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Abstract

We consider a single server queueing system where each customer visits the queue a fixed
number of times before departure. A customer onjlisvisit to the queue is defined to

be a class-customer. We obtain the joint probability generating function for the number

of classj-customers and also obtain the Laplace-Stieltjes transform for the total response
time of a customer.

1. Introduction

We consider a single server queueing system with fixed feedback policy where eact
customer visits the queue a fixed number of timekefore departure. Customers in
the queue, both those that are newly arrived and those that are fed back, are serve
in the order in which they joined the tail of the queue. The motivation for this work
comes from the modelling of signalling system No4712]. We assume that customer
arrivals follow a Poisson process with intensityService times are independent and
identically distributed regardless of the number of visits to the queueXldgnote
the generic random variable representing a service time. We denote the m¢ay of
X, and its Laplace-Stiges Transform (LST) byB*(s).
It is easy to see that the system is ergodic if and only if the offeredjo&dmax
is less than 1. To guarantee the stability of the system, we assumge that. A
customer on higth visit to the queue is defined to be a clgssustomer (1< j < m).
Queueing systems with various feedback policies have been investigated by many
authors. Most feedback queueing systems have the Bernoulli feedback policy. In
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gueueing systems with this policy, the memoryless property of the number of feedbacks
of a customer makes it easy to analyze the system. Fewer results are known fol
feedback queueing systems in which the feedback policy is not Bernoulli. Baskett
al. [2] obtained the product form of the joint queue size distribution forNtyeM /1
gueueing system with several types of customers and general feedback policy. Simor
[9] considered aiM /G/1 priority queueing system with several types of customers
and general bounded feedback policy and obtained a system of linear equations fo
the mean sojourn times feach class of customer type.

Adve and Nelson1] obtained only the mean total response time for khgG/1
gueueing system with fixed feedback policy.

In this paper, we obtain the joint probability generating function (PGF) for the
number of clasg-customersj = 1,..., m) for the M/G/1 queueing system with
fixed feedback policy. We also obtain the LST of the total response time of a customer.
By differentiating the joint PGF and the LST, we obtain the first and second moments
of the number of clas§-customers in the system and the total response time.

2. Stationary distribution of the system size

Let Qi(t), 1 < i < m, be the number of clagseustomers in the queue at time
t and letz,; be the epoch of the beginning of thth service of thenth arriving
customer. Denote by; (4, ..., |) the probability that there ate classq-customers
in the queue just after the beginning of ttik service of an arbitrary customer, that is,

Tilly, ... lm) = nlL"cL P{Qu(tni+) =11, .-+, Qm(mni+) = In}.
LetII;(z, ..., zZ,) denote the joint PGF of; (I, ...,|.), thatis,

0z Z) = o > mln )z 2
;=0

Im=0

= lim E [21Q1<rn,i+)___zgm<rn,i+)]'

n—oo

Let 7,9 be the epoch of the end of thh service completion of theth arriving
customer and let? (I, ..., |,) be the probability that there argclass{-customers
in the queue just before the end of ttik service completion of an arbitrary customer,
that is, 7/%(11, ..., Im) = liMyoo P{Qu(z\{—) = l1, ..., Qu(ta7—) = In}. We
denote byl1®(z, ..., z,) be the joint PGF oft?(l,, ..., 1), that s,

Hi(e)(zl, ey Zm) = Z Z?Ti(e)(ll, ey Im)Z!ll, ey ZlTT
;=0

Im=0

i () ©
= lim E [zf1 n. .. 2O )]'

n—oo
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We observe that the PGF of the number of class-1-customers who arrive newly during
aservicetime i8*(A —1z) [11]. Hence, foii = 1,...,m, 11%(z, ..., z,) is related
toIi(z, ..., z,) by

%%z, ..., zm) = B*(A — Az)Ii (1, . . ., Zn). (1)

Next we will find a relation betweefl; (z, ..., z, andIl;(z,..., z,). For
i =12...,m—1, suppose that there argclassj-customers = 1,..., m)
in the queue at,?—. Thenth arriving customer will begin higi + 1)th service
after all of the customers in the queueréﬁ— receive service. A clasg-customer
(j=1,2,...,m—1) becomes a clasg-{+ 1)-customer after his service completion
and a classn-customer departs the system permanently after his service completion.
Hence the number of class-1-customers in the queug at+ is the number of new
arrivals during the total service times kaf+ - -- + |, customers, and the number

of class{-customers in the queue ati 1+ islj_; (j = 2,3,..., m). From this
observation, given that there dreclass{-customers at\?—, (j = 1,...,m), the
joint PGF of the number of classcustomersin the queuesf .1+ (j = 1,2,...,m)
is given by

E |:21Q1(Tn,i+1+) X ngm(tnl+1+) Q (T(e)—) — |l7 . Qm(‘[(e)—) = |m]
=[B"(x —2z)]" g 2
=[B"(A — )»21)]I1 [zB* (A — )»21)]I2 o [Zn BT (A — )»21)]IW1 [B*(x — Kzl)]lm .

Fori=1,...,m—1, we have

Tz, -+, Z)
= Ilm E [ZlQl(tn’i+1+) . e ngm(fn,i+1+)i|
n—oo

=JE‘;Z Y P =l Qul ) =1}

Im=0

X E [Z](_gl(rn’i+1+) e Zr(gm(rn)i+1+)

= Z Zn(e)(ll,..., m)

Im=0
x [2B"(h = 2z)]" -+ [20B(h — Az)] " [B* (1 — Az)]"
= (B*(A — A7), ZZB* (A — A7), ..., ZnB* (A — 120), B*(A — A7) .

Q (Trﬁ)_) = Il’ .. Qm(frgel)_ = m]

Substituting {) into the above equation, we have the following relation between
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The class-customer joins the queue when
i < mand departs the systemii=m

service duration of a clagseustomer

P rrt Frr e

Arrivals who will be Arrivals who will be
in front of the tagged behind the tagged
customer in the queue customer in the queue

A classi-customer begins
to receive a service

tagged customer arrival

FIGURE 1. Tagged customer who arrives while a classistomer is being served

Hi+l(zl7 s Zm) andnl(217 s Zm)

Mii1(ze, -+, Zn)
== B#< (}\. - }\.22 B*()\. - }"Zl))
x I (zB* (A — A7), ZB*(A — A7), ..., ZnB* (A — 12), B* (A — A7) . (2)

Next, we will find an equation (se&)below) relatingll,(z, ..., z,) to
I (zB*"(A — A21), zB*(A — Azy), ..., ZyB" (A — A7), B* (A — A21)),

i =1,...,m. Given that a class-customer is being served when a tagged customer
arrives from outside, let;(l1, ..., Im; 15, ..., 1) be the probability that there ate
classq-customers in front of the tagged customer dpdlass{-customers behind

the tagged customer in the system immediately after the end of the remaining service
of the customer who was being served at the arrival epoch of the tagged customer
Immediately after the end of the remaining service, the number of ¢lzsstomers

in front of the tagged customer is the number of cljssistomers who were in the
gueue when the clagseustomer in service at the arrival epoch of the tagged customer
started service, fof = 2, ..., m. The number of class-1-customers in front of the
tagged customer is the number of class-1-customers who were in the queue when th
classt-customer in service at the arrival epoch of the tagged customer started service
plus the number of new arrivals during the elapsed service time. Behind the tagged
customer, foii = 1,...,m — 1, there is only one clas$-¢ 1)-customer who just
finished service and returned to the queue and there are class-1-customers who arrive
during the remaining service time. When= m, there are only class-1-customers
behind the tagged customer, because the cfassistomer in service departs the
system after the end of the remaining service. At an arbitrary time, given that a
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customer is being served, the joint PGF of the number of customer arrivals during the
elapsed service time and during the remaining service tinfeljs [

B*(A — Az) — B*(A — AZ)
AX(z — 7)) )

Hence, by the above observation and Figuide joint PGRY; (z, ..., Zn; 2, ..., Z))
of Yi(ly, ..., Im 15, ... 1)) fori =1,..., mis given by

B*( — z) — B*(A — AZ)
AX(z — 7))

/

Vi(z,....Zm %, ..., 2) =2,

Hi(217 ,Zm)’ (3)

wherez,,, = 1.

A tagged customer finds the server idle with probability-J and a class-
customeri(= 1, ..., m) being served with probability /m at the arrival epoch from
the outside. Suppose that therelaidass{ -customersin front of the tagged customer
andl; class{-customers behind the tagged customer in the system immediately after
the end of the remaining service of the customer who was being served at the arrival
epoch of the tagged customer. Then the tagged customer begins his first service afte
I, +--- + I, customers are served. At the first visit of the tagged customer to the
server, the number of clagseustomers in the queuelis, + I for j = 2,...,m,
and the number of class-1-customerk iplus the number of new arrivals during the
I +--- + I, service times. Therefore the joint PGF of the numbeeadh class of
customers in the queue at the first visit of the tagged customer to the server is given

by

iz, ..., Zy)
=1+ 23N Y Y il il
x([B*(,\—,\z)]l+ Hm )z'zﬁ'/z...zmplm

e}

_ +%ZZ D) DEEED D T(FIN My (U &)

i=1 11=0  In=01j=0  I;,=0
x [2B* (0. — Az)]" - [20B* (L — 2z)]™ [B* (L — 22" 2 - - 2y
0 m
EZ (2B*(A—A2z0), ..., ZuB*(A—22), B*(A—A20), 71, ..., Zn). (4)
i=1



288 Bong Dae Choi and Bara Kim [6]

Substituting 8) into the above equation, we get

y(z, ..., Zn)
P 2’“:  B(x —A2zB"(A —Az)) — B"(A —Az)

AX(ZB*(A — Azy) — zy)

i—1
IT; (ZZB*()" — A7), B"(A —Az), ..., Z2,B"(A — A7), B"(A — }»21)), (%)
wherez,,; = 1.

So far we have obtaine@)and 6) for IT; (z, ..

. Zy), 1 =1,...,m We are going

to solve these equations explicitly. For the sake of simplicityz let(z, .. ., z.),
f(2=h2,..., fn(2)
= (B*(A — A7), ...,zZ,B* (A — A7), B*(A — A7), (6)
9(2) = B*(. — AzB*(h — Az))),
h(2) B*(A — ,\%ZB*(,\ —2z7y) — B*(n — ,\zl)’
AX(ZB*(A — Azy) — zy)
Then §) and @) become
Mi(2) = 1—p+%;z+lh<z>ni(f(z)), (7)
I11(2 =9g@I0;(f(2), fori=12,...,m—1 (8)
In matrix form, (7) and @) become
(2 = A@I(f(2) + (1 - p)e, )
whereIl(2) = (I11(2), ..., L (2)", the superscript denoting transposition,
[22h(2) 2zh(2) 27n1h(2) 2z,h(2) 2h(2)7]
9(2) 0 0 0 0
0 z 0 0 0
ao=| . % S (10)
6 0 a9(2 0 0
. 0 0 0 9(2) 0 |

ande; is them-dimensional column vector with all zeros except for flieelement 1.

Iterating ©) u times gives

I(z) = |:l_[ A(f(n)(z))j| ( (U“)(Z))
n=0

u

+(1- p)Z

|

n—

k=0

1
l_[ A(f®(z2)

Je
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where f™(.) is the n-fold composition function off (-), [],_, A(f™(2)) denotes
A2 A(f(2))--- A(f"“(2)) and the empty product means thec midentity matrix! .

The absolute value of [T, _, A(f“‘)(z)))ij is bounded above byA"); for all 1 <

i,] <mandzwith |zg] < 1,..., |z, < 1, where A= A(1T), and1 is the m-

dimensional column vector with all 1's. Sinc&" — 0 asu — oo, we have
[Thoo AC(f™(2)) — 0 asu — oo, and thus we have obtaindd (z) explicitly as
follows:

[e%e] n—-1
M2 = (@.....Ma@) =1-p) Y []‘[ A(f<k>(z))} e. (11
=0

k=0

Now we are ready to find the joint PGF of the number of classistomers in the
system. LetN;, 1 < j < m, be the number of claspcustomers in the system at
steady state, including the customer in service if a ciassstomer is being served.

Let P(2) be the joint PGF of the number of clagssustomers in the system at steady
state, that isP(2) = E[z{“1 e zﬂm]. At an arbitrary time, given that a customer is
being served, the PGF of the number of customer arrivals during the elapsed service
time is(1 — B*(A — Az))/AX(1 — z) [11]. Hence we have

p1l—B*(A —Az)

P@=1-p+ Em ZI1(2) + -+ - + 2311 (2))
1- B*(h — Az))
=1l-p+ ? (2 + - + Z, 11 (2) .

In summary, we have the following theorem.

THEOREM 1. The joint PGFP(2) = E[z" - - - 2] of the numbers\y, ..., Ny, of
classd-customers,.. , classm-customers in the system at steady state is given by
1— B*(A —Az)

P@=1-p+ ? (zI11(Z2) + - - - + Zn 11 (2)) , (12)

whereTIl(2) is given by(11).

3. Stationary distribution of the total response time

The total response time of a customer is defined as the duration of the time from a
customer’s arrival until his departure from the system aftemiisservice completion.

Given that a class-customer is being served when a tagged customer arrives
from outside, leg; (t; 11, ..., Im; 17, ..., 1) be the probability that there areclass -
customers in front of the tagged customer fraistomers behind the tagged customer
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in the system after the end of the remaining service of the customer who was being
served at the arrival epoch of the tagged customer, and the remaining service time i
less than or equal tb Define®;(s;z, ...,z z,...,2,) as

oI (s; zl,...,zm'z/1 z,/n)

:/(; Z ZZ Z¢|(dt|1,~- m,|/1,...,m)eStll zmz1 Zml/

=0 Ip=01=0 ;=0

At an arbitrary time, given that a customer is being served, the joint transform
of the remaining service time, the number of customer arrivals during the elapsed
service time and during the remaining service time is needed. To do this;} lbe
the remaining service time anti- (A*) be the number of customer arrivals during
the elapsed (remaining) service time, respectively. Then we have frjrthpat

] _ B*( —1z) — B (s+1—127)
N X(Azy + S —AZ) '
Therefore, by a derivation similar to that &)( ®;(s; z, ..., zn; Z, ..., Z,) iS given
by

o (sz, ... Zm 2y, ..., Z))

_BG—iz) - B*(s+,\ 2Z)
X(Azy + s — AZ)

Let S,; be the sojourn time of thith arriving customer from his arrival until the
beginning of hisith service. Foi = 1,...,m, let W*(s;z, ..., z,) be the joint
transform of the sojourn time of a tagged customer until the beginning oftnis

service and the number of clagssustomers = 1, ..., m) in the queue just after
the beginning of théth service of the tagged customer, that is,

E[ez 2"

Z iz, ...z, i=1...,m (13)

. T —sSi 5, Q1(tni+) m(Tni +)
\Ni*(s,Zl’...,Zm)_nangoE[e z> ,,..,zr%’f ]

A customer finds the server idle with probability-J and a clas$-customer being
served with probability /m at the arrival epoch from the outside. The joint transform
of a service time and the number of customer arrivals during that service time is given
by B*(s+ A — 1z). A classq-customer becomes a clags-+ 1)-customer after his
service completion fof = 1, ..., m— 1, and a classa-customer departs the system
permanently. Therefore, by a derivation similar to that4)f (ve have, using the
notationS =s+ A — 1z,

W]ik(s; Zl’ DR ZI'T'I)

m

—(1—p)+ % Y @1(s2B(), ... 2:B"®), B'®); 2, ..., Z).

i=1
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By substituting {3) into the above equation, we have

0 B*(h — AB*(h — A7) — B*(§)
Wi(s;z, ..., =1- ——
1512 Zm) = (1 =p)+ m X(AzB*(A —Az)+S— A7)

x> 7.al(B* (). ... 2,B"($). B* (). (14)

i=1

Fori =1,...,m— 1, by aderivation similar to that o, W, ,(s; z, ..., Z,) is

obtained fromW*(s; z, ..., Zy) by
Wil(s; Zl7 DR ZI'T])
= B*(S+ A — A%B*(8))W*(s;B*(9), ..., ZxB*(9), B*(3)).  (15)

Let T be the generic total response time of a customer. The total response time of a
customer is the sojourn time from his arrival until the beginning ofrhils service
plus his last service time. Therefore the L$T(s) = E[e*ST] of a total response
time T is given byT*(s) = B*(s)Wi(s; 1,..., D).

In summary, we have the following theorem.

THEOREM 2. The LSTT *(s) of the total response timE is given by
T*(s) = B* (W, (s; 1, ..., 1), (16)
whereW:(s; z, ..., z,) is obtained by applyingl4) and (15) iteratively.

4. Moments of the system size and total response time

4.1. Mean system size and mean total response timel'he mean number of class-
j-customers at steady state is obtained by differentiating the joint PGJF and
evaluating az = 17, that is,

0
E[N;]= —P(z 17
INJ= 5-P@)| (17)
By differentiating (L2) with respect taz; and evaluating a = 17, we have
0 AX2 o P 0
—P(z = p—=19; — 4+ —=1" —TI(z , 18
34(L4 Pttt o Ukﬂ (18)

wherex2 £ E[X?]. By differentiating (1) with respect tg;, evaluating az = 17
and premultiplying byL™ on both sides, we have

a 0o n-1
v EH(Z) =1-p Z Z 1"A[ Ve AQD)| . ] A ey,
] z=1T 0 keo
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whereF is them x m matrix whose(i, j) entry F; |s  f, (z)|z_lT, fi (2) is given by
(6), and for anym- dlmen5|onal column vectay, V, A(z) is them x m matrix whose

(i, j) entryisd |, M A (2)gc. By interchanging summations, the above equation
becomes

=1-p) Y 1TA[ Ve A@)|,_ ] (1 = Ater.  (19)

z=1" k=0

J
1"—Ti(z
0z, (2)

On the other hand, let be them x m matrix whose(i, j) entryis 1ifi = j + 1
and 0 otherwise. TheA(z) can be expressed by

A(z) = %h(z)el(zz, ey Zny ) 4+ 9(2)d.

ThereforeV,A(z)|,-17 is given by

AX2
VeA@)|,_ ;= %E <<1+ %) q'e + qTez) el’

214 (LY qre s (2) g
+ e J+ ((m) q e1+<m)q e2> J
Noting thatF = AT and substituting the above equation int8); we have

17 i1'1(2)
BZJ-

z=1T
“a- T B (1 £ atre o
k=0

+pele AkJ+< ) € Fre))d +—(e?F eJ)J} (I — A le.  (20)

Since(l — A)1 = (1 — p)e;, we have(l — A)~te; = (1 — p)~11. Substituting this
into (20), we have

1" —T11(2)
] z=1T
=21TAK{(pL§<1+%>+<1—p>%<1—%))e1+<§>21}ezpkej
k=0
+ilTAk )L—X_Z—l— Fk
P~ =P el+ e Fle
k=0

0 00
+ kX_; 17 Ake 1T Fre,
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AX p P P\2 -
={<p§ 1+ —I—(l—p)E(l—E))eI—l—(E) 1T};Fk1e}erj

{(pg—(l p)— )el+—1}k2;Fkle2F g
P TS T
+ me 2(; kK117 Fre;. (21)

Sincee] = €] (F — (p/m)l) and1" = (1 — p)el (I — F)T, we have
3 Friel FK = el ) (F - 21), (22)
> raet - (S rae ) (7 21)
D FATF = (1-p) (Z Fkle}Fk) (I —F)™ (23)
k=0

k=0

Let M = Y ° Fk1el F¥ (given explicitly in the appendix). Substitutin@2) and
(23) into (21), we have

1Tin(z) —p?ell\/l(l—i—F)eJ—l—(l p)— elM(I Fe

BZJ-

z=1T

—I—EITMFej —I—(l—p)EeIM(I —F)le. (24)

By direct calculation, we have

((I - F)il)ij =

By substituting the above equation ar&d)into (24), we have

d 0 1+pax2 m-—1
1T—11 = —_ 2
07 @ 17 (1—p)(l+p/m)< 2 x m p)’ (29)
0 P AX2 0

1" —TI1 = —+1-—. 2
9z, @ 217 (1—p)(l+p/m)< x m) (26)

By substituting £5), (26) and (L8) into (17) with ¢2 = (Var[X])/(X)?, we have

_P . P p _m=21
E[Nl]‘m+m2<1—p)<1+p/m>{<1 m ")C*””}’
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1-rL_ P p P 2 C
E[NJ]_m+m(1—p)(1+p/m)<mcx+l)’ ji=2,....,m

The system siz&\ £ N; + --- + N,, has the mean

p((1+p)G/m+2—(1— p)/m)

E[N]=p + 27
P T A @t p/m) &7
By Little's formula, the mean total response tirB€T ] is given by
2 _(1—
E[T] = m + mgPdEpc/m+2- (1A= p)/m (28)

2(1—-p)L+ p/m)

Note that £8) coincides with the result given by Adve and Nelsén(p)], except for
a slight difference which is due to a misprint itj [

4.2. Second moments of the system size and the total response tima this
subsection, we restrict ourselves to the casmef 2 to avoid complicated notation.
To find the second-order partial derivativesRaz,, z,) atz = 17, we need to calculate
the second-order partial derivativesIof(z;, z,) andIl,(z, z,). To do this, we use
(9) (or equivalently, {) and @)). By differentiating ) and @) with respect toz
(j = 1,2) and evaluating a; = z, = 1, we obtain a system of four equations with
four unknowns%l‘[i (z)| (i, ] = 1,2). By solving the system of equations, we

z=1T

have

9 A2X2 + p3/4 B 02/2 — p3/4 + pr2x2
Zme| = e S B N i i ,
9z . Q=p)A+p/2) 9z e 1—p)L+p/2)

9 2 — p2/4+ A2x2 9 2 — p2/4+ A2x2
e R Lt I S Y ,
92 e A=p)A+p/2)" 3z o A—p)A+p/2

By differentiating () and @) twice with respecttg, andz; (i, j = 1, 2) and evaluating
atz; = z, = 1, we obtain a system of six equations with six unkno@ﬁ[i (z)|

2 2 . . z=1T"
Bz‘j—azzl'li(zz)k:ﬂ, a"—zgl'li(zz)k:lT (i = 1,22). By solv_lng the system of equations, we
obtain;—él'[i @, 5z @D, z 1 (2)|,_,; (i =1,2). By differentiating (2)

twice with respect t@ andz; (i, j = 1, 2) and evaluating &, = z, = 1, we obtain
2 P(z1,2)|, (i, j = 1.2). From these, VAN] is given by

0z 32]

Var[N] = {A*%*2+2p — p* = 30° — £p* + 30° + §0°)
+ 24X (6+ 2p + 607+ 2p° — 2p%)
+ 2229+ 6p — Fp? = 2p° — Fo* + 2%+ 120° — 2p)
+3p — 307 = 3p% + 30" + §0° + 550° — HpT — 50° + 50°)
/{3 + p/2%(1 — p)*(1+ p?/4— p°/8)},
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wherex3£ E[X3].

Next we will calculate the variance of the total response time Vaof a customer.
By substitutingm = 2 into (14)—(16), the LSTT*(s) of the total response time is
given by

T*(s) = (1 — p)B*(S)B* (S+ A — AB*(S)) + p/2B*(S)B* (S+ A — AB*(S))
B* (A — AB*(S)B* (A — AB*(S))) — B* (5 + A — AB*(S))
X (AB*(S)B* (> — AB*(S)) + S — AB*(S))
x {B*(S)IT; (B*(S)B* (s + A — AB*(S)), B* (S+ A — AB*(S)))
+11, (B*(S)B* (S+ A — AB*(S)), B* (S+ A — AB*(9)))} .

By differentiating the above equation twice with respect t;d evaluating a¢ = 0,
Var[T]is given by

Var([T]={A%*(2+p —3p?— 10>+ 2p%) +22(X*)*(9+3p+Fp?—$p°— 30"
+ X264 2p—2p2—2p*+ 2p°) +(X)2(6—3p?+3p> - Rp*+ 1p%)}
/{8=p)*A+3p+50°— 3509
— {x2=p) +222(L+p)} [ (1—2p—1p2)".

Appendix. The calculation of M = 3" 'F*1e] Fk

We have thaM satisfiesM = 1le] + FMF. Postmultiplying bye; on both sides,
we obtain

Me1=1+%F2m:Ma<, (29)
k=1
Mej+1= FMeJ', ,j=1,...,m—l. (30)
Applying (30) recursively, we have
Me; = FI"'Me,, j=12,....,m. (31)

Substituting 81) into (29), we have

m -1
1% -1
Me1=<l —EZF"> 1=(1 —F™H 1,

where we used the Cayley-Hamilton theorem in the last equality.
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Since

Xm: e@kr/m1)y=T _ {m +1, if m+ 1dividesl;

o 0, otherwise,

we have

(o] 1 o0 m -
_ (m+1)l 2k /(m4+1)v/ =1
Mel_ZF 1= m+1ZZe / F'1
1=0 1=0 k=0
- -1
-y <| _ e<2kn/<m+1>>JT1F) 1
m+1

k

Il
o

By a tedious calculation of cofactors, flat < 1, we obtain

LA4+z4---+2"HZ

1-2z+2+---+2m’

{1-2@z+22+---+Z7Hz
—%(Z—I—ZZ—I—---—l—Zm)

((I - ZF)il)ij =

Summing the above equation oveyields

1+z+-- + 2™
1-2zZ+22+---+2M)

(1 —zP™1), =

Substituting the above equation int2) with z = e/™DV=1 e get

1
Me,= ——— (mm-1,..., 17
M+ - p)
1 1

m
+ T
m+1 ; (L+p/m)(L —ensV™h
x (1- €MV 11— eV

B 1
T M4+ -p)

T

mm-=1,...,17

m /m- m—2 T
(m+l)(l+p/m)2;<z VLY e 1)

j=0

1 ( 1 2 m-1

= ——p,1——p,..., 1— ——
L—-p)AL+ p/m) mp mp m p

ifi> ]

L ifi<j.

(14]

(32)
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Substituting the above equation inti), we obtainMe; = (My;, ..., My)T":
1—-(G{—-21p/m e
( )0/ , ifi+j)<m+1,;
= Mm—i+2Lp/m .
ifi+j>m+1

L—p)L+p/m’
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