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Abstract

A minimum Hamiltonian completioof a graphG is a minimum-size set of edges that,
when added t@, guarantee a Hamiltonian path. Finding a Hamiltonian completion has
applications to frequency assignment as well as distributed computing. If the new edges are
deleted from the Hamiltonian path, one is left witmaimum path coveia minimum-size

set of vertex-disjoint paths that cover the vertice&ofFor arbitrary graphs, constructing a
minimum Hamiltonian completion or path cover is clearly NP-hard, but there exists alinear-
time algorithm for trees. In this paper we first give a description and proof of correctness
for this linear-time algorithm that is simpler and more intuitive than those given previously.
We show that the algorithm extends also to unicyclic graphs. We then give a new method
for finding an optimal path cover or Hamiltonian completion for a tree that uses a reduction
to a maximum flow problem. In addition, we show how to extend the reduction to construct,
if possible, a covering of the vertices of a bipartite graph with vertex-disjoint cycles, that
is, a 2-factor.

1. Definitions and results

A Hamiltonian completiorof a finite graphG = (V, E) is a set of edges that, when
added toE, ensure thaG has a Hamiltonian path. The Hamiltonian completion
number h¢G) is the minimum number of edges required in a Hamiltonian completion
for G. A Hamiltonian completion with the minimum number of edges rmiaimum

or optimalHamiltonian completion. A closely related concept is that phath cover

for a graphG, which is a set of vertex-disjoint simple paths that together contain all
the vertices ofG. Thepath cover number g6) is the minimum number of paths in
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(A)

FIGURE 1. (A) GraphG. (B) A path cover (optimal) with three paths is shown with thickened lines;
note that one of the paths is a single vertex. A Hamiltonian completion with two edges (derived from the
given path cover) is shown with dashed lines.

a path cover. Aninimumor optimal path cover is one with the minimum number of
paths. For anillustration of these terms, see Figur@iven a set ok paths in a path
cover, one can connect them to form a Hamiltonian path by addind edges, so it
is easy to see that

pc(G) = ho(G) + 1. 8

Our motivation in studying minimum Hamiltonian completion arises from the
problem of frequency assignment, an important issue in telecommunications. We
look at a problem introduced by Hal8&][and also described inlp, p. 195]. We
consider the special case of assigning frequencies in a small geographical area, witl
two levels of interference, as follows. There artgansmitters, xs, ..., X,. To each,

a positive integeff (x;) is to be assigned, representing a channel or frequency. Pairs of
transmitters whose distance is at most a threstiydde said to interfere atlevel 0, and
must be assigned different frequencies. In our special case, all pairs of transmitters lie
in a region of diameted,, so that all pairs interfere. Transmitters whose distance is at
mostd; (< dy) interfere at level 1 and must be assigmehconsecutiveequencies,

such as 3 and 5—not 3 and 4, for example. $panof an assignment is the maximum

of | f (x) — f(y)| taken over all pairs of transmittexsandy. The goal is to choose a
frequency assignment to minimise the span.

This can be formulated as a graph problem. Define a complete gaphose
vertices are the transmitters. Assign edgey) weightw(x, y) = 1 if transmitters
X,y interfere only at level 0, anav(x,y) = 2 if they also interfere at level 1:
thusw(x, y) is a lower bound on f(x) — f(y)|. By adding edge weights along
a Hamiltonian path one can construct a valid frequency assignment; moreover, a
minimum-weight Hamiltonian path yields a minimum-span frequency assignment,
where the span is the weight. A minimum-weight Hamiltonian path must use as
few edges of weight two as possible, so finding an assignment of minimum span is
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equivalent to finding the Hamiltonian completion number of the subgraph of edges of
weight one.

Computation of the Hamiltonian completion numibexG) of an arbitrary graph
is a difficult problem. On the other hank¢(G) is the minimum value ohc(T) for
all spanning trees (see [, 6]). Thus, finding the Hamiltonian completion number
of atree is an important problem in the area of frequency assignment.

Further applications of Hamiltonian completion include the optimization of pro-
gram code?, 11] and the assignment of processes to distributed proceskérs [

The problem of finding minimum Hamiltonian completions was introduced in the
1970s by Boesch, Chen and McHudh §nd by Goodman and Hedetnierfi] [ Path
covers had been studied earlier; for example, in 1960, Gallai and Milgram proved that
the path cover number for any digraph cannot exceed its independence number (se
[4, p. 39]). Finding optimal Hamiltonian completions or path covers is NP-hard in
general, but the authors of bott] pnd [6] (independently) found essentially the same
polynomial-time algorithm to construct an optimal path cover for a tree. Kuhtju [
later showed that the same algorithm could be implemented in linear time. This result
has been generalised in several ways since then. Goodman, Hedetniemi and Slate
[7] also gave a polynomial-time algorithm to determh@G) for a unicyclic graph.
Several years later, Karejan and Mosesj@ngave a polynomial-time algorithm for
acyclic digraphs, and Kornienkd ()] reported a linear-time algorithm to solve the
problem for anycactus a graph such that no two cycles have a common edge. Moran
and Wolfstahl L3 also gave a linear-time algorithm faacti, generalizing earlier
work of Pinter and Wolfstahl1[4].

The linear-time algorithm for constructing a minimum path cover for a tree is quite
elegant, howeverl[l] gives a terse description without a proof of correctness. The
proofs given in [, 6] show that the underlying algorithm strategy is correct, but do
not give efficient implementatons. In this paper, we give a more intuitive derivation
of the algorithm, and a proof of correctness that is simpler than thosg anf [6].

We show also that the algorithm can be extended to unicyclic graphs. These results
are given in SectioQ.

Our main result is that finding an optimal path cover for a tree can be reduced to
finding a maximum flow in a certain netwotk. Moreover, we show that the same
reduction can be applied to any bipartite graph to test whether it is possible to cover
the vertices of the graph with vertex-disjoint simple cycles. These results are given in
Section3.

One of our main tools is a reduction of the problem of finding a minimum path
cover to that of finding anaximum-edge path covea path cover that contains the
maximum number of edges in any path cover®r Themaximum-edge path cover

4Using the classic maximum-flow algorithms of Ford and Fulker&drtiis immediately yields a
guadratic algorithm for finding an optimal path cover or Hamiltonian completion for a tree.
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FIGURE 2. lllustration of vines and vine paths. Gra@hhas three components. Pa#éfsdch, h, ijk and
m are vines; vertey is the only path centre; patle$ gh ijk andmare vine paths.

numberor mpgG) is the number of edges in such a cover. Itis easy to show that the
number of edges in any path cover is always the number of vertiof& minus the
number of paths. Using this observation, one can showrttpG) = v — pc(G);
combining this with {) gives the following lemma, whose proof is straightforward.

LEmMMA 1. For any graphG with v vertices, a path cover has the maximum number
of edges if and only if it has the minimum number of paths. Moreover&pe
v—pc(G) =v—hc(G) — L

Based on this lemma, for the remainder of the paper we shall use thepéimal
path coverto mean a path cover with either the minimum number of paths or the
maximum number of edges.

2. Constructing optimal path covers for trees

A top-level description of the algorithm A basic strategy for creating an optimal
path cover for a tree or forest is to greedily prune away special paths, which we now
define for arbitrary graphs. ®inein a graphG is a maximal path such that at least
one endpoint is a leaf and each edge (if any) is incident only to vertices of degree 1
or 2. Note that a vine is non-empty, and may be a single leag dself, if G is a
single path. If a vertex of degree at least 3 is adjacent to the endpoints of at least two
vines, it will be called gath centre A vine pathis either a path (vine) that is itself

a connected component of the graph, or the path that is induced by a path centre an
two of its adjacent vines. See Figutdor an illustration of these terms.

The importance of vine paths is described in the following lemma, which shows
that one can remove such paths arbitrarily when finding a maximum-edge path cover,
and is the heart of the path-cover algorithm described beloW. iff a subgraph o8,
we use the notatio® — H to mean the graph obtained fragnby deleting all vertices
and edges oH along with any other edges & incident to vertices irH.
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FIGURE 3. lllustration for Lemm&. GraphG is shown with path centrewhich is adjacent to two vines,

P, and P, that induce a vine patR. In each case, paths in an optimal cover are shown as thickened
edges. Herd®) is the path containing in the original optimal path cover fdg: the figures show how

to exchange pairs of edges to create a new optimal path cover cont&niff) Case 1: IfQ contains
exactly one ofP; andP,, exchange edge=and f. (B) Case 2: IfQ contains neitheP; nor P,, exchange
edgese andg with f andh.

LEMMA 2. Let G be any graph with a vine patR. Then we may assume that an
optimal path cover foG containsP.

PrOOF. Assume thaP is not an isolated component, otherwise the resultis trivial.
Let v be the path centre d?, and letP; and P, be the two vines contained in. Let
C be an optimal (maximum-edge) path cover Farand letQ be the path irC that
includesv. First observe that since all the verticesRflie on a unique path i1G,
eitherP; is in the covelC, or Q containsPy, and similarly forP,.

Assume thaQ is not equal toP (or we are done), and suppose tiiacontains
exactly one ofP; and P,, say P;. By our observation, the cover contaiRs. By
exchanging one pair of edges incidenttone can creatB, as shown in Figur8 (A);
since the exchange preserves the number of edges covered and cannot create a cycle,
have created a new maximum-edge path cover contaiin@therwise Q contains
neither P, nor P,; by exchanging two pairs of edges, as shown in Figu(B), we
again create a new maximum-edge path cover contaifing

Most graphs do not contain vine paths. The nextlemma, however, shows that every
tree does.
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LEMMA 3. Every(non-emptytree contains a vine path.

ProOOF. If T is a single path, then it is itself a vine path. Otherwise, select an
arbitrary vertexu as the root ofl, and select, a descendant of degree at least 3 that
is farthest fronu (possiblyu itself). Then any two children of must be endpoints of
vines, sov must be a path centre, and hence lies on a vine path.

Observe that, in general, deleting a vine path from a tree creates a forest; the lemm:
also guarantees that in any forest, each (honempty) component tree contains a vin
path. Thus, based on Lemmaand3, an algorithm for producing a maximum-edge
path cover for a forest is simply the following.

Path Cover Algorithm
Input: a forest,F.
Repeat untilF is empty:
Let P be any vine path if+; add P to the path cover.
Continue, replacing- with F — P.
(End repeatnd

Extension to unicyclic graphs It is not hard to extend the algorithm to construct
optimal path covers for unicyclic graphs. L@&tbe a unicyclic graph. After using
Lemma2 repeatedly, we may assume tt@atcontains no vine paths. In that case,
assumingG is nonempty, we may assume tt@tconsists of a single cyclé with at
most one vine attached to each vertex: examples are shown in Big&jer (B).

If G = C or C has exactly one attached vine, it is easy to construct an optimal path
cover with one path (anf5| — 1 edges). IIC has a vine attached to each vertex, as
in Figure4 (A); we must delete at least one edge fr@nwhich, by symmetry, may
be any edge. If there is a vertexvith no incident vine, leP andQ be the two vines
closest taw. Using an exchange argument similar to that in the proof of Leinae
can show that there is an optimal cover containing the path inducdt| byand Q,
which can be removed fror®. In each case, the new graph is a tree, whose path
cover can be constructed as described above.

Linear-time implementation for trees We now describe a linear-time implemen-
tation of the Path-Cover Algorithm for a tree (or forest). Assume thatTréeas its
edges given as adjacency lists. The output will be allimlgeof the edges ak or Out
(of the cover). The paths can be easily recovered in linear time and space by finding
the connected components of the graph usindriteziges only.

Our strategy is simply to implement Lemn3a We first perform a breadth-first
search (BFS) (see, for exampléy] Section 3.2]) to number the verticesfn order
of their distance from the root, which is chosen arbitrarily. See Fig#g for a BFS
numbering of a tree. The vertices are processed in reverse BFS order so thaheach
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(A)

FIGURE 4. GraphG is a cycleC with vines incident to two or more vertices. (A) (Case 1) If every
vertex ofC is incident to a vine, delete any edge®{as shown by the dashed line) and proceed with the
resulting tree. (B) (Case 2) If some vertexas no incident vine, |e? andQ be the two vines closest to

v; add the path induced by, v and Q to the cover by deleting the dashed edge(s) as shown and proceed
with the resulting tree.

we encounter a vertex of degree 3 or more, we will know that it is a path centre. The
core of the algorithm, calleBath-Cover(T), is the subroutin€®rocesgv), described
right after the main algorithm, which is as follows.

Path-Cover (T)
Input: TreeT; List of pointers to the vertices in reverse BFS order;

For each vertex, a pointer Parent to its parentin the rooted tree.
Initialise : Label all edgesn; Degree ¢):= number of edges incident tq
For each vertex on the list,Procesqv); End For
End

Process {)
If Degree {) is at least 3
Let x, y be any two children of {with vx, vy labeledin}
For eachz # X, y, with edgevz labeledin
Labelvz Out, Degreeg(z) := Degree(z) — 1
End For
Degree(v) := 2
{Otherwise, do nothingReturn

The algorithm is illustrated in FigurB. Note that the procedure Proces$ (s
defined whether or nat is the root; ifv is not the root and has degree at least 3,
the edge between and its parent will be labele@ut The implementation clearly
uses linear time and ape; the correctness is established in the proof of the following
theorem.

THEOREM 1. For any tree(fores) with n vertices, the algorithm Path-Coveén)
produces an optimal path cover usi@n) time and space.
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FIGURE 5. lllustration of the algorithm Path-Covef ). (A) A tree with a breadth-first search (BFS)
numbering of the vertices. (B) When Vertex 4 is processed, three edges are deleted (alipldtbse

are shown as dashed lines. (C) When Vertex 3 is processed, only its parent edge is deleted. (D) The pat
cover found by the algorithm.

ProOF. We only need to show that after algorithm Path-CovEy ljas been per-
formed, the vertices of along with the edges labeldd form an optimal path cover.
First, it is easy to show that the following invariant holds, which is the key to the proof.

Invariant. If the subroutine Process)(is called and vertex was processed before
v, then Degreex) is 0, 1 or 2.

Inthe next part of the proof, (v) represents the (modified) tree just after Proceks (
is called, that is, the tree induced by the root and all edges latheledlso C(v)
represents the remaining connected components induced by the edgesliabéied
order to show that Process)(works correctly, we prove the following claim by
induction.

Claim. Throughout the algorithm Path-Cover ), every component i€ (v) is a
path in an optimal cover.

To prove the claim, we first note thatifis the first vertex processed it is a leaf and
must have degree 0 or 1; th@gv) is empty andT (v) = T. Now suppose that we
have just finished running Procesg,(and are about to call Procesg.(Assume that
the claim holds foiC(x). Observe that every vertex that has not yet been processed
is still a member ofT (x); this is true because the BFS numbering guarantees that
a vertex can only be deleted from the tree when it is processed or when one of its
ancestors is processed later. In particulas in T (x).

If Degree {) < 2thenC(v) = C(x), so we may assume that Degreg$ 3. Then
the invariant guarantees that all descendantsiofT (x) must have degree 1 or 2, and
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(A)

FIGURE 6. (A) TreeT; (B) the networkN(T) is formed by creating a bipartitiofX, Y) of the vertices
of T, then adding new verticesandt along with new arcs to all vertices X or Y, respectively (shown
with dashed lines). All arcs from original edges have capacity 1; the new arcs have capacity 2.

hence lie on vines; thereforels a path centre for some pakhin T (x).

When Processvj is complete, ifv is not the root,C(v) will now include P, as
well as all of the vine paths (vines) ih(x) — P whose endpoints are the children of
v not onP. By Lemma2, these are all paths in an optimal cover, which establishes
the Claim. Ifv is the root, then the invariant guarantees that) = P. By Lemma2,
T (v) UC(v) is an optimal path cover for.

Notice that the only place the BFS numbering is used is to guarantee that all
descendants of a vertexare processed before Thus any numbering with this
property, such as a depth-first search numbering (see, for exariglewill also
work in the algorithm.

The following corollary follows immediately from Theoreband Lemmal.

COROLLARY 1. A minimum Hamiltonian completion or path cover of a t(ees)
can be constructed in linear time and space.

3. Path covers via maximum flow

In this section, we show that finding an optimal path cover for aTréand thus
an optimal Hamiltonian completion fdr) can be reduced to finding the maximum
flow in a special directed networ (T) with edge capacities, which we now define.
We assume throughout th@ithas at least one edge. The construction also works for
a forest.

SinceT is bipartite, we can create a bipartition of the vertice3 afto nonempty
setsX andY such that all edges join vertices ¥fto vertices ofY. Orient all of these
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edges fromX to Y to create arcs, and give them capacity 1. Next, add a vertex
with an arc oriented frors to each vertex oK; add a corresponding vertéxvith an

arc oriented from each vertex into t. Assign all of these new arcs capacity 2. An
example is shown in Figut@ In the following theorem, we show thata maximum flow

in N(T) can be used to compute the path cover number or Hamiltonian completion
number ofT. The proof gives a construction of an optimal path cover from an integral
maximum flow.

THEOREM 2. Let f* be the value of a maximusrt flow in the networlN(T) where
T is a tree with at least two vertices. Thdrn = mpdaT), the maximum-edge path
cover number oT .

PrOOF. To prove the theorem, we will give a correspondence between flows and
path covers, which is illustrated in Figure

First, let f* be any maximum flow such that the flow in each arc is an integeet
C be the subgraph af consisting of all the vertices df and theXY edges with flow
1lin f*. Each vertexinX orY can have degree 0, 1 or 2@y and, sinc€l is acyclic,

C must be a set of vertex-disjoint paths that cover the verticdsarfd which contain
f* edges. HencmpdT) > f*.

Now let PQT) be a maximum-edge path cover fbr If edgexy is in PGT) then
assign flow 1 to the corresponding arch(T). In N(T), let the flow for each arc
sxwith X € X be the degree of in PC(T) (which can be 0, 1 or 2), and assign flow
similarly for each arcyt with y € Y. Itis easy to check that this is a legat flow.
Since the flow value is equal to the number of edges ifTBCwhich ismpaT),
mpaT) < f*.

Lemmal yields the following corollary.

COROLLARY 2 (to Theoren®). If f* is the value of a maximusit flow in N(T),
then the path cover number ®fis v — f* and the Hamiltonian completion number
of Tisv—1-— f~

The corollary yields a® (v?) algorithm for computing the Hamiltonian completion
number or path cover number, using the maximum-flow implementation of Ford and
Fulkerson §], as described in Robertd§. The algorithm in fact constructs an
optimal path cover, and hence yields an optimal Hamiltonian completion.

The construction oN (T) can be extended easily to any bipartite grépiHowever,
the construction of the s€t given in the proof of Theorerdfrom a maximum flow in

5Since all the capacities are integers, such a flow exists (see, for example, LE2yEn¢orem 2.2,
p. 113]); in fact, the Ford and Fulkerson labelling and scanning algorihprdduces an integral
maximum flow.
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FIGURE7. (A) The networkN (T) with an integral maximum flow of value 8: arcs with flow 2 are shown
as thick lines, those with flow 1 as thin lines, and those with flow 0 as dashed lines. (B) The corresponding
path cover in the tre€.

N(G) may not yield a path cover: instead, the construction givestia-cycle covera
set of vertex-disjoint paths and cycles that cover the vertic€s dthe same argument
in Theoren® yields the following result for bipartite graphs.

LEMMA 4. LetG be a bipartite graph with at least one edge andfiebe the value
of a maximuns-t flow in the networdN(G). Thenf* is also the maximum number of
edges in any path-cycle cover@f

Using an argument similar to that used for Lemfqat is not hard to show the
following result.

LEMMA 5. The maximum number of edges in a path-cycle cover for any géaph
is v — k, wherek is the minimum number of paths in any path-cycle cover.

Combining these two lemmas yields the following interesting result, which gives a
method for testing whether a bipartite graph has a covering of the vertices by disjoint
simple cycles (also called afactor).

THEOREM 3. Let f* be the value of a maximusrt flow in the networlN (G) where
G is a bipartite graph with at least two vertices. Th@rhas a covering of the vertices
by disjoint simple cycles if and only ff* = v.
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