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ADDITIVE SELECTIONS AND THE STABILITY OF THE CAUCHY
FUNCTIONAL EQUATION
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Abstract

The main result of this paper offers a necessary and sufficient condition for the existence of
an additive selection of a weakly compachuex set-valued magefined on an amenable
semigroup. As an application, we obtain characterisations of the solutions of several
functional inequalities, including that of quasi-additive functions.

1. Introduction

The Cauchy functional equation has numerous applications such as to information
theory and information measures, the problem of aggregated allocations, geometric
objects, Hamel bases, harmonic analysis and stochastic processes. For the las
mentioned see, for exampld,7, 18].

The stability properties of the Cauchy functional equation have attracted the at-
tention of many mathematicians. A cornerstone result is the so-called Hyers-Ulam
stability theorem obtained by Hyer&(]. An account of the progress and develop-
ments in this field can be found in a recent survey papers by Edriler [7], Hyers
and RassiaslP] and Hyers, Isac and Rassiddl].

The motivation for this paper hasits origins in three sources. 1n 1988, TaQ@1]
introduced the notion of quasi-additive functions and showed, that from the point
of view of regularity, they behave very similarly to additive functions. In 1992,
Ger [6]—using invariant mean techniques, or selection theorems—obtained stability
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results which yielded a deeper explanation of the regularity-irregularity properties
of quasi-additive functions. Recentlyales [L6] has obtained a characterisation of
real-valued quasi-additive functions by showing that they can be factorised as the
composition of an odd strictly monotonic globally Lipschitz function and an additive
function. The aim of this paper is to combine the methods of Ger atesR6 obtain
analogous statements in the vector-valued setting.

In the first part, we show that left (right) invariant means (defined on the space of
real-valued bounded functions over a semigroup) can always be extended to Hausdorf
locally convex space-valued functions whose range has weakly compact convex clo-
sure. Thus, we generalise the results agl&ayhidi [19] and Gajda p] who obtained
analogous statements for the semi-reflexive locally convex space-valtiag.sé\s
an application, we derive a necessary and sufficient condition for the existence of an
additive selection of a weakly compact convex set-valued map. (In the real-valued
case, such results have recently been obtainedalssHL6].) The proof of this se-
lection theorem is an adaptation of the methods of Ggr [This result has direct
consequences in the stability theory of the Cauchy functional equation.

In the second part of this paper, we consider functional inequalities that are related
to the quasi-additivity property of vector-valued functions. Our main results show
that such functions can always be written as the compositions of an additive function
and of a globally Lipschitz function. As an application, we also offer a complete
characterisation of the quasi-additivity property. The results so derived generalise
those of Rles [L6)].

2. Means for locally convex space-valued functions

Let Sbe a nonempty set and denote. (S, X) the space of boundex-valued
functions defined oi%, whereX is an arbitrary topological vector space over the field
of real numbers.

DEFINITION 1. A mappingM : #(S, R) — R is called amean on#Z(S, R) if it
satisfies the following properties:

(M1) M islinear.
(M2) M has themean value propertythat is, for allf € #(S, R),

inf f(s) < M(f) < supf(s).
seS seS

We note that, (M2) can be replaced by the following two dbods:

(M3) M isnonnegativethatis,M(f) > 0if f > 0.
(M4) M is normalisedthatis,M (1) = 1.
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If f =(f,...,f):S— R"is a bounded vector-valued function then a real-
valued mean can naturally be extended to such functions by

M(f) := (M(fp),..., M(f)).

Itis obviousthatM : #(S, R") — R"is still linear and the mean value property (M2)
easily yields that

(M5) forall f e Z(S,R"), M(f) € cof(S).

This latter property will be called the mean value property in the vector-valued setting.
That is, we have the following definition.

DEFINITION 2. Let X be a topological vector space. Afrvalued mapM defined
on a subspace o#(S, X) is called a mean if it is linear and satisfies (M5) for all
functions f from the domain oM.

Our aim now is to extend a given real-valued meédno general vector space-
valued functions. Such an extension was constructed lekedghidi [19] and by
Gajda p] when the target space is a semi-reflexive locally convex space. The idea in
[19] and [5] is to consider the mapping* — M(x* o f), x* € X*, and observe that
it is a continuous linear functional oX*; therefore, by semi-reflexivity, there exists
an elemenm € X such thatx*(m) = M(x* o f), x* € X*. This elemenm is then
called the mean of and is denoted b (f).

Another approach is due to Bador {vho extendsM to normed spaces with the
Hahn-Banach extension property. Gé} €onsidered boundedly complete Banach
lattices with a strong unit element and showed that a naon .2 (S, R) admits a
continuous linear extension on the space of bounded lattice-valued functions. In these
cases however the extension may not have the mean value property and satisfies on
weaker inclusions than (M5).

In what follows, we generalise the approaches aketyhidi and Gajda. Assume
that X is a Hausdorff locally convex space. For a bounded funcfiorS — X, the
meanM ( f) of f is defined by the following formula:

X*(M(f)) = Mo f) (X*eX). (2.1)
The unigueness d¥l ( f) follows from the fact thalX* separates the points &f. The

existence oM ( f) requires conditions on the range of the functfo(see Theorerg).

THEOREM 1. Assume thaX is a Hausdorff locally convex space. Ldtbe a mean
on #(S, R). Denote by#y (S, X) the set of all bounded functions : S — X
such thatM (f) exists. ThenZy (S, X) is a linear subspace o4 (S, X) and M :
(S, X) — X is a linear map satisfying

M(f) e cof(S) (f € Zu(S, X)). (2.2)
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PrOOF. Let f, g € #(S, X) suchthaM () andM(g) exist. Then, foralk* € X*,

X*(M(f) + M(9)) = X" (M(f)) +x*(M(9)) = M(X o f) + M(X" 0 Q)
=MXof+X"0g)=MX0o(f+0Q).

Hence by uniquenesh] (f +g) exists and is equal W () + M (g). ThusZy, (S, X)
is closed under addition and is additive on this group. A statement concerning
homogeneity can be proved analogously.

Contrary to £.2), assume thaM (f) does not belong t@of (S). Then the strict
version of the Hahn-Banach separation theorem yields the existence of a linear func-
tional x* € X* such that sup . X" (X) < x*(M(f)). Therefore there exists a
positivee satisfying

X*(X) + e < x*(M(f)) (xecof(9)).
Hence
X*(f(s) +e <x*(M(f)) (se9),

or, in other wordsx* o f + ¢ < x*(M(f)). Applying M to the functions on both
sides of this inequality, we obtain

M(x*o f) +& < Xx*(M(f)) = M(x*o f),
which is an obvious contradiction.

The next result offers a sufficient condition for the existence of the vector-valued
mean.

THEOREM 2. LetM be a mean onZ(S, R) and letf : S— X be a function such
that Cof (S) is weakly compact ilX. Then there exists a unique elemétf) e
cof (S) such that(2.1) holds.

PrOOF. We note first, that for convex sets in locally convex spaces, the notions of
strong and weak closedness coincide, harde S) is always weakly closed.

Let & = {xj,..., X} be a finite subset oK* and letM,; be the set of vectors
m € Cof(S) such thatx*(m) = M(x*o f), i € {1,...,n}. Clearly, My is a
weakly closed subset @of (S), and hence it is weakly compact. If all the séls
(® c X*, finite) are nonempty, then this family of sets has the finite intersection
property. Hence the intersection of all such sets is also nonempty and its (unique)
element clearly satisfie (). Thus it suffices to show tha#l, is nonempty for all
finite subsetsp C X*.

Let® = {x], ..., X } € X* and construct a linear map: X — R" by

LX) = (X{(X),..., X" (X)) (xe X).
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We are going to show that the vectaw;, ..., p,) = (M(Xj o f),..., M(X} o f))
belongs to the sdf = L (Cof (S)). This will immediately yield that, is nonvoid.

On the contrary, assume thgp,, ..., p,) does not belong td&. Since the set
cof (S) is weakly compact and conveX yields a compact convex subset Rf.
Thus, by the Hahn-Banach separation theorem, there exists a geet@, ..., C,)
which, considered as a linear functional®t strictly separate, ..., p,) fromK,
that is, there exists a positivesuch that

ici X(X) + e < ici P
i=1 i=1

for all x € cof(S). Hence, fors € S,
ZCiXi*O f(S)+8 SZCi Pi.
i=1 i=1

Applying M to both sides of this inequality, and using the properties (M1), (M3) and
(M4), we get

ici p +5=2n:CiM(Xi*O H+e<) ap,
i—1 i=1 =1

which is a contradiction. Thus we have proved tt@t . .., p,) € L(Cof(9)).
Therefore there exists a point € ¢of (S) such thatM (x* o f) = p = x*(m),
i €{1,...,n}. Hencem € M, proving thatM, is nonempty.

In what follows, the class oK-valued functions o1& such that the closed convex
hull of the range is weakly compact will play a significant role. We shall denote this
class of functions by, (S, X). It is not difficult to see that this class of functions
forms a vector space, moreover it is a subspace of all bouXdealued functions
onS. In many cases (for example, whi&rwith the weak topology is a quasi-complete
locally convex space), the weak relative compactnedq 8j yields the weak relative
compactness of cb(S) (see Holmesg, Theorem 11B, p. 61]).

If X is a semi-reflexive locally convex space, then bounded sets are always weakly
relatively compact (see YosidaZ, Chapter V, Theorem 3.1, p. 140]). HencéfS) is
bounded thegof (S) is weakly compact. Thereforein this casg (S, X) is identical
to the space of bounded functions, that isA¢S, X).

COROLLARY 1. Let X be a semi-reflexive locally convex spabk,be a mean on
AB(S,R) and letf : S — X be a bounded function. Then there exists a unique
elementM (f) e cof (S) such that(2.1) holds.

(See also Szkelyhidi [L9] and Gajda}].)
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Now we turn our attention to the case wh&admits a semigroup structure, that is,
we assume thatS, +) is a (not necessarily commutative) semigroup. The elements
of Sinduce the notion ofeft andright translationsfor functionsf : S — X in the
following way. Ift € S, then denote

) :=ft+s), f(s):=f(s+t) (se€9.
The functions f and f; so defined are callddft andright translates off .

DEeFINITION 3. A semigroupS is calledleft (respectivelyright) amenablef there
exists a meamM on #(S, R) which isleft (respectivelyright) invariant with respect
to the left (respectivelyright) translations that is, if it satisfiesM(;f) = M(f)
(respectivelyM (f;) = M(f)) forall f € Z(S, R) andt € S.

If both left and right invariant means exist, th8iis calledamenable

It is well-known that any commutative semigroup is amenable (see for example
Hewitt-Ross 8, Chapter 4, Theorem 17.5] and D&})[
Exactly as Theorerth was proved, one can obtain the following result.

THEOREM 3. Let (S, +) be a semigroup and assume thdatis a left (respectively
right) invariant mean onZ(S, R). In addition, letX be a Hausdorff locally convex
space. Themdy (S, X) is closed under leffrespectively right translations and, for
all f e 2y(S, X)andt € S M f) = M(f) (respectiveip (f;) = M(T)).

In other words, ifM is a left (right) invariant mean o#(S, R), then its extension
is also a left (right) invariant mean a# (S, X).
The main result of this section is contained in the following theorem.

THEOREMA4. Let (S, +) be a left (respectively right amenable semigroup and
let X be a Hausdorff locally convex linear space. Then the siiggé€S, X) of all
X-valued functions whose range has a weakly compact closed convex hull admits &
left (respectively rightinvariant mean.

PrROOF. Let Sbe left amenable anill be a left invariant mean oB(S, R). Then,
by Theoren?, it can be extended to be a mean®p (S, X). Due to Theoren3, this
extension will also be left invariant.

The above theorem is a direct generalisation of the following result eké&z”
lyhidi [19] and Gajda }].

COROLLARY 2. Let (S, +) be a left(respectively right amenable semigroup and
let X be a semi-reflexive locally convex linear space. Then the spa& X) of all
boundedX-valued functions admits a lefitespectively rightinvariant mean.
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3. Additive selections and the stability of the Cauchy functional equation

The main result of this section offers necessary and sufficient conditions for the
existence of additive selections from a set-valued mapping with nonempty weakly
compact convex values. The proof uses the vector-valued invariant mean from the
previous section and the ideas of the proof of Theorem 2 in Ger The result
obtained answers the problem cl@s$ [L6] affirmatively.

THEOREMDB. Let (S, +) be a left amenable semigroup and ktbe a Hausdorff
locally convex linear space. Lét : S — 2% be a set-valued map such that, for all
s € S, F(s) is nonempty, convex and weakly compact. TReamdmits an additive
selectionA : S— X if and only if there exists a functiof : S — X such that

f(s+t)— f(t) e F(s) (s,teS). (3.1)

PrOOF. If Ais an additive selection df, then the functionf = A clearly satis-
fies 3.1).

Assume that.1) is valid with a certain functiorf : S — X. Due to Theorer,
we have the existence of a left invariant meédron % (S, R). For a fixed element
s € Sdefineg®(t) = f(s+t)—f (t),t € S. Then, by 8.1), the range 0§° is contained
in F(s), which is convex and weakly compact. Hergfebelongs td%y, (S, X) and
we may applyM to the functiong®. Define the mappind\: S— X by

A(s) = M(g®) (se9).
Due to @3.1) and the properties df,
A(s) € Cog®(S) C CoF(s) = F(s) (s€ 9.

That is,Ais a selection of-. To obtain the additivity oA, lets,, s, € Sbe arbitrary.
Then, fort € S,

g = f(s+s+10) — f(b)
=(f(s+s+t)—f(+t)+(f(s+t) — f(t)
= 0% (1) + g%(1).

Hence using the left invariance bf, we get

A(s; + %) = M(g*7%) = M(;,0% + g%)
= M(,0%) + M(g%) = M(g¥) + M(g%) = A(s) + A(S).

The proof is completed.
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ReEMARK 1. In the case where the image spac®iand F is a compact interval-
valued set-valued map from a commutative semigr8uinen Theoren® reduces to
a recent result of &és [L6] which was proved by a completely different technique
based on the sandwich theorems obtained by NikodafesRind Wsowicz [L5].

COROLLARY 3. Let (S, +) be a left amenable semigroup and Mtbe a reflexive
Banach space. In addition, let: S— [0, co[ andg : S— X be arbitrary functions.
Then there exists an additive functién S — X such that

[AGS) —g(s)l < p(s) (s€ S (3.2)
if and only if there exists a functioh : S— X such that
[f(s+t) — f(t) —gs) <p(s) (s,ted. (3.3)
PrOOF. Define a set-valued map : S — 2% by

F(s) =B(9(s), p(8) = {x e X: X =9g(s) = p(9)} (s€9).

Then, due to the reflexivity oK, F has weakly compact honempty convex values.
Observe that3.2) means that is a selection of, and @.3) is equivalent to §.1).
Thus the statement immediately follows from Theorem

The next result can be interpreted as a stability result for the Cauchy functional
equation. Itis due to GeB[ Theorem 2].

COROLLARY 4. Let (S, +) be a left amenable semigroul, be a reflexive Banach
space and lepp : S — [0, c0) be an arbitrary function. Assume that a function
f : S— X satisfies

[f(s+t)— f(t) - f(s) <p(s) (S;te). (3.4)
Then there exists an additive functidn S — X such that

[A(S) — ()l = p(s) (s€9). (3.5)

ProOOF. Takingg = f, we can see that conditioB.Q) of the previous corollary is
fulfilled. Hence an additive functioA such that 8.2) holds exists.

REMARK 2. In fact, the result of Gerd, Theorem 2] contains analogous statements
also for the case wheK has the Hahn-Banach extension property, or wieis
a boundedly complete Banach lattice with a strong unit element. Starting from
Corollary 4 above, other types of stability results can also be obtained, for example
when the right-hand side 08(4) is replaced by expressions of the foprits) + p (1) —
p(s+1t)andp(s+t), respectively. The details and the corresponding statements can
be found in B, Theorems 3 and 4].
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4. Quasi-additive functions

We recall the notion of quasi-additive functions introduced by Taloy p1].
These functions turned out to behave very similarly to additive functions (see also
Baran P]). A better understanding of the either very regular or very irregular behaviour
was obtained by Ge6]. Recently, Rles [L6] proved for real-valued quasi-additive
functions that they can be factorised as the composition of a very regular function and
an additive function. The main goal of this section is to obtain analogous results for
the vector-valued case as well.

DEFINITION 4. Let (S, +) be a semigroup an&X be a linear normed space. A
function f : S— X is said to bequasi-additivef, for somee € [0, 1),

[fs+t) — ()= fOI <emin([f(s+O[, [f(s)+ F®I) (sted.
If ¢ is given, then the functions satisfying this inequality will be callegliasiadditive.
Clearly, the above inequality can be split into the following two inequalities:

[fs+t)—f(s)—fMOI <ellf(s+DI (sted), (4.1)

and
[fs+t)—f(® - fMOI<ellf(e®+fOI (s5ted). (4.2)
In what follows, we first consider the functional inequalit§.3) below that is

strictly related to 4.1). We shall obtain a complete characterisation for the solution
of this inequality.

THEOREM 6. Let(G, +) be an amenable grougX be a reflexive Banach space and
let f,g: G — X be arbitrary functions. If, for some € [0, 1), f andg satisfy the
functional inequality

[fs+t) — f(t) =gl =¢llg®®) (sitel, (4.3)

then there exist an additive functigh: G — X and a functionp : A(G) — X such
that

f(s) =p(A(s) (se€0), (4.4)
IA(S) — gl <ylge)I (s€6) (4.5)

and
o) — @@ — U—v)|| <Sllu—2[ (U,veAG)) (4.6)

hold withy = ¢ ands = 2¢/(1 — ¢).
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Conversely, ifA : G — X is an additive functiony : A(G) — X satisfieg4.6)
with § > 0, g satisfieq4.5) with y > 0and f is given by(4.4), then the functiond
andg satisfy(4.3) withe = y§ + y + 6.

ProOOF. Assume thatf andg satisfy @.3). Then, by Corollary3, we have the
existence of an additive functiol: G — X such that4.5) holds withy = ¢. Using
the inequalityl lull — [[v]I| < [lu — v], it follows from (4.3) and @.5) that

A-algGl = lIAG)I (s€G) (4.7)
and, respectively,
[fs+t) —fMOI < A+olgE) (steb). (4.8)

From (4.7) and @.8), we obtain
[fs+t) — fOI < %EIIA(S)II (s,t € G).
SinceG is a group, after some obvious substitutions, this inequality implies
If(s)— fOI < EIIA(S) — Al (st€G).
Hence ifA(s) = A(t) for somes,t € G, thenf(s) = f(t). Therefore the equation
p(A(s) = f(s) (se€ 9

correctly defines a functiop : A(G) — X. Thus we have4.4). To see that4.6) is
also valid, we need the following estimate which follows frofi3f and @.5):

Ifs+D — f® — ASI < [fs+1 — F1) —g© + 196 — AG)|
2
< elg® + £l9ON < T—IAG)I.

Making obvious substitutions again and usidgy, we get

2
le(A(S)) — e(AM) — (A(S) — Al =< 1T:IIA(S) —ADl (steG).

Thus, we have proved!(6).

To show the reversed statement, assume thd}, (4.5 and @.6) are valid with
y,8 > 0. Then, using4.4) and substitutingi = A(s +t), v = A(t) into @.6), we
obtain| f(s+1t) — f(t) — A(S)|| < S[IA(S)|l,S,t € G. On the other hand4 () yields

ITAGI =@+ »IlgE)l (s 6.
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Applying the above inequalities, we get

[fs+t)—fM) —gI=Ifs+t) — f®) — A+ [IAGS) — g)ll
=SIAGII+ I = (s +y +Ig®)I.

Thus @.3) is valid withe = y§ + y + 6.

REMARK 3. Equation @.4) states that iff is a solution of 4.3, then it is the
composition of an additive function and a functipnwhich is, by @.6), globally
Lipschitz (with Lipschitz constarit =1+ 38 = (14 ¢)/(1 — ¢)).

Inequality @.5) yields, forg, the following more explicit condition (provided that
y < 1):

IA(S) — gl = %IIA(S)II (s€G),
-V

that is, ifg is a solution of 4.3), then it must be a selection of the set-valued function
F(s) = B(A(s), (¥/(L — y)IIA®S)|). Conversely, the inequality

IA(S) — gl = ﬁIIA(S)II (s€G),

implies @.5). Inthe case wherX is a Hilbert space (and < 1) (4.5 can equivalently
be written as

A(s)
1—y2

g(s) — <L A9l (€0
Y

-
The inequality ¢.6) states that the map— |, wherel stands for the identity map-
ping, is Lipschitzian. Therefore, if : X — X is Fréchet differentiable everywhere,
then @.6) holds for allu, v € X if and only if |[¢’(u) — ||| < §,u € X, thatis, the
above inequality is sufficient for(6) to hold.
If G is the additive group of a real linear space, then the closur&(&) is
a closed linear space of. The functiong, being globally Lipschitz, admits a
unique continuous extension to this closed subspacé @learly this extension also
satisfies 4.6).

Now we specialise Theorefto the case wheri = g.

COROLLARY 5. Let (G, +) be an amenable grougX be a reflexive Banach space
and letf : G — X be an arbitrary function. If, for some € [0, 1), the functionf
satisfies the inequality

[fs+t)—fM) - f =elf (st€b), (4.9)
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then there exist an additive functigh: G — X and a functionp : A(G) — X with
¢(0) = O such thatf = ¢ o Aand(4.6) holds withs = 2¢/(1 — ¢).

Conversely, ifA : G — X is an additive functiony : A(G) — X satisfieg4.6)
with § € [0, 1), ¢(0) = 0, thenf = ¢ o A satisfieq4.9) with e = 25/(1 — ).

PrOOF. Assume thaff is a solution of 4.9). Thenf andg = f satisfy @.3). Due
to Theoren®, we have an additive functioA and a functiorp such thatf = ¢ o A,
and @.9, (4.6) are valid withy = ¢ andé = 2¢/(1 — ¢). Substitutings = 0 into
(4.5, we get thag(s) = f(s) = 0. Hencep(0) = 0.

Conversely, assume that0) = 0, f = ¢ o Aand @.6) is satisfied. Then, putting
v = 0 andu = A(s) into (4.6), we get|| f (s) — AS)|| < §||A(9)]|, s € G. It follows
from this inequality thatl — 8)||A(S)|| < || f ()], hence

)
If(s) —AGI = 15! f)I (se6).

Thus we can see that ) is satisfied withg = f andy = §/(1 — §). Applying the
reversed statement of Theoré@nwe get ¢.9 withe = y8 + y + 8 = 25/(1 — 9).
Thus the proof is complete.

The above corollary immediately yields the following result concerning the func-
tional inequality @.1).

THEOREM 7. Let(G, +) be an amenable grougX be a reflexive Banach space and
let f : G — X satisfy, for some € [0, 1), the functional inequality4.1). Then there
exist an additive functio® : G — X and an odd functiop : A(G) — X such that
f = ¢ o Aand(4.6) holds with§ = 2¢/(1 — ¢).

Conversely, ifA : G — X is an additive functionp : A(G) — X is an odd
function satisfying4.6) with § € [0, 1), and f is of the formp o A, then f satisfies
(4.1) withe = 25/(1 — 5).

PrOOF. Assume thatf satisfies 4.1). Lettings =t = 0, we get thatf (0) = 0.
Substitutingt = —s, we get thatf is an odd function. Now pud = x +y,t = —y
into (4.1). Then, using the oddness &f we obtain thatf satisfies 4.9). Thus the
existence ofp, A such thatf = ¢ o A and @.6) is valid is a consequence of the
previous corollary. The oddnessg@follows from that of the functiorf .

To prove the reversed statement, we apply the previous corollary again. Clearly we
can obtain thaff satisfies 4.9). Puttings = x + y,t = —y into (4.9) and using the
oddness off , we derive £.1) easily.

In our next result, we consider the functional inequality?. Using Corollarys,
we obtain a characterisation for the solutions4®).
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THEOREM 8. Let(G, +) be an amenable grougX be a reflexive Banach space and
let f : G — X satisfy, for some < [0, 1/2), the functional inequalitf4.2), then
there exist an additive functioA : G — X and an odd functiop : A(G) — X such
that f = ¢ o Aand(4.6) holds withs = 2¢/(1 — 2¢).

Conversely, ifA : G — X is an additive functionp : A(G) — X is an odd
function satisfying4.6) with § € [0, 1), and f is of the formp o A, then f satisfies
(4.2) withe = 25/(1 — 5).

ProOOF. Assume thatf satisfies4.2). Then we get that
Q=-9lfe+fOI<If(s+D] (steb).
Hence it follows from 4.2) that f fulfills the following type of inequality 4.1):
[fs+t) —f(s)— fOI<elf(s+D] (steb),

whereé = ¢/(1 — ¢). Sincee € [0,1/2), we have that € [0,1). Therefore
Corollary5yields the existence of an additive functidrand an odd functiop such
that f has the decompositioh = ¢ o A and @.6) holds with

2¢ B 2¢
1—-3 1-2¢

In the proof of the sufficiency, we shall give a direct computation without the use
of Corollary5. Assume tha# is an additive ang is an odd function satisfying}(6).
Let f be of the formp o A. Then, substitutingl = A(s), v = A(-t) into (4.6) and
using the oddness @f, we obtain

[f(s)+ ft) —A+DI <3[AS+D] (s,teC). (4.10)
The following estimate follows directly from this inequality:
A=A+ < f(s)+ FMDI.

Settings + t and 0 in place o§ andt, respectively, in4.10, we also have

[f(s+1) — As+ | <SAGS+D] (s, teG).
Hence we can obtairt(2) in the following way:

[fs+t)—f(s)—fOI < f(s+t) — A+ + [IAs+1) — f(s) — FD)]
< 25||A(s+ D)l < %II f(s)+ fOI.

Thus the proof has been completed.
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REMARK 4. We note thakt < 1/2 is not only a technical condition in the above
result. Ife > 1/2, thenthe functiorf = c (= constantsatisfies4.2), but f is not odd
(exceptin the trivial case = 0). On the other hand, it is not cleasi= 2¢ /(1 — 2¢)
is the best constant i (6).

In our final result, we offer a characterisation of quasi-additivity.

COROLLARY 6. Let (G, +) be an amenable grougX be a reflexive Banach space
and letf : G — X be ane-quasi-additive function. Then there exist an additive
function A : G — X and an odd functiorp : A(G) — X such thatf = ¢ o A
and (4.6) holds withs = 2¢/(1 — ¢).

Conversely, ifA : G — X is an additive functionp : A(G) — X is an odd
function satisfying(4.6) with § € [0, 1), and f is of the formg o A, then f is
e-quasi-additive witke = 25 /(1 — §).

ProOOF. If f is e-quasiadditive, therf satisfies 4.1). Hence by Theorerd, we
have an additive functio and an odd functiop such thatf = ¢ o A, and @.6) is
valid.

Conversely, iff is of the formg o A, and @.6) holds, then Theorems 7 and 8 yield
that @.1) and @.2) are satisfied witle = 26/(1 — §). Hencef is e-quasiadditive.

REMARK 5. Due to the decompositiofi = ¢ o A, the regularity and irregularity

properties of quasi-additive functions, very similar to those observed and proved by

Tabor [20], [21] and Baran ] for additive functions, can easily be obtained.
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