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Abstract

Ginzburg-Landau type complex partial differential equations are simplified mathematical
models for various pattern formation systems in mechanics, physics and chemistry. Most
work so far has concentrated on Ginzburg-Landau type equations with one spatial variable
(1D). In this paper, the authors study a complex generalised Ginzburg-Landau equation with
two spatial variables (2D) and fifth-order and cubic terms containing derivatives. Based on
detail analysis, sufficient conditions for the existence and uniqueness of global solutions
are obtained.

1. Introduction

There have been many discussions on Ginzburg-Landau type equations (GLES) an
generalised Ginzburg-Landau type equations (GGLES).

Ghidaglia and Heron1[6] and Doeringet al. [6] studied the finite-dimensional
global attractor and related dynamical issues for the following 1D or 2D (namely, with
one or two spatial variables) GLE:

U — (L+iv)Au+ (1+ip)ufu —au=0,

wherei = /—1,a > 0,v andu are given real numbers. Levermore and Olivat]
studied the 1D GLE as a model problem. 8},[Bu considered the global existence
of the Cauchy problem of the following 2D GLE:

U — (v +ia)Au+ (u +ip)u®u+yu =0, (1.1)
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with g = 1 or 2 andag > 0 or |8] < +/5/2. Bartuccelliet al. [1, 2] and Doering
et al. [7] investigated turbulence, weak or strong solutions and length scalek fpr (
in higher dimensions. Mielke and Schneid2b[23, 24] studied sharper results for
(1.1) on bounded and unbounded domains.

For the 1D generalised Ginzburg-Landau equation, derived by Doelshan [

Uy = ooU + oqUyy + a2|U]?U + a3|uluy + aqU?0y — as|ulu, (1.2)

whereoy > 0,05 = a;+ibj, j =1,... ,5,a > 0,a > 0, Duaret al. and Gacet al.
([9,10,17,11,13,12)) studied the global existence of solutions, the finite-dimensional
global attractor, Gevery regularity of solutions, the exponential attractor, the number
of determining nodes and inertial forms. [8,[Duan and Holmes obtained global
existence for the Cauchy problem df.?) under the condition of@as > (b; — b,)?

for the global existence of the initial value problem. Guo and Wdr#ydonsidered

the special 2D generalised Ginzburg-Landau equation

U= pu+ (L+iv)Au— (L +iw|ufu+arV(ul?u) + BAVulu?,  (1.3)

wherep > 0, «, B8, v, u are real numbers, and, A, are real constant vectors. They
studied the existence of a finite-dimensional global attractorl ) (vith periodic
boundary conditions, assuming that there exists a positive nuénbed so that

1
>
VI+((n—v8)/(1+82)2—1"

In all the above mentioned papers, appropriate boundary conditions are assumet
for the existence of finite-dimensional global attractors, determining nodes and inertial
forms.

Since the 2D generalised Ginzburg-Landau equation

o >3

Uy = U + a1 AU + az|U[Uy + as|Ul?Uy + agUPly + asU?ly — aeul?u,  (1.4)

is more closed than the equation which Dolem&hderived in two dimensions
(that is,o = 2), and can be regarded as a perturbation of the nonlinear derivative
Schidinger equation, itis worth considering for the case whges 0,«; = a;+ib;,
j=1...,6,a > 0,8 > 0,0 > 0. In[14], Gao and Duan considered the initial
value problem for the more general 2D generalised Ginzburg-Landau equation (see
[5]) with the suitable initial condition

u(x,y,0) = ug(x,y), (X,y) e R%

Here, for simplicity, we omit the terru|?u but the proof is essentially the same.

The main result of 14] is the existence and uniqueness of the global (in time)
solution for the Cauchy form of the above problem with initial condition belonging to
H?2(R?), under the following assumptions on
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Al If bibs > 0, theno > (1+ +/10)/2; if by = 0 orbybs < O, then there exists a
positive numbes > 0 such that
1 1+ 410

=20 =

V1t (018 —be)?2/(@ud + a)? — 1 2

In [15], Gaoet al. obtained the existence and uniqueness of the global (in time)
solution and attractor forl(4) with initial value belonging toHZ,(€2) under the
following condition:

A2 If bibg > 0, theno > 2; if by = 0 orb;bs < 0, then there exists a positive

numbers > 0 such that

1
V1+ (018 —be)?/(aud + as)® — 1

REMARK. Here and after, the positive numidais a variant constant which depends
onu andv in different regions. It can be seen in the proof.

>0 > 2.

The initial value is
ux,y,0) =up(x,y), X,y) e, (1.5)

whereQ2 = (0, L) x (0, L,), uis spatially periodic.
In the present paper, we consider a periodic problemif@) (vith o = 2, that is,

Uy = iU + a3 AU + ez ul?Uy + aslul?uy + aUPly + asU?Ty — aglul*u.  (1.6)

In [4], Bu et al. obtained global existence under the condition
A3 (|bs — by| + |bs — bs])* < dayas, & > 0,85 > 0,

j=5

3
Z loj|* < &y (E -1+ (be/a5)2> and |bs/as| < v/5/2.
j=2
Meantime, a numerical example for the blow-up phenomenon of the solution was
given.
Using scaling for space variables and the functiprve may normalis@y, ag in
(1.6) to 1. Therefore1.4) can be written as

Uy = aoU + (1 +1v) AU + oq [Ul?Uy + az|ul?Uy + azu?ly
+ U’y — (L +ip)|ul’u. (1.7)
We will give a condition sharper thak3 to guarantee the global existence dff
with a periodic boundary condition and initial condition.

For the local existence ofl(7) with (1.5 and periodic boundary condition in
H?($2), we refer to ] and [14].
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2. Global existence

In order to show that the solution exists forta#+ 0, we only need some conditions
such that

lullpz < oo, forall t > 0. (2.2)

This can be archived by the following priori estimates, that isju(t)|y. <
K(T, [lugl), t € [0, T], T > 0. This meangju(t)|l4= cannot go to infinity at any
finite time. In the following,/ = [, dx dy, || - ||z denotes the norm in a Banach space
B and|| - ||, denoteg| - ||.». In order to establish2(1), we derivea priori estimates
for the solution of {.7) (with (1.5) and periodic boundary condition) in the following
lemmas.

LEMMA 2.1. Assume thatl, € L2, (€2) and (b — bs| + [b, — by|)* < 4, then for
the solutionu(t) of problem(1.7) with (1.5 and a periodic boundary condition, we
have|lull2 < Ki(T; lluoll2), f; VU3 < Ka(T; Uollz) and [ [ullg < Ks(T; [[Uoll),

Vte [0, T], whereK; (i = 1,2, 3) are constants which depend only ©n|juo||» and
a, by (j =1,2,3,4).

The proof is similar to that in4] and [14]; we omit it here.

LEMMA 2.2. Under the assumptions of Lemrgal, u, € H,. and one of the
following conditions holds.

() |v| < +/5/2, u arbitrary and M2 < (3/2 -1+ 1)2) (hereM = maxX{|ay],
loca s loesl, |oeal}).
() v = +/5/2, parbitraryandM? < (3/2—v1+a?), o = —pu/(1+ 8 + A+
Sv/(L+8+ A), (A= 2//5).
(1) pv >0, |v| > +/5/2, u arbitrary andM? < 1/2.
(V) v <0, |ul <+5/2,v > +/5/2andM? < (3/2 — /1 + u?).
V) wv <0, |ul = ~5/2 vl > v5/2, |a| < /5/2, —(1+ pv) < |a|ln—v|and

<1+ |a(Sv —M)|> <§ B m)

1+56 2

M? <
1+ a?

Then the solutiomi(t) of problem(1.7) with (1.5 and periodic boundary condition is
[Vullz < Ka(T, [[Uglln2), forO<t < T.

PrOOF. In order to estimate the boundednessidfnorm, we need the functional
Esut)) = [ [|Vu(t)|2/2+ 5|u(t)|5/6], wheres > 0 will be suitably chosen later.
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Using (L.7), we get

d
FEUO) = ao([IVull3 + 8lulld) — (laul® + 8llulliy

+ Re/(1+iu)|u|4uAU +5/(1+iu)|u|40Au + 1+ 1, (2.2)
where

l, = Re/ [aUlPuy + azlul?uy + o3u?ly + aau”Gy | AL,
I, = Re/ [alulPuy + aolul?uy + a3u®ly + aau”0y ] Jul®a.

Since|l;| < 2M [ [|ul?|uy| + [u[?|uy|]lAul and|l5| < 25M [ [u]’[|us| + |uyl], then
(2.2) can be written as

d
g U = (Ivull3 + 8liulig) — (IlAul? + 8lullzg)

1 4 45 T\t
+ ERe (lu]*u, Au)No(Jul™a, AT)

+2M/[IUIzluxl+IUI2|uyI]IAUI+28M/IUI7[|ux|+|uyI], (2.3)
where(|u|*0, AG)' denotes the tranpose @fi|*d, AG) and

- 0 1+86—i(vs—
N0=N(t)=<* 0( M))'

Herex denotes the complex conjugate of-15 — i (vé — ). Since anyx satisfies
la| < +/5/2, by the standard method (s&¥8[24, 15]), we have

—Re/(1+ia)|u|4UAu > (3—2@)/|u|4|w|2. (2.4)
Multiplying (2.4) by —n (n > 0 to be chosen later) and adding it &23), we obtain
%Es(u(t)) < ao([Vull3 + 8llullg) — (L — w)([|Aul® + 8]lullzs

—n(3-2/1+?) / ul“vuf?

+ % Re/ (lul*u, Au) N (Jul*a, Ad)'

+2M / [lul?luy] + [ul?|uy|] AU

+28M/IUI7[IUXI+IuyI], (2.5)
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where O< « < 1is to be determined and

N=N — —25k 14+8—n—i(Ws—pu—an)
N " —2 '

Herex denotes the complex conjugate of18 — n — i (v — u — an). In order to
proveN is negative semidefinite, we need the following lemma.

LEMMA 2.3. Letk € (0, 1) be fixed. Then there exists> 0, n > 0, |a| < v/5/2
and

-1+ pv) < la|lp—vl, (2.6)
such thatN is negative semidefinite. Hende [ (|ul*u, Au) N (Jul*d, AU)t <.

ProOF. We use the method oRPB] and [24] to prove this lemma. We give the
complete proof here in order to determine parameteysaande in detail (these are a
little different from [23] and [24]).

Itis clear thatN is negative semidefinite if and only if

L+8—n)?+ v —u—an)? < 4sk? (2.7)

which means, digz(s), ) < 2/8«, wherez®) = 1+ iu + 8(1 —iv) and
Y= {n(1+icx) |n=>0,|a| < «/5/2}.

We prove @.7) by five cases.
Case (I). Whenv| < +/5/2, it suffices to take) = 1+ 8, « = v, 0 < k < 1 and
3 large enough; ther(7) is satisfied.
Case (I). When|v| = +/5/2, u arbitrary, it suffices to takey = 1 + 3,
o = —pu/A+8+A) +8v/L+8+A), (A =2//5),0 <k < 1ands large
enough; then4.7) is satisfied.
Case (Ill). Whenwv > 0, [v| > +/5/2, u arbitrary, it suffice to take = 1+68, « = 0,
0 <k < lands = u/v;then Q.7) is satisfied.
Case (IV). Whemuv < 0, |u| < ~/5/2, v > +/5/2, it suffices to take) = 1 + 6,
a = —u, 0 <k < 1ands small enough; ther2(7) is satisfied.
Case (V). Whemuv < 0, |u| > v/5/2,v > +/5/2, |a| < +/5/2, we may restrict
attention to the case > 0 > pu, « > 0, asv < 0 < u, a < 0 is similar by
conjugation. So we consider the casevof +/5/2, u < —/5/2 anda > 0. Let
T = /3, then
e nEe

h() = distz(r), X) — 27 = —2es Viter
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wheret = 1o = 3¢/(2v — v/5), h(z)) = min,z h(z). We can sed(t,) < 0 if and
only if

_KZ <

ot —a), (2.8)

Once

-1< (nw+a)(v—a) (2.9)

1+ a2

holds, we can find € (0, 1) such that2.9) is satisfied, thu&(z;) < 0 and therefore
dist(z(z%), £) < «To.

From 2.9), we get £.6). In this case, that i$, = 2 = (3« /(2v — +/5))?, we have

Rez() - (1+ia)) =

1 1
= 1+8+aldv—w)).
1 V14 a? \/l—l—ozz( a

The proof of Lemm&.3is therefore complete.

Using Cauchy’s inequality and Lemn2a3, (2.5 can be written as

d
FEUM) = ao(I VUl +8lul}) —n (3-2v1+a?) / Ul vuf?

2(1 + 8)M?
+%/|u|4|Vu|2. (2.10)

In order to guarantee

2(1 + 5)M?
- (3—2\/1+a2)/|u|4|Vu|2+(1+—)/|u|4|Vu|2§O, (2.11)
— K

we use Lemma.3again and obtain teh following cases:

Case (I). WherM? < (3/2 — /14 1v?)(1 — k), then @.11) holds. Since the above
inequality holds for every € (0, 1), we know that wherM? < (3/2 — V/1+v2),
then @.11) holds.

Case (Il). WherM? < (3/2 — v/1+ &2), « as in the proof of Lemma.3, then @.11)
holds.

Case (Ill). WhenM? < 1/2, then £.11) holds.

Case (IV). WherM? < (3/2 — \/1+ u?), then @.11) holds.

Case (V). When

M? <

la(dv — I (3 V5
oot <1+ 155 )(E—\/l—l—oﬂ), |a|<7,

then @.11) holds.
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So, under the condition of Lemn®a2, (2.10 can be written as

d
P Es(u(t)) < 6agEs(u(t)).

By Gronwall’s inequality, Lemma&.2is proved.
LEMMA 2.4. Under the assumptions of Lemra&, we have
[Aullz < Ks(T, [[Uollz), for O<t <T.

PrROOF. Taking the real part of the inner product df.7) with A%u, we find that

1d _

S gp1aulz = allaull; — VAU — Reae/ lu*ua’a
+Re[a2/ |u|2uXAZU+a3/ lulPuyA%T
+ay / U20, A0 + as / UZUyAZU].

After integration by parts and using Lemr& and some elementary manipulation,
we getd(||Au|l3)/dt < Ci||Aul|3 — [[VAU|)3 + C,, whereCy, C, depend onx, ||
(i=1,...,4), T, wandv. Thus, by Gronwall'sinequalityjAull, < Ks(T, |[Ugllx2).

By the local existence result, Lemmasl, 2.2 and 2.4, we finally obtain the
following global existence result.

THEOREM 2.5 (Global existence)Under the assumptions of Lemr2, there ex-
ists a unique global solution of the initial value problem for t2B generalised
Ginzburg-Landau equatiofi.7) with (1.5) in H2, ().

per

3. Some remarks

In this section, we give four remarks on our problem.

REMARK 1. From the conditions in Lemmdaa1 and2.2, we find that our results
improved the results of4]. On one hand, we usM = max{|a4|, |as|, |aal, |osl}
instead of jj lee; |2, on the other hand, the global result #] fs just the case of
lul < +/5/2. That is, for Case (IV) and some parts of (I)—(lll) in Lemr@2 in
our paper, our results are sharper and more detailed #anli [4], the authors
considered the numerical examplefoe 1,4 = —10,0p=a;=ay=az=a, =0
andb, = b, = 1,b; = b, = —1. We note thaM = 1 and(|b, —bs|+|b, —b,])? = 16,
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so this example does not satisfy some conditions in Leniriaand?2.2, but it does
satisfy—(1+uv) < ||| — v| for somela| < +/5/2. This means by our resultsyif
andp satisfy—(1+uv) < |a||u—v|for somela| < +/5/2, M small enough, then we
also have the global solution. In other words, &ndu satisfy— (14 uv) < |a||u—v|

for somela| < +/5/2, and the nonlinear derivative terms are small perturbations, then
the solution will exist for all time.

REMARK 2. Based on our existence result, we can obtain the global attractor by a
similar method to 15|, using the standard method df9] and [26].

RemMARK 3. We specifically consider a simple example to explain the blow-up of
the solution of

Ui = Au — |ulPu +ibjulu,, xe 2= (0,L;y) x(0,Ly), t >0, (3.1)
with initial value condition
ux,y,0) =ug(x,y), Xe, (3.2)
whereu is spatially periodic angd > 0.

We use the energy method &7, 20] to prove the following proposition.

ProPOSITION3.1 (Blow-up forp < 2andb #0). If 0 < p < 2, up # 0 and
E(0) < 0 (the definition ofE(t) can be seen in the propfthen every smooth solution
of (3.1)—3.2) will blow up. That is, there existB < oo such thatim -1 |Ju]| = +oo0.

PROOF. Taking the real part of the inner product & . {) with u, we get

—— - Pr2_ | .
20I,[IIUII —[IVu|? /IUI b m/ |ul?u,d, (3.3)
where Im denotes the imaginary part of a complex number. Let
1 1 b
E) == vul? + —— Pr2 | / 2u, Q. 3.4
®) 2/IUI+|O+2/|UI +7Im [ Jufua (3.4)
Then using 8.1), we haved E(t)/dt = —|u]|3, SO
E(t) <E©), t=>0. (3.5)
Hered(Im [ |u|?u,0)/dt = 4Im [ |u|?u,0, was used. ByJ.4) and @.5), (3.3 can
be written as
1d 4
~—|u|? = —-4E vulP+ (—— -1 pi2
20I,[IIUII (1) + [Vu]l +<p+2 )/IUI

4
_ _ p+2
. 4E(0)+<p+2 1)/|u| .
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Since O< p < 2 andE(0) < 0, we obtain

d 4
allunzz2<m— )/IUI"*ZZ Kllu||P*2,

whereK = 2(4/(p + 2) — 1)|2|~P/**2 and henceu|”’? > (||ul~"? — pKt/2)~1.
Moreover, ifu, # 0, then there exisT < (2/Kp)|ug]~®? < +oo, such that
lim¢ -7 |lu]l = 4+o00. The proof of this proposition is now complete.

Proposition3.1 shows that if the dissipative term|u|Pu is not so strong, the
solution of @.1), (3.2) must blow up wheriE(0) < 0 andb # 0.

REMARK 4. We will show that the boundedness i|l4(q > 4) will guarantee
global existence ford.1), (3.2) with p = 4. By the discussion of Sectidh we only
need to obtain the estimate [p¥u||. We have the following proposition.

PROPOSITIONS.2. If |Jully (q > 4) is bounded thetiVu]|| is bounded, whera is
the solution of(3.1), (3.2) with p = 4.

PrOOF. Taking the real part of the inner part &.() with —Au, we obtain

1d
Ea||Vu||2 = —||Au|® + Re/ [ul*uAG + bIm/ [ulu A. (3.6)

Since Ref [ul*uAl = — [ |[Vul?|ul* — [ |V|u[??, then @.6) can be written as

1d 1 b?
Z—|IVul? < == Au|? —/u4Vu2. 3.7
20I,[II 1© < 2|| 1+ > [u]*[Vul (3.7)

Since

4/p (p=4/p (p-4/p
/|U|4|VU|2 < (/ |u|p> (/ |Vu|2p/(P4)> <C (/ |Vu|2p/(p4)> ’

and|ull, (p > 4) is bounded, by the Gagliardo-Nirenberg inequality and Young’s
inequality, we have

b2 (p—4/p
E/IUI“IVUI2 <C (/ IVUIZ"/“"”>

10 1 2(p—4 1
<C (||AU|| /(p+ )”u”p(p )/(p+1) + 1)

1
= C (Iaul®* 4 1) < Z[lAulf +C.

Then by @3.7), we show thaf Vu| is bounded.
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