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A CERTAIN CLASS OF GENERATING FUNCTIONS INVOLVING
BILATERAL SERIES
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Abstract

The authors derive a general theorem on partly bilateral and partly unilateral generating
functions involving multiple series with essentially arbitrary coefficients. By appropriately
specialising these coefficients, a number of (known or new) results are shown to follow as
applications of the theorem.

1. Introduction, definitions and notation

In the usual notatiogF, for a generalised hypergeometric function witlnumerator
andq denominator parameters, let

1
Fa'(x) == mlﬁ(—n; m + 1;x)
~ (m+n) L (), (1.1)

whereL ' (x) denotes the classical Laguerre polynomials defined by (see, for example,
[15, Chapter 5])

n Nk
L@ ==Y (:ti) % (1.2)

k=0

An interesting (partly bilateral and partly unilateral) generating functionrFp(x),
due to Exton 2, p. 147, Equation (3)], is recalled here in the followingddified
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form (see 8, 9)):

exp<y+ z— —)

or, equivalently,

exp(y+z——> Z ZlFl( n;m+ 1; x) (1.4)

—00 N=m*

YR ym (1.3)

m=—00 N=m*

where, and in what follows,
m* :=max0,—-m) (meZ:={0,£1,+£2, ... ). (1.5)

Exton’s generating functioril(3) has since been extended by a number of workers
including (for example) Pathan and Yasmeesj gnd [9]), Kamarujjamaet al. [7],
Srivastaveet al. [14], and Gupteet al. [4]. The present sequel to these earlier papers
is motivated largely by the aforementioned work of Kamarujjatal. [7] in which
the generating function in1(3) was extended to hold true for the producttbfee
Hubbell-Srivastava functionsy, (x) defined by §, p. 351, Equation (3.1)]

o Qk XN72k

oy (X) == (V)N kX:(; TN (1.6)

where(d), :=T'(A+w)/ ' (1) denotes the Pochhammer symki6l, }o° ; is a suitably
bounded sequence of complex numbers, and the parametedN are unrestricted,
in general. We aim here at presenting a general theorem on partly bilateral and partly
unilateral generating functions involving multiple series with essentially arbitrary
coefficients. We also show how a number of (known or new) results can be deduced
from the theorem by appropriately specialising these coefficients. For an indication
of applications of the various special hypergeometric functions and polynomials in
one, two and more variables, which are involved in the results presented in this paper
we refer the interested reader to the works of (for example) Srivastala([12, 13]
and [14]) and indeedalsoto many of the references which are already cited in these
earlier works.

For convenience, a few conventions and some notation are introduced here:

(1) Boldface letters denote vectors of dimensigior instance, we have
m=my,...,m), n=({Mq,...,Nn) and k= (ky,...,k).

(2) Thesymbok2(m, n, k)} denotes atriple sequence and the synifgim, n, k)}
denotes a multiple ¢3dimensional) sequence:

(Q(my, ... ,m;ng, ..., Nk, .. ko)
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Sufficient conditions to ensure absolute convergence are understood to hold true
but each of these sequences is otherwise arbitrary.
(3) Quite frequently, multiple series are written in simplified notation. Thus, for

p.q€Z,

and

> meansy - ZZ ZZ Z

m,n.k=p my=p =p nm=p =p ki=p

with the usual meaning whemor q (or both p andq) are replaced by-dimensional
vectors with integer elements, so that (for examplg) , meansy ' --->°F .

2. Generating functions involving bilateral series

Our main results on generating functions involving bilateral series are given by the
following theorem.

THEOREM. Let {Q2(m, n,k)} be a suitably bounded triple sequence of complex
numbers. Also letn* be defined byl.5. Then

e}

n k
Z Q(mnk)y i (— XkZ'/Y)

m,n, k=0
n

B 0 ym Z" n ( X)k

provided that each member ¢2.1) exists.
More generally, for a suitably bounded multiglér -dimensiondl sequence

{(m,n, k)}

of complex numbers, ih* = (mj, ..., my) with m := max©0, —-m;) (m; € Z;
j=1,...,r),then

0 r f“j Zﬂj Yo K
k—oQ(m’n’k)U{r{i—-!n%!%}
-r ) _(x)
me—so - mﬂ{m'n '}ZQ(m+k nok ">l_[{<kj> m +1>kj}’
(2.2)

provided that each member ¢2.2) exists.
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ProoOF. Denote, for convenience, the first member of the assertibt) oy
7 (X,Y, 2. Thenitis easily seen that

e}

F(X,Y,2) = Z Q(m, n, k)

m,n, k=0

ym—k Zn+k (—X)k
m nl Kkl

(2.3)

Upon replacing the summation indicesandn in (2.3) by m + k andn — k, respec-

tively, if we rearrange the resulting triple series (which can be justified by absolute

convergence of the series involved), we are led finally to the generating fun2tijn (
The derivation of theriultidimensionglassertionZ?.2) runs parallel to that of4.1)

and we skip the details.

3. Applications of the theorem

First of all, in its special case when
Q(m,n, k) =1, (3.1)

the assertionZ.1) would obviously correspond to the generating functich§)(and
(1.4). Secondly, upon setting

miQ;, niQ! k! QY
QA-2-Dm@Q=pu—=M) 1—v—N)

Q(m,n, k) = W) (Wm )N (3.2)

in terms of the sequencéR!’} (j = 1, 2, 3) and the (essentially unrestricted) param-
etersi, u, v andL, M, N, if we make the following variable changes:—> —x=2,

y — y~?andz — z2, and apply the definitioni(6), we shall obtain a partly bilateral
and partly unilateral generating function for the product of three Hubbell-Srivastava
functions in the following form:

z

X
ol (Vo (2w}, (—7>
yL—N—2m2M+N—2n

R O D B - ey puyrpsvy

m=—00 N=m*

n

» Z (=D*(u + M —n), )
(I—2—L4+my(l—v—N) ™k

QL QY (—x)N, (3.3)
k=0

provided that each member .0 exists.
The generating functior8(3) corresponds to thmainresult of Kamarujjamat al.
[7, p. 361, Equation (1.8)] in which tHesummand should beorrectedto readn in
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place ofp. Twofurther special cases of the generating functidrB), associated with
the products of three generalised hypergeometric polynomials, also appear erroneousl
in the work of Kamarujjamat al. [7, p. 362, Equations (3.1) and (3.2)].

Yet another special case of the assertdi)(would occur when we set

Q(m,n, k) = 2,/ (3.4)

so that the left-hand side o2 (1) becomes a product of three series with essentially
arbitrary coefficients. If, in this special case, we further let

Q;n _ (a)m=--- (Olp)m ’ Q:]/ _ (An -+ (A and Q;(” _ (P )k -+ (Puk ’
(BIm -+ (Bym ()n -+ (Us)n (o) -+ (o)

we shall obtain the following hypergeometric generating function:
al”"’a; )\'17"")"1’; pl’n-,pu; XZ]

F P F z|,F, -
pq[ﬂ:l"'"ﬂq; y}r S[Mli""us; }u [0'17”"0'U; y

Z i j= 1(0{ )m Hrjzl()‘j)n y_mz_n
1_[ (ﬂj)m H?:l(ﬂj)n m! n!

—00 N=m*

—n, (O(p) + m, 1- (/'LS) —n, (/Ou):

X prstutiFairtort |:m YL (B Ml () —n (o) (—1)rsx] , (3.5)

where, for convenienceéy,) + m abbreviates the array gfparameterse, +m, ... ,
ap + m, with similar interpretations fo¢s,) + m, et cetera

The generating function3(5 can also be deduced by appropriately specialising
(3.3); indeed, except for somgbviousnotational variations, it is theain result of
Pathan and Yasmee®, [p. 3, Equation (1.5)].

Next we consider some multivariable applications of the assei@h (First of all,
by setting2(m, n, k) = 1, (2.2 immediately yields the following simple consequence
of Exton’s generating functiori(4):

eXp(Z(yj +7i = X711y ))

j=1

iir 1Fi(—n; m-+1'x-)yijinj (3.6)
i S S T [ '
If, in the assertion4.2), we set
Q(m, n, k) = Q:(m) 2,(n) L3(K), (3.7)

the left-hand side of4.2) would reduce at once to a product of three multiple series
with essentially arbitrary coefficients. Thus, by assigning suitable special values to
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the coefficients2;(m), ©2,(n) and Qs(k), we can derive a number of generating
functions involving the products of such multivariable hypergeometric functions as
the familiar Lauricella functiong,’, FS’, FY’ andFJ’ of r variables .2, p. 33] and
their generalisation introduced and studied by Srivastava and DadostL([]; see
also p]). The details involved in these derivations are fairly straightforward and are
being left as an exercise for the interested reader.

In view of the multinomial expansion (see, for example, [Equation 9.4(220)]):

a—a~~—m*=§;um¢m%%~%% (3.8)
reCla+--+z| <1,
in (2.2 and B.7) we set
21(m) = {1’ (m=9 Qo(N) = (Ao, -+ (Ae)n, @Nd Qa(K) = (kg 41k
0, (m#0),
and replace; by x;y; (j = 1,...,r). We thus find for the Lauricella first function

Fy that (see, p. 25, Equation (3.1)]; see alsbd, p. 494, Problem 8 (i)])

A-z)™ - A-2)"A+Xz+-+X%2z)™"

o an ;n,
=D Gy Gy e
— on!
X FX)[HH _nl,~~- ,_nr;l_)\'l_nli"' ,1_)¥r_nr;_xl7--' ’_Xr]' (39)

For the other three Lauricella functions, the assert®a) (in conjunction with
(3.7)] similarly yields the following generating functions:

AQ—z— =) A+ xz) " - (L4 %zZ)™™
00 Z:Tl ;n,
= Moo, = - —
nX:; mEHY !
X Fér)[l‘l/li AR ) —Ng, ..., —N; 1_nl_ e _nr_)\‘1 —Xgy e, _Xr]’
(3.10)
_ Xy X\ "
1- _..._y))‘<1+_+...+_>
Y1 r Vi Vi
N A
= m;m Mmyt+m m_l, m_r,

x FOLw, Abmg - 4me L, o mAL =X, ., =X, (3.11)
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which provides a multivariable generalisation of a known resiif p. 325, Equa-
tion 6.5(9)];

(1—21—---—Z,r)i)\(1+X121+"'+XrZr)7ﬂ
00 Z:Tl ;n,
D 27 = S &t
nX:; mEh g n,)
X Fo'li —Ngy ooy =ngl=my == = A =X, %] (3.12)

Finally, in (2.2) and @.7) we set

QM) = Mmypeogm>  L2(N) = (Whnyeotn, and
Q3(k) = (U)k1+~'+k:’ (313)

and then apply the multinomial expansi@ng). If we make use of the familiar notation
for multivariable hypergeometric functions (sei2[ p. 38, Equation 1.4(24)]), we
thus obtain the following multivariable generalisation of another known result given
recently by Pathan and Yasmeénp. 7, Equation (3.5)]:

X1Z X -
A=Y= =y A=z —2) <1+¥+---+ fZ’)
Y1 Yr
o oo r yf“j 7
= (Mmytpme (Wngoin, <L
m;oo n=m* E m; ! nJ'!
21 1| Vs AFM4 - 4Me: —Nyg; ... —Ng
—Xiyeer ,— . 14
X Fl;l,,,,,l |: 1-ny— o =N —p: My41e. . m41; X1, ) Xr] (3.14)

A confluentcase of this last multivariable generating function is worthy of note.
Indeed, upon replacing; on both sides of3.14 by x; /v (j = 1,... ,r), if we let
v — 00, (3.14) readily yields

- B X,Z X Z
L=yi—- = W) *(ba—---—z)ﬂexp(—ﬁ ----- r )
Y1 Yr
o o0 r yf“j 7
= Z M myt-tme ny g l_[ {ﬁ#}
m=—o00 N=m* j=1 IR
1101 A+Mp+ - +mMes =Ny Ny
Xy, — 1
X Fl;l,,,,,l |:1_nl_ e = ML m 4L X1, ) Xr] , (3.15)

which can also be deducedectlyfrom (2.2) and 3.7) by replacing the choice3(13
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Formula @.15 can be shown to reduce to the exponential generating function
(3.6) if we first make the following variable changeg; — A~'y; andz; — w'z
(j=1,...,r),and thenlet mitr, u) — oo.

Finally, we recall here &urther generalisation of the Hurwitz-Lerch Zeta function
®(z,s,a) in the form (seed, p. 100, Equation (1.5)]):

P*(z,5,) = Z(; (n(i);)s % (3.16)

@#£0,-1,-2,...; ueC;, seCwhen|z < 1; fA(s) > 1L when|z] = 1),

so that, obviously,

[ee}

Zn
Pi(z,5,a) = ®(z2,5,a) 2; . (3.17)

@#0,-1,-2,...;se€ Cwhen|z| < 1;R(s) > 1 when|z| = 1).

In fact, it readily follows from the definitions3(16 and 3.17) that
®i(z,8,a) = 1 f t'letd(zt, s, a)dt  (R(n) > 0), (3.18)
I'(w) Jo

provided that each member &3.(18 exists.

Equation 8.18) exhibits the fact tha®; (z, s, a) is essentially an Eulerian integral
of the familiar function®(z, s, a). More interestingly, thenain generating function
for ®*(z,s, @), proven recently by Goyal and Laddh@ p. 101, Equation (2.4)], is
a veryspecialisedcase of our resultA2) whenx; = y; —t; =0(j =1,...,r),
71=272=0(=2...,r)and

(1)n
Q(mv n, p) = A(ml’ R mr) (a + n)U+m1+"'+mr ’
where the multiple sequen&& (my, ... , m,)} is asuitably chosen quotient of Gamma

functions B, p. 102, Equation (2.5)] and, for convenienng~= n.

The aforementioned generating function of Goyal and Lad@ha.[101, Equa-
tion (2.4)] is merely a rewriting of afr + 1)-dimensional series as a single sum of
ther -dimensional series involved. Moreover, in view of the elementary ideritBy [
p. 52, Equation 1.6(3)]:

my me © Z+---+2z)M
Zf(ml+ -I—mr)z1 "'%=Zf(m)%,
! e !

many of themultiple-seriesresults, given by Goyal and Laddhd],[ are no more
general than the corresponding results involvirgjirgle series. Much more general
known families of multiple-series generating functions can be found reproduced (with
proper credits) in the work of Srivastava and Manoct.|
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