an infinite-dimensional vectorx = .x1; x2; x3; : : : /
T , where

∑∞
k=1 |xk|2 < ∞. In

this case we say that the vectorx ∈ X = l 2.
For the purpose of practical calculations with these functions it is necessary to use

a suitable finite-dimensional approximation. Thus we write

x ≈ .x1; x2; : : : ; xn;0; : : : /
T

for some fixed value ofn. We can generate random vectors with realisations in an
infinite-dimensional Hilbert space by thinking of each coefficientxk in the Fourier
sine series as the realisation of a real-valued random variable. Let� be the set of all
possible outcomes and letuk : � 7→ R be a real-valued random variable. For each
outcome! ∈ � we haveuk.!/ = xk ∈ R and we obtain a corresponding realisation

u.!; t/ =
∞∑

k=1

uk.!/
√

2 sink³ t

of the random functionu.t/ = u.·; t/, or equivalently a realisation

u.!/ = .u1.!/;u2.!/;u3.!/; : : : /
T

of the infinite-dimensional random vectoru = u.·/. For the above realisations to be
meaningful it is necessary that

∑∞
k=1 |uk.!/|2 < ∞ for almost all! ∈ �.

4. Some special mappings

In this section we define some special bounded linear mappings that will be used
to establish the main results.

For eachx ∈ X, define a bounded linear mapJx ∈ L .R; X/ by Jx.Þ/ = Þx. The
adjoint mappingJx

T ∈ L .X;R/ is given byJx
T.y/ = 〈x; y〉. Now Jx

T Jx ∈ L .R;R/
satisfies

Jx
T Jx.Þ/ = Jx

T.Þx/ = 〈x; Þx〉 = Þ‖x‖2
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and clearly‖Jx
T Jx‖ = ‖x‖2. On the other hand,Jx Jx

T ∈ L .X; X/ is prescribed by

Jx Jx
T.y/ = Jx.〈x; y〉/ = 〈x; y〉x

and hence, once again,‖Jx Jx
T‖ = ‖x‖2.

Relative to the complete orthonormal set{ei } in X, we have

∞∑
i =1

〈Jx Jx
T.ei /;ei 〉 =

∞∑
i =1

〈x;ei 〉2 =
∞∑

i =1

x2
i = ‖x‖2

and in R we have Jx
T Jx.1/ = ‖x‖2. Hence Jx

T Jx and Jx Jx
T are both nuclear

operators with finite trace given by tr.Jx
T Jx/ = tr.Jx Jx

T/ = ‖x‖2. If A ∈ L .X;Y/
andB ∈ L .Y; X/ thenJAx = AJx andJBy = B Jy for all x ∈ X and ally ∈ Y.

Suppose thatY is a finite-dimensional subspace of the Hilbert spaceX. Let
u : � 7→ X andv : � 7→ Y be random vectors withE [‖u‖2] < ∞ andE [‖v‖2] < ∞.

LEMMA 1. Supposeq ∈ Y is a fixed vector. Then the functionsJu Jv
Tq : � 7→ X

and Jv Jv
T q : � 7→ Y defined by

[Ju Jv
T q].!/ = 〈v.!/;q〉u.!/ and [Jv Jv

T q].!/ = 〈v.!/;q〉v.!/
for each! ∈ � are strongly6-measurable with

E [‖Ju Jv
Tq‖] < ∞ and E [‖JvJv

T q‖] < ∞:

REMARK 1. The following proof makes extensive use of the material discussed in
Section2. In order to define the expectationsE [Ju Jv

T q] andE [JvJv
Tq], it is necessary

to use a Bochner integral. It is therefore also necessary to establish that the functions
Ju Jv

T q andJv Jv
T q are strongly6-measurable.

PROOF. Let {un} and {vn} be sequences of finitely-valued random vectors with
‖un.!/ − u.!/‖ → 0 and‖vn.!/ − v.!/‖ → 0 asn → ∞ for almost all! ∈ �.
Then{〈vn.!/;q〉un.!/} is a sequence of finitely-valued random vectors with

‖〈vn.!/;q〉un.!/− 〈v.!/;q〉u.!/‖
≤ ‖〈vn.!/ − v.!/;q〉un.!/‖ + ‖〈v.!/;q〉[un.!/− u.!/]‖
≤ ‖vn.!/ − v.!/‖ · ‖q‖ · ‖u.!/‖ + ‖v.!/‖ · ‖q‖ · ‖un.!/− u.!/‖ → 0

as n → ∞ for almost all! ∈ �. ThereforeJu Jv
T q is strongly6-measurable.

Similarly Jv Jv
T q is strongly6-measurable. It follows that

‖E [Ju Jv
T q]‖2 ≤ .E [‖〈v;q〉u‖]/2 ≤ ‖q‖2.E [‖u‖ · ‖v‖]/2

≤ ‖q‖2
E [‖u‖2]E [‖v‖2] < ∞

and likewise that‖E [JvJv
Tq]‖2 < ∞.
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The operatorsE [Jv Ju
T] ∈ L .X;Y/ andE [Ju Jv

T ] ∈ L .Y; X/ are defined by
settingE [Jv Ju

T]p = E [〈u; p〉v] andE [Ju Jv
T ]q = E [〈v;q〉u] for eachp ∈ X and

q ∈ Y. We have

〈p;E [Ju Jv
T]q〉 = 〈p;E [〈v;q〉u]〉 = E [〈p;u〉〈v;q〉]

= 〈E [〈p;u〉v];q〉 = 〈E [JvJu
T]p;q〉

and henceE [Ju Jv
T]T = E [Jv Ju

T]. The self-adjoint operatorE [JvJv
T] ∈ L .Y;Y/

can be defined in a similar way.

5. The main results

We are now ready to return to the problem posed in the introduction. Suppose
u ∈ L2.�; X/ andv ∈ L2.�;Y/. For eachF ∈ L .Y; X/, the linear transformation
MF ∈ L .L2.�;Y/; L2.�; X// is defined by[MFv].!/ = Fv.!/ for each! ∈ �.
Once again it is customary to writeFv rather thanMFv since we then have[Fv].!/ =
Fv.!/ for each! ∈ �. We wish to solve the following problem.

PROBLEM 1. Let u ∈ L2.�; X/ be an unknown random function andv ∈ L2.�;Y/
an observable random function and suppose thatE [Ju Jv

T] andE [JvJv
T ] are known.

Let Q : L .Y; X/ 7→ R be defined byQ.F/ = E [‖u− Fv‖2] for eachF ∈L .Y; X/.
We wish to findF0 ∈ L .Y; X/ such thatQ.F0/ ≤ Q.F/ for all suchF .

REMARK 2. In spite of an apparent close similarity between Problem1 and the
problem solved by Hua and Liu [9] we note that Problem1 is formulated in a more
general vector space. Hua and Liu assume the random functions are realised in finite
dimensional vector spaces and the optimal estimator is constructed using matrices.
Problem1 allows realisation of the random functions in a separable Hilbert space and
the optimal estimator is constructed using Hilbert-Schmidt operators.

LEMMA 2. The null spaceN .E [JvJv
T]/ of the operatorE [JvJv

T ] ∈ L .Y;Y/ is a
subspace of the null spaceN .E [Ju Jv

T ]/ of the operatorE [Ju Jv
T ] ∈ L .Y; X/.

PROOF. SupposeqN ∈ N .E [JvJv
T ]/. Then〈qN ;E [〈v;qN 〉v]〉 = 0 and hence

E [〈v;qN 〉2] = 0. But for eachp ∈ X we have

|〈p;E [Ju Jv
T]qN 〉| = |E [〈p;u〉〈v;qN 〉]|

≤ (
E [〈p;u〉2])1=2 (E [〈v;qN 〉2])1=2 = 0:

ThereforeE [Ju Jv
T ]qN = 0 and henceqN ∈ N .E [Ju Jv

T ]/.
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COROLLARY 4. E [Ju Jv
T]E [JvJv

T]†E [JvJv
T] = E [Ju Jv

T].

PROOF. If qN ∈ N .E [JvJv
T ]/, thenE [Ju Jv

T ]E [JvJv
T]†
E [JvJv

T]qN = 0 and
since the previous lemma shows thatqN ∈ N .E [Ju Jv

T]/, we have also
E [Ju Jv

T]qN = 0. On the other hand, ifqR ∈ R.E [JvJv
T]/ = N .E [JvJv

T ]/⊥,
then there existsk ∈ Y such thatqR = E [JvJv

T]†k. Hence

E [Ju Jv
T ]E [Jv Jv

T ]†
E [JvJv

T]qR = E [Ju Jv
T ]E [JvJv

T]†
E [JvJv

T]E [JvJv
T]†k

= E [Ju Jv
T ]qR:

The desired result follows from the fact that any element ofY can be written in the
form q = qN + qR.

REMARK 3. If u ∈ L2.�; X/ andx = u.!/ for some! ∈ � then the operators
Jx Jx

T andJx
T Jx are each nuclear operators and the trace is well defined. The trace is

used to establish the next identity and the subsequent theorem. It is therefore necessary
to know that the operators concerned are nuclear operators.

For eachF ∈ L .Y; X/, we have

Q.F/ = E [‖u − Fv‖2] = E [tr.Ju−Fv Ju−Fv
T /] = E [tr.[Ju − F Jv][Ju − F Jv]T/]:

THEOREM 3. The solution to Problem1 is given by

F0 = E [Ju Jv
T]E [JvJv

T ]† + K [I − .E [JvJv
T]/1=2.E [JvJv

T ]†/1=2];

where K ∈ L .Y; X/ is an arbitary bounded linear operator. The corresponding
uniquely defined minimum value ofQ.F/ is

Q.F0/ = tr{E [Ju Ju
T ] − E [Ju Jv

T]E [JvJv
T]†
E [JvJu

T ]}:

PROOF. If we write1Q.F/ = Q.F/ − Q.F0/, then

1Q.F/ = tr
{

FE [JvJv
T F T − E [Ju Jv

T]F T − FE [JvJu
T]

+E [Ju Jv
T ]E [JvJv

T]†
E [JvJu

T ]}
= tr

{
.F − E [Ju Jv

T]E [JvJv
T ]†/E [JvJv

T].F − E [Ju Jv
T ]E [Jv Jv

T ]†/T
}

= ‖.F − E [Ju Jv
T ]E [Jv Jv

T ]†/.E [JvJv
T]/1=2‖2

H S

where the norm is the Hilbert-Schmidt norm. HenceQ.F/− Q.F0/ ≥ 0 with equality
if and only if F = F0.
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COROLLARY 5. The best estimatêu of u using a bounded linear estimator on the
observed signalv is given by

û = E [Ju Jv
T]E [JvJv

T]†v + K [I − .E [JvJv
T]/1=2.E [JvJv

T]†/1=2]v;
where K ∈ L .Y; X/ is arbitrary. The minimum norm estimate is given by setting
K = O.

REMARK 4. The papersby Hua and Liu [9] and Yamashita and Ogawa [18] consider
a finite-dimensional problem and use a truncated singular-value decomposition to
minimiseQ.F/ = E [‖u − Fv‖2] subject to a restriction on the rank of the matrixF .
We believe our result can be used to solve a similar problem for random vectors with
realisations in a separable Hilbert space.

6. Analysis of the generic example

The generic example will be used to demonstrate the construction of an optimal
estimator. In this example random functions are represented by infinite-dimensional
random vectors. We show that the optimal filter can be represented using infinite-
dimensional matrices with suitable limits on the size of the matrix coefficients. Let
X = l 2. Suppose that we wish to estimate the random function

u =



u1

u2

:::


 : � 7→ X

on the basis of an observed function

v.!/ =




v1.!/

v2.!/

v3.!/

v4.!/

0
:::




with realisations in a four-dimensional subspaceY ⊆ X. We assume thatv = Au,
where

A =
(

A11 O

O O

)
and A11 =




1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1



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and whereO is an infinite-dimensional zero submatrix. Thereforev1 = u1 + u2,
v2 = u2 + u3, v3 = u3 + u4, v4 = u4 + u1 andvk = 0 for all k ≥ 5.

To find the best estimatêu of u using a linear estimator onv, we need to define
some special operators. For eachu : � 7→ l2 andv : � 7→ l2 and eachy ∈ Y, the
functionsJu Jv

T y : � 7→ X andJv Jv
T y : � 7→ Y are defined by

[Ju Jv
T y].!/ = 〈v.!/; y〉u.!/ and [JvJv

T y].!/ = 〈v.!/; y〉v.!/
for each! ∈ �. We suppose that the random variablesuk are pairwise indepen-
dent withE [uk] = ²k andE [.uk − ²k/

2] = ¦k
2. In practice this could occur as a

deterministic function with coefficients{²k} and an additive noise term¾k = uk − ²k.
We also suppose that|²k| ≤ R=k for some fixed constantR > 0. We can now

calculate

E [Ju Jv
T y] =




¦1
2.y1 + y4/

¦2
2.y1 + y2/

¦3
2.y2 + y3/

¦4
2.y3 + y4/

0
:::




+




²1[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]
²2[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]
²3[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]
²4[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]
²5[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]

:::




and

E [Jv Jv
T y] =




.¦1
2 + ¦2

2/y1 + ¦2
2y2 + ¦1

2y4

¦2
2y1 + .¦2

2 + ¦3
2/y2 + ¦3

2y3

¦3
2y2 + .¦3

2 + ¦4
2/y3 + ¦4

2y4

¦1
2y1 + ¦4

2y3 + .¦4
2 + ¦1

2/y4

0
:::




+




.²1+²2/[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]

.²2+²3/[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]

.²3+²4/[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]

.²4+²1/[.²1+²2/y1+.²2+²3/y2+.²3+²4/y3+.²4+²1/y4]
0
:::



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for all y ∈ Y. This enables us to write down a matrix representation for each of these
operators. Note that these representations are essentially infinite matrices with some
limit on the size of the matrix coefficients. In this case the size of the coefficients is
limited by the inequality

∞∑
i; j =1

.²i² j /
2 <

R³4

36
:

If we define

S =
(

S11 O

O O

)
; where S11 =



¦1 0 0 0
0 ¦2 0 0
0 0 ¦3 0
0 0 0 ¦4


 and ² =



²1

²2

:::


 ;

then

E [Ju Jv
T ] = [SST + ²²T]AT and E [Jv Jv

T ] = A[SST + ²²T]AT :

We now show that the operatorE [JvJv
T] is not invertible and calculate the gener-

alised inverse. Define an orthogonal transformation

U =
(

U11 O

O I

)
; where U11 =




1=2 −1=2 1=2 −1=2
1=2 1=2 1=2 1=2

−1=2 −1=2 1=2 1=2
1=2 −1=2 −1=2 1=2




and observe that

UE [JvJv
T]U T =




0 0 0 0 0 · · ·
0

∑4
i =1¦i

2 ¦4
2 − ¦2

2 ¦1
2 − ¦3

2 0 · · ·
0 ¦4

2 − ¦2
2 ¦2

2 + ¦4
2 0 0 · · ·

0 ¦1
2 − ¦3

2 0 ¦1
2 + ¦3

2 0 · · ·
0 0 0 0 0 · · ·
:::

:::
:::

:::
:::




+




0∑4
i =1 ²i

²4 − ²2

²1 − ²3

0
:::



(
0

∑4
i =1²i ; ²4 − ²2; ²1 − ²3; 0; · · ·) :
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Using an appropriate partition we can therefore write

UE [JvJv
T]U T =


O O O

O P O

O O O


 ;

where

P =


∑4

i =1¦i
2 ¦4

2 − ¦2
2 ¦1

2 − ¦3
2

¦4
2 − ¦2

2 ¦2
2 + ¦4

2 0
¦1

2 − ¦3
2 0 ¦1

2 + ¦3
2




+


∑4

i =1²i

²4 − ²2

²1 − ²3


(∑4

i =1²i ; ²4 − ²2; ²1 − ²3

)
:

Since ∣∣∣∣∣∣
∑4

i =1 ¦i
2 ¦4

2 − ¦2
2 ¦1

2 − ¦3
2

¦4
2 − ¦2

2 ¦2
2 + ¦4

2 0
¦1

2 − ¦3
2 0 ¦1

2 + ¦3
2

∣∣∣∣∣∣ =
∑

1≤i< j<k≤4

4¦i
2¦ j

2¦k
2 > 0;

it follows that P−1 exists and

E [JvJv
T]† = U


O O O

O P−1
O

O O O


U T :

It has been shown that the minimum norm best estimateû of u using a linear
estimator on the observed functionv is given by

û = E [Ju Jv
T]E [JvJv

T ]†v:

In this example we have seen that the estimator can be easily computed. In general
the estimator involves an infinite-dimensional matrix and our implementation must
necessarily be a truncation of the true optimal estimator. The approximation can be
made as accurate as we please.
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