ANZIAM J.44(2003), 461474

EFFECTS OF AN AXISYMMETRIC RIGID PUNCH ON A
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Abstract

Elastic behaviour of a nonhomogeneous transversely isotropic half-space is studied under
the action of a smooth rigid axisymmetric indentor. Hankel transforms of different orders
have been used. It is observed that in contrast to a homogeneous medium, the pressure
distribution in the contact region in a nonhomogeneous medium is not directly available,
rather it is obtainable from the solution of a Fredholm integral equation. The integral
equation is solved for a flat-ended punch and paraboloidal indentations for various values
of the nonhomogeneity parameter, and the effects of nonhomogeneity in elastic behaviour
on stresses have been shown graphically. The results of the associated homogeneous case
are readily available from the results of the present study.

1. Introduction

The determination of the elastic displacement field in the half-space under the action
of a rigid indentor has been the subject of much interest and various methods have
been employed for the solution of such problems: for example, Spéerigel]]
applied the Wiener-Hopf method, and Snedd®@nobtained a relation between load
and penetration for a punch of arbitrary profile using the integral transform method.
A systematic description of such works has been given by Glad®ellf solution

of the axisymmetric Boussinesq problem for an initially stressed Neo-Hookean half-
space has been reported by Dhaliwal and Sirgjh [ing [12] considered contact
stresses between a rigid indentor and a viscoelastic half-space. Most of the works ir
this field have been limited to isotropic elastic media. But increased use of anisotropic
materials in engineering applications has resulted in considerable attention being
focused on media of anisotropic character. Some works in this field are available
in Gladwell's book B]. One basic problem that arises in considering an anisotropic
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medium is that, except for some particular types of anisotropy it is not possible to
write displacement components in terms of potential functions in a general anisotropic
medium (Lekhnitskii §]). Stress distribution in an anisotropic elastic half-space
under axially symmetric normal load has been discussed by LekhnigkiiMore
recently, the strain fields in a transversely isotropic half-space have been investigatec
by Pouyet and Lataillade3], who used Hankel transforms of different orders to solve
the problem.

Positional variation of elastic coefficients leads to a nonhomogeneous elastic
medium, which is a very important concept from a practical point of view. But this
area has not been studied rigorously possibly due to the severe difficulty in handling
the governing differential equations for such a medium. Sometimes it is observed that
even for a comparatively straightforward case of power law variations, the governing
equations appear too difficult. Itis possible that this is why investigations in this area
have thus far been limited to special types of variations in elastic coefficients (see, for
example, L, 5, 7]), rather than consideration of general variations.

The present study focuses on the determination of elastic strains, penetration dept
and pressure distributiogtc in a nonhomogeneous transversely isotropic half-space
caused by arigid punch. Nonhomogeneity in elastic coefficgnkss been assumed
in the formg; = c}e*, o being a real constant. As i8], Hankel transforms of
different orders have been applied to find the solution. In contrast to the homogeneous
case, the equation for pressure distribution is a Fredholm integral equation of the
second kind. The integral equation has been solved numerically and the stresses hav
been computed. The effects of nonhomogeneity on stresses have been represent:
graphically for some special cases of indentation. Finally, all the results for the
homogeneous medium may be obtained from the results of the present discussion b
puttinga = 0.

2. The basic equations

We consider an elastic half-space of transversely isotropic material and suppose
that the plane of isotropy passing through each point of the body is parallel to the
plane boundary of the half-space. Taking #haxis along the normal to the half-space
boundary and pointing inwards and using cylindrical coordinates z), the stress-
strain relations are given by, 0y, 0,, 0:,1" = [C*]ler, &4, &5, &2]7, Where[C*] is
the elastic coefficient matrix such that

Ci Cp Cz O

Cbr Cui Csz O

Ciz C3 Ciz O
0O O O cyu

[C]=
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Because of elastic symmetry and the symmetry of the force distribution the displace-
ment components are independend @nd we may take

U =u(,2, u=0 u=wlr2 (2.1)

and the strain components related to the displacement components giv& ) taré

au u Jw au L Jw
== _7 - _’ 82 - _’ 8 V4 = _’
ar Ty 9z T 9z 0 or

The equations of equilibrium are

& &g = &9, = 0. (2.2)

do, 1 00y, 00y, Oy, 00,

—_ — — = O, = 0 23
ar T r(ar %) + 9z ar r Tz (2:3)
We assume that the nonhomogeneity of the elastic medium is due to the dependenc
of thec;;’s on depth, in the forne;; = cﬂ e, Wherecﬂ ando are constants.

3. Boundary conditions

Let the tip of the axisymmetric as well as smooth punch penetrate through a depth
D (at present unknown) into the half-space. Taking the tip of the punch as the origin,
let z = f(r) be the equation of the punch, with the condition th&) = 0. The
function f (r) together with its first derivative is assumed to be continuous, except
possibly on the axis.

The boundary conditions for the problem are as follows:

o,(r,00=0, r >a,
0,(r,00=0, Vr (3.2)
and
D— f(r)=uw(,0). (3.2)

Here we assume thatis the radius of the circle of contact.
In addition to the above boundary conditions we must have the obvious regularity
conditions that the stresses and displacements should tend to z¢ré asz2 — oco.

4. Use of Hankel transforms

Following [8], we use Hankel transforms of different orders with respect to the
variabler to express the basic equations and boundary conditions in terms of the
single variablez. We shall denote the Hankel transform of ordeaf a functionf (r)
by f(q) such thatf (q) = f,;°rf (r)J,(qr)dr.

In our subsequent analysis we shall apply a Hankel transform of
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Free-surface Indentor

FIGURE 1. Rigid indentor on a half-space.

(i) zeroorderta, + 0y, 0, & + &y, &, andw;
(i) order one tay,, &, andu;
(i) ordertwo too, — o0y, & — &.

Then in terms of the transformed functions the equations of equilibriug lfecome

do,, _ da,
q(ar—ag)—Q(Ur +09)+2dz =0, qo.+ dz =0. (4.1)
The stress-strain relations become
S _ dw _ _ dw
oy + 0y = Cyq| Qa3 + ag)u + 28— |, 0, =Cy|Qayl+a,— |,
dz dz (4.2)
- _ _ da _ '
0y — 0y = Cyq(ay — a3) 0, Orz = Cyy az - quw |,
where
& = Cly/Cos 8 =C3y/Chy 83 =Ci/Chy & = C1/Cyy (4.3)
FTEoqi. Fm=ql f=ol = g
& +& =qu, & —é& = —qu, 8z—dz’ grz—dz quw.
If p(r) is the pressure of the punch ar= 0, then
o, (r,0)=—p(r), r=a (4.4)
Hankel transforms of boundary conditiod. {) and Equation4.4) yield
0,(q,0) =0 and 4,(q,0) = —p(q), (4.5)

where

p(Q) = / rp(r)J(qr)dr. (4.6)
0
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5. Method of solution

It can easily be shown by substitution ¢f.2) into (4.1) thatd andw satisfy the
following linear differential equation iz:

d2 d d2 d - -
(g2 +ege %) (G2 +eq- o) wm =0 6

wheres; ands, are calculated from

{ az(af + 85) == a2a3 - a1(2 + al), (5 2)

0’8285 = ayar® + g*as.

In contrast, to the nature of the solution in the homogeneouseasd), the solutions
of (5.1) are not easily available due to the presence of the nonhomogeneity paramete
a(#£ 0).

It is clear from 6.2) that the values 087 and 83 will depend on the transform
parameteq and the nonhomogeneous parametelt may be easily checked thég,
83 will be real or complex according as

2 q?lazas — & (2 + &) 583
o > —-q°—.
da,a, =

IA

or

Hence for a sufficiently large value of, §2 and §5 will assume complex values.
Accordingly, separate attention is to be given to solving)

Since the solution off.1) depends 0id? ands3, henceforth we shall represent the
solution corresponding to reéd andss in part (a) and that corresponding to complex
82 andsz in part (b) of any relevant equation.

Solutions of 6.1) compatible with the regularity condition are

0 = Ae’?+Be’?,
_ {1+ )i, — ady} Ae i 4 {1+ ar, — aaq}) T (5.3a)
u, — g2 u, — g?

(5.3b)

0 =e @Wm2A cogq,2) + B'sinQ.2)],

W = e @FP(m,B’ — n,A) cog0u2) — (N B’ + myA) sin(qu2)],
wherek; = a/2+/a?/4 + 0287, U; = aphi (A —a),i =1,2; p1, 01 = /(&1 £ &) /2,
£ = (@®/44 Q) + q*us, & = /A + QP iy = (B8 — ar(2 4 &) /28,
13 = (@*ay +9°as)/(8,9%) — (883 — ay(2+ay))?/4aZ, m, = (tily — kamy) /(K +1D),
Ny = (kily + timy) /(K +t2), ty = @t — 28,01 (/2 4 p1), |1 = cayq — q(1 +
&) (/24 po), ki = (/2 + p1)? — &0} — ady(er/2+ py) — o, My = (1 +ay).
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Applying the transformed boundary conditiodsH) the constanté\, B andA’, B’
are determined as

where
_ (@ — X)) (U — g?) _ (@ — 1)Uz — g%
! Cla(h1 — A2)(@Ad + 0d) ? Cla(h1 — A2) (A3 + a10?)
and
A =(p/9M,;, B’ =—(p/q)M,, (5.4b)
where M; = —q&/024(8154+5253,), M, = _q%/cg4(5154+5253): S = Q& +

Ny (/2 + P1) + QiMads, S = @My (/2 + P1) + @0iN, S = g2 — (/2 + po),
S =0 — M.
Hence from §.39, (5.3b and £.49, (5.4H we find that

w(g,0) = R™'p/q, (5.5)
where

R = cy(@A] + a10%) (3845 + a10%) /M (M + A2)qa(1+ &)
+ aa0® + a’gadr (A + A2) — aaeriis — @Qauda(ry + A2)°] (5.6a)
and
0
R_ Cpy SIS+ $S3 ' (5.6b)
q NSy + MySs
Taking the inverse Hankel transform &.§) and noting boundary conditio (), we
can write

D—f(r)= /amp(m) |:/oo RlJO(qr)Jo(qm)dq] dm. (5.7)
0 0

In contrast to the homogeneous case in whiafiven by 6.69 is a pure constant,
hereR is a function ofg and so the inversion of the integral i.{) for the function
p(r) is not easy. However, itis possible to redusg)(to a Fredholm integral equation
for the determination op(r).

Let us write

oyl +ay)(ayf +ay)
a(l+a)(i+r)ny:

wherea(y? + y?) = aaz — a1(2+ ay), ay7yf = as.
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@) (b)

FIGURE 2. Variation of (a)P, and (b)Q; with g (n = 0).

Let

2/mrmK(T/m), 0<r <m

J(r’m)=/0 JO(qr)JO(qm)dq:{(Z/nr)K(m/r), o<m<r

andT(r,m) = foc"’(R*l — CHJ(gr)J(gm) dg, whereK is the complete elliptic
integral of the first kind.
Equation b.7) can be written as

D— f(r) =C1/ J(r,m)mp(m)dm+/ T(r, mymp(m) dm. (5.8)
0

0

Let us multiply both sides ofy(8) by a factoré/\/r2 — &2 and integrate as follows:
/ S[D — f(%‘)]dé

m |:/ J(E, m)mp(m)dm} dg

+ ; m[/o T(é,m)mp(m)dm} dé. (5.9)

Interchanging the order of integration and using the reglt |
/r §J(g5)dé _ sin(rq)
0 Jrz—¢&2 q

we get from 6.9) that
/ S[D — f(é)]dé 1/amp(m) [/OO Jo(qm) sin(rq) dq} dm
0 0 q

467
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FIGURE 3. Variation of (a)R; with g (n = 0) and (b)P, with g (n = 0.2).

a 00 -1_ -1 i
+/ mp(m)[/ (R™-C )‘:;(qm)sm(rq)dq}dm.
0 0

So we get

9 [TE[D - f®)]de
ar 0 /I’Z—SZ

= C1/ mp(m) [/OO Jo(qm) cos(rq)dq} dm
0 0
+/ mp(m) [/OO(Rl —CHd(@m) cos(rq)dq} dm. (5.10)
0 0

Multiplying (5.10 by a factor as ing.9) and integrating with respect tobetweert
anda, we get

/ / S[D— f(§)1dé§
/r2 — 52 ar /r %'2
amp(m)dm} dr

_ -1
_/; /rz_gzc |:r /m2 —r2

+/a i [/ mp(m) {/?Rl—cl).lo(qm) cos(rq)dq} dm} dr.
e I'z—é‘z 0 0
(5.11)
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P1 R — ax=0
—-- ax=0%

X ——x
><'\X\ \ e =02
6

51 X
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ax =05
aa =1.0
aq =1.5

FIGURE 4. Variation of (a)P, with g (n = 0.5) and (b)P, with g (n = 0).

In the derivation of §.11) we used the following resuld]:

e 1//Mm2—r2, m>r;
/ Jo(am) costgr) dq =
0 0 m<r.

Interchanging the integrals of the first part of the right-hand side and differentiating
both sides of §.11) we get
3 _
3 [5m(D — f(m)) dm} e

9 [ &
a_r/m[i F2 e

= —Z2rp()
~ P

o (¢ | I
T /r\/ﬁ[/otp(t)/om C™) J(qt) cosqé) dq dt} de. (5.12)

Letusseg(r) =D — f(r)and

o (" mg(m)dm
= — _— A
G = e (5.13)
then
"rg’(mydm

G(r) =90 + ; ﬁ
Using 6.13), (5.12 may be written as
c| Ga@  [*GEd

VA
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FIGURE 5. Variation of (2)Q; and (b)R; with g (n = 0).

= p(r) — n_ra_r/ \/7 |:/ tp(t) fi(t, S)dt} dg, (5.14)

wherefy(t, &) = [[7(CR™* — 1) Jo(qt) cogqé) da.
Equation 6.14) can now be put in the form

p(r) —I—/ L(r,t)p(t)dt = ¢ (r), (5.15)
0

where

2t [ fa(t, a 1 i .
Ley == (J%+ r ng—jfo (R~ 1gd(qy sin(ge) dg ds)

and

X[ c@ "G
o= =] |

The Fredholm integral equatioB.(L5 will determinep(r) for a known punch profile

f (r), consequently the transformed functip(q) is known from ¢.6). Hence all the

transformed functions corresponding to displacements and stresses are known and tf

problem reduces to that of finding the inverse Hankel transforms of those functions.
We can determine the penetration depttof the tip of a smooth profile from the

condition p(a) = 0 as follows. Fromg.14), p(a) = 0 impliesG(a) = 0, which

gives after some calculatiofi® = foa (af/(r)/«/a2 — r2) dr, which is the same as in

the homogeneous casl.[ We note here that the smoothness condition is not satisfied
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in the case of a flat-ended cylindrical punch as pointed ou]iarid so the condition
p(a) = 0 cannot be used there.
The displacement components are given by

u(r, z) = / p[Ae™* — Ae ] Ji(qr) da, (a)
0
u(r, z) = / pe “/2PZ[M; cogq12) — M sin(au2)] Ji(qr) dq, (b)
0
* _[A{d+a)r —aar} _,,
r,z) = et
w(r, 2) /0 qp[ T
A{(1 Ao —
_Add+a) > ady) e“z] Jo(ar) dq, (@)
U —
w(r,z) = —/ pe “/2P7[(m,M, 4 n,My) cog(02)
0
+ (MM; — n;My) Sin(chz)] Jo(qr) dg. (b)
The strain components are
& +ey = / ap[Ae ™ — Ae %] Jo(qr) da, (a)
0
& + & = / qpei(a/ﬂpl)Z[Ml cogq;2) — M Sin(le)]Jo(qr) daq, (b)
0
& — & = —/ ap[Ae™? — Ae?*] J(qr) da, (@)
0
& — 8y = — / qpe “/#P?[Mycoga,2) — M, sin(0:2)] J(qr) dq, (b)
0
[T AM{A+a)r, —aay)
z= = e
€ /o qp[ U — o
Aoro{(1 Ao —
_ Ak u+ al)q; o8y e“z] J(ar) dg, (@)
o

&, = / pe~“ZrP2[{(a/2 + py) (M Mz + N My)
0

— (M, M; — N;My)} c08(q12) + {(a/2 + pr)(MMy — N M)
+ (MM + N, My} sin(cu2) | Jo(qr) dg, (b)

* P — Ao —
0 : 3 (/\O:)E il> ? e e B d @)
44

£, = /Ooope(a/zwl)z [(q(szz +n,M;) — M, (% + pl) — M2Q1) cos012)

&z = —

+ (ameM; = noMy) + Mz (3 + py) — Maay) sin@:2)] J@n dg (b)
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and the stress components are
o + 0y = / qp[Bie“ " — Be“ 2% Jy(qr) da, (@)
0

o + 0y =Cy / pe/Zm2(qg(ag + a) My + 281 (/2 + p1) (MM, + Ny My)
0

— 2,0, (M My — Ny Mz)) c09012)
— (q(as + @) M, — 28 (/2 + p1) (MM1 — N;My)
— 2a,0:(M;M; + N, M,)) sin(c,2) ] Jo(qr) dq (b)

0 — 0y = Cgy(au — as)/ qp[A“ 7 — A7) Jy(qr) dq, (@)
0

o — 0y = c24(a4—a3)/ qpe*/Z P2 [M; cogqu2)— M, sin(0i2) ] J.(qr) da, (b)
0

o, = _/ ap [()»2 _ o()e(oz—)q)z . ()tl o a)e(asz)l] Jo(qr) dq, (a)
0 A2—Ag

07 = C24/ e“/Z M2 (qarMy + ax(/2 4+ po)(MMz 4+ N My)
0

—ay0(MM; —N;M5)) 081 2) — (qar Mz — @z (/24 pr) (Mp My — N Mp)
— 8,01 (M M + N, My)) sin(0;2) | Jo(qr) da, (b)

where

A+apr — O(a1>

— 0 )
Bi = 13 ((as e~ 2k

6. Special case: flat-ended cylindrical punch

In the special case of a flat-ended cylindrical puntfr,) = 0 and hence we get
2CD

a2_r2'

p(r) +/ L(r,t)pt)dt =
0 T

The contact forcé is then determined frork = foazyrrp(r) dr.

Finally, it may be checked that the results in the associated homogeneous mediun
as discussed by Pouyet and Latailla8gdre easily obtainable by putting = 0 in
the corresponding results in our present article.

7. Numerical results

To assess the effects of non-homogeneity on stresses we first specify the nature c
indentatiorz = f (r). In our numerical works we shall consider two types of punches:
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Ry

ax=0

a =01
ao=02
ax=0%
a a=10
a o=15

FIGURE6. Variation of P, with g (n = 0.5).

(a) a flat-ended cylindrical punch for which(r) = 0 and (b) a paraboloidal punch
for which f(r) = r2/4a. Numerical computations are done taking various values
of the non-homogeneity parameteias mentioned in the figures. The values of the
coefficientsg; in (4.3 are taken for fibreglass epoxy composite material frEmThe
integral equationq.19 is solved numerically to determine the pressp(e), which
is subsequently used to determine the non-dimensional stress components.

For a flat-ended cylindrical punch we have shown variatior3 ¢t —ao,/(Dc})),
Q; = —ao,; /(DcYy, Ry = —ao, /(Dcyy) for different values off = r /aandn = z/a
in Figures2—4 (a).

For the paraboloidal punch we have represented variation, ot —o,/c?,,
Q. = —0,/c,, Ry = —oy/c, for different values of8 andn in Figures4 (b)-6. The
effects are quite clear from the figures.
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