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Abstract

The problem of the energy exponential decay rate of a Timoshenko beam with locally
distributed controls is investigated. Consider the case in which the beam is nonuniform and
the two wave speeds are different. Then, using Huang's theorem and Birkhoff's asymptotic
expansion method, it is shown that, under some locally distributed controls, the energy
exponential decay rate is identical to the supremum of the real part of the spectrum of the
closed loop system. Furthermore, explicit asymptotic locations of eigenfrequencies are
derived.

1. Introduction

The main objective of this paper is to investigate the energy exponential decay rate of
a beam with locally distributed feedback controls. It is well-known that if the cross-
section dimensions of a beam are not negligible compared with its length, then it is
necessary to consider the effect of the rotational inertia. Furthermore, if the deflection
due to shear is also not negligible, then the beam is called a Timoshenko beam anc
can be described by (se&7):
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Here a nonuniform beam of lengthmoves in the {—x)-plane, p(X) is the mass
density,w(x, t) is the deflection of the beam from its equilibrium, apgk, t) is the
total rotational angle of the beamat For precise physical details, se€/[. The
terms|,(x) and El(x) are the mass moment of inertia and rigidity coefficient of
the cross section, respectively, akdx) is the shear modulus of elasticity. Also
u; (X, t) andu,(x, t) are locally distributed controls, that is, there exists a subinterval
[a, B] C [0, £], such that

up(x,t) =0, ux(Xx,t) =0, X ¢ [a,pl, t >0.
In the case of a cantilever configuration, the appropriate boundary conditions are

w(0,t) =0, ¢O,t) =0,
K@[p,t) —w'(¢, )] = pua(t), (2
—El1(0)¢' (€, 1) = ua(t),

whereu,(t) andu,(t) are the applied lateral force and moment at ¢, respectively.
To avoid lengthy calculations, which are not necessary for our purpose, one canassum
thatui(t) = uo(t) = 0. Here and below, the prime and the dot are used to denote
derivatives with respect to space and time variables, respectively.

In recent years, control problems involving large flexible structures have attracted
much attention, for example, se&, |, 6]. In [9], the boundary feedback control
of a Timoshenko beam was considered. 3 the locally distributed control of a
uniform Euler-Bernoulli beam was studied. Recently, the use of “smart material”
as sensors and actuators has burgeoned in applications (for more information, refe
to [1]). When the parts made of “smart materials” are boned or embedded to the
underlying structure as locally distributed damping in stabilizing the vibration of the
flexible structure, in order to obtain an optimal allocation result, itdsessary to
know whether the energy decay rate of the system is identical to the supremum of the
real part of the spectrum of the closed loop system. The purpose of this paper is to
establish the exponential stabilization of Timoshenko beam vibration by using locally
distributed feedback controls and to find the energy decay rate. As shown above, the
vibration of a Timoshenko beam is described by two coupled wave equations with
variable coefficients. Although the multiplier methods usediri[] are sufficient to
prove the exponential stability of a nonhomogeneous one-dimensional elastic system
they cannot provide exact information for the energy exponential decay rate of the
system. On the other hand, the methods proposetinlf] also have deficiencies,
as it is very difficult to know whether or not the eigenvalues of the system satisfy the
gap condition. This is a usual (although not a necessary)itondor establishing
the stabilization of elastic vibration.
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Huang’s theorem (se@]) gives a necessary and sufficient condition for the validity
of the spectrum-determined growth assumption of an infinite-dimensional system.
This condition has been used by many authors to investigate the exponential stability
of a system with constant coefficients (see, for examp#).[ However, itis difficult to
verify this condition for a Timoshenko beam system with variable coefficiertalse
no explicit formula for the resolvent is available. We use Birkhoff's asymptotic
expansion method introduced ii][to estimate the norm of the resolvent operator.
The same method is used ihg to estimate the locations of eigenfrequencies. We
note that the form of the asymptotic solutions obtained in this paper appears to
be rather different to that obtained itg], because the first-order equation with a
large parameter is non-homogeneous. In Se@j@ome locally distributed feedback
controls are proposed, and the well-posedness of the corresponding closed loop systel
is givenvia semigroup theory. We consider the case in which the wave speeds are
different (this condition is, in general, satisfied, s€g]. The asymptotic solutions of
the resolvent equation are given by using Birkhoff’s asymptotic expansion method. In
Section3, asymptotic estimates of eigenvalues are derived using Rouche’s theorem.
Finally in Section4, it is shown that the spectrum-determined growth assumption
holds, and that the vibration of the beam decays exponentially by virtue of Huang's
theorem. Thus the energy exponential decay rate is identical to the supremum of the
real part of the spectrum of the closed loop system.

2. Preliminary results

We propose the following locally distributed feedback controls:

Ur(X, 1) = p OB WX, 1), Ua(X, 1) = 1,(0B(X)e(X, 1), 3)

whereb; (x) € C[0, ¢] for j =1, 2, and

bj(x) =0, X ¢ o, B]
bj(x) > 0, X € [a, B] (4)
bj(x) >y >0, xel[cd]Cl[e,pl

Then the closed loop system correspondingljaafid @) becomes

ot — (Kw') + (Kg) + pbi(x,t) =0, O<x<¥{,t>0,
1, — (Elg) + K(p—w) + Lbg(x,t)=0, 0<x<4£ t>0.
w(0,t) =0, ¢O,t) =0,

KO[p¢,t) —w' ¢, )] =0, ElIW®¢E,t)=0.

(5)
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Now we incorporate the closed loop systemi(ito a certain function space. To this
end, we define the product Hilbert spaie = V' x ij(O, 0) x V¢ x lep (0, £), where

Ve ={p e H'0.0) | p(0) =0}, k=12

andHX(0, ¢) is the usual Sobolev space of orétefThe inner product in# is defined
as follows:

¢ ¢
(Y1, Yo) o = / K (o1 — w)) (g2 — w)) dX +/ Elpip,dx
0 0

¢ ¢
+/ lezde—l—/ [, ¥, dX,
0 0

whereYy = [wy, Z, ¢k, Y™ € 27 fork = 1, 2. We define linear operatorg and.#
in J#:

w z w

M z — _(K(§0 - w/))//p , z c @(ﬂ),
@ 14 @
14 (Elg) /1, — K(p —w)/I, 14

2y =|{lw, 2.9, 91" € # |w.p € V& 2.9 €V, (&) = w'(£), ¢'(&) = 0},

w 0 w

@| % =] Bz e g @) = 7.
@ 0 @
v —by v

Letw) = & +.98. Then we can write the closed loop systesphds a linear evolution
equation inz:

Y(t) = @AY (), (6)

whereY () = [w(,t), w(, 1), ¢, 1),9(,1)]*. The energy corresponding to the
solution of the closed loop systers) (s

14

1 11 [ »
E® =SIYOI% =5 [/ E'I(ﬂ/IZdXﬂL/ Kl — w'|*dx
2 21Jo 6

¢ ¢
+/ p|w|2dx+/ Ip|¢|2dx],
0 0

whereY () = [w(,t), w(,t), (-, 1), ¢, D] is the solution to §). It is easy to
verify the following result.
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LEmMMA 1. The linear operatores defined above is skew adjoint in the Hilbert
spaces#, and.«) has a compact resolvent.

For the well-posedness of the closed loop system, we have the following theorem.

THEOREM 1. For any initial dataY, € .57, (6) has a unique weak solutiovi(t)
such thatY (-) € C([0, 00), 5#). Moreover, ifYy € (&), thenY (1) is the unique
strong solution tq6) such thatY(-) € C*([0, co), #") N C([0, 00), Z()).

ProOF. It follows from (4) that there exists a constanmt- 0 such that
—Re(BY.Y)» = C|BY|5. VY. )

Since« is skew adjoint, Reé# Y, Y) » = Re(AY, Y)» < 0, which means that/;

is dissipative. Moreover, from Lemmia we know the maximal dissipativity of/.
According to the Lummer-Phillips theorerhd, < is an infinitesimal generator of a
Co-semigroup of contraction. Thus, by the appropriate propertie<Ggfgemigroup,
the desired conclusions are derived.

In general, the speedgK (x)/p(X) and\/E I (x)/1,(x) of the wave are different.
For details, seelfy]. For simplicity, we denote by, (x) andp,(x) the reciprocals of
the two speeds/p (x)/K (x) and,/1,(x)/E 1 (x), respectively.

To obtain the asymptotic solutions of the resolvent equation using Birkhoff's asymp-
totic expansion method, we assume, throughout the rest of this paper(xhak (x),
El(x), I,(x) € C1{0, ¢£] and that

p(X), KOO, E1(X), 1,0) = 11 >0, xe[0,¢], (8)
pr(X) # pa(X), WX € [0, 1. 9)

First we need to transform the resolvent equation into a first-order system with a large
parameter.

For anyY; = [w1, Z1, 1, ¥1]* € 57, letY = [w, Z, ¢, ¥]* € Z(&) such that

— @Y =Yy, thatis,

Aw—z=w;, A+b)z+ (Kp—-w))/p=u2z,
M=y =g, (A+b)y —(Elg)/l, +Klp—w)/l, =y, (10)
w(0) =2(0) =¢0) =¥ (0) =¢ ) =0, @) =w').

Eliminatingz andys in (10), we get the following boundary value problemworande:

/ /

K K
w4+ —w — ﬁ)»()» +b)w—¢ — —¢ = _ﬁ(zl + (A + b wy),

K K K
L. SO 7S Ko b (11)
+ 1Y B¢ )L()»‘i‘bz)(ﬂ‘l'Elw (1/f1+()~+b2)§01)

w(0) =¢0) =¢'(0) =0, @) =w'(0).
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Letu = [w, ¢, w'/1, ¢'/A]". Then (L1) is equivalent to

u/=A|:

B.u(0) =0,
wherel, is the 2x 2 identity matrix andA, B, C, D, fi, g1, By, B, are defined as

0
AZ

s TR D R EY I YO B BPERS
0 B D C 0 f, o (12

B,u(¢) =0,

p 0 T2, 0 ] [o ﬁ]
A= s B = s C= K s

0 /02] L 0 pib 0 %

] [—p2w ] |:—p2(2 + bywy)
D= K A, fi= 171 , — 1\4 1W1 ’

—& _E_] F L -pden * — 051 + bopr)

1 000 [0 1 —» O
Bl__o 10 o}’ BZ__o 0 0 1]

To diagonalise the dominant coefficient mafig 2], letv = Q~*u, where

_17At AT S A L
Q_E|:|2 I ]’ Q _|:—A Iz]'
Then (L2) becomes
1/:)»Mv+Bv—{—)ﬁlév—f—ﬁ—l—)ﬁlGl, (13)
Bv(0) =0, Bu() =0,
where
A O 5 A-ley 40 O =~ ~1/0 O
f, gl] 5 [pll(O) 0  —p 0 0 }
F, = , G;= , Bi= _ . )
! H ! [gl ! 0 0 0 —pY0
5 _[* @ =& —p 'O
2710 1 0 1 |
The solution of {3) can be written as
v(X) = Te(X)® + vp(X), (14)

where® = [0y, 6,, 03, 04]° is a constant vector to be determined lafgkx) is the
fundamental solution matrix of the homogeneous equation associatedl&jftafd
vp(X) is a particular solution of the non-homogeneous equafiGn Also T.(x) and
vp(X) satisfy, respectively,

T.=GAM+B+1O)T, (15)

vp(X) = Tc(X)/ T H(S)(Fu(s) + 1 7'Gy(9)) ds. (16)
0
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Next, applying Birkhoff's arguments given iZ][to (15), and following a procedure
similar to that given in 18], it follows that, forx € G~ = {, | ReA < 0, || > N}
with N given large enough,
To00) = (exp(ej ) {8j + & (X, 2)/A}) 14 17)
T ) = (exp(—puc GOk + 1 (X, WD) /A}), 4 - (18)

wherep;(x) = [; bj(s)ds+ A [, m;(s)ds, bj(s) andm;(s) are the(j, j)-entry of
matrix B and M, respectively. A simple calculation gives

-1 K’ ] -1 EI"  p;
b1=—</01b1——+&>, b2=—</02b2——+—2>,

2 K P1 2 El P2
~ 1 K" pf ~ 1 EI'  pf
bs==—pibi— —+2), by==(—pby— — +=2).
3 2( P10y K+p1> 4 2( P22 E|+p2>

From [2], we know thak,; (x, A) andn; (X, 1) are analytic for € G~ and are bounded
uniformly for» € G~ andx € [0, £].
Denotev,(X) = [P1(X), P2(X), ps(X), pa(x)]” and

ve(X) = Te(X)® = [r1(X), r2(X), r3(X), ra(X)1".

Itis easily seen that

4
Pe(X) = @9g(x) + 1) &G(x. MEIXg (x), 1<k <4, (19)

=1

X 4
q; (X) =/ e |:hj(s)+)\lz77jn(s’ )\)hn(S)] ds, 1<j<4 (20
0

n=1
4

Nd(x) = @0 + A1) " Ej(x, )99, 1<k<4, (21)

=1

whereh; = hy = —pZ(wi+(bywy + z1)/2) andh, = hy = —pZ(p1+ (b1 + Y1) /2).
3. Asymptotic distribution of eigenvalues of the system

In this section, we assume that conditio®} énd ©) are satisfied. The well-
known Rouche’s theorem will be used to investigate the asymptotic behaviour of the
eigenvalues of the systerf)( The method used is similar to that given i8].

Substitutingv(x) = T.(X)® + v, (X) into the boundary conditions o1 8), we get

B.T.0] , _ _ élvpm)]é@ o
|:BzTc(Z)i|® [Bzv,)(@ | (22)
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Multiplying (22) by

1 0 O
N_|0 1 0 0
~lo o 1y ol
00 0 1
we have
(E+1'E)® =6, (23)
where
é=|} B: ]’ é1=|:A B1(&kj (0, A))axa ]’ (24)
Ba(exp(u (£))3;)axa Ba(exp(uj (£))éx; (€, A))axa

g _ |1 Yrea) =1 —1/apx(0)
2=l o 1 0 1 ’

© = 10,0, (P1(6) + Pa()) — (P2(£) — Pa())/ (p2()), —(P2(£) + Pa(E)]'
Itis easy to see that e G~ is an eigenvalue o7 if and only if
det(E +A*Ey) = 0, (25)
whereE, E, are given by 24). In terms of the properties of the determinants, we have
det(E + A7'E;) = detE + A Eo(A). (26)

Sinceg;(x, 1), 1 <k, j < 4, are analytic foh € G~ and are bounded uniformly for
A € G~ andx € [0, £], Eq(A) is analytic and uniformly bounded fare G—.
By a simple calculation, we get
[e4®) 1 @i ][era® 4 gua®)]

detE = — . 27
© £1(0)p2(0) @n

Thus we see that dét = 0 is equivalent to

e 4 @ =0 or €20 4 e =0, (28)
The roots of 28) are
f(f pibjds—i(2n+
2‘[5 Pj ds

whereZ is the integer set. Now, for large positive integeidefine two rectangles as
follows:

Ajn={reG™ | |Re(A—Ajn)|=1/V/n, [IM(L—1;)=1/v/n}, j=12 (29

Ajp =

s j:1,2,neZ,
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To apply Rouche’s theorem, we need to estimateEden Aj, for j =1,2. Inthe
following, we assume that

-[0[ pzbzds f(f plblds
f(f p2ds f(f p1ds

For simplicity, we consider only the case in whikhe Ay,, n € N, whereN is the
set of positive integers. Other cases can be established similarly.

SetA), = {1 € G~ | Rex = Reiy, £1//N, [IM(h—Ay)| < 1//n}. If X € A,
then, by a simple calculation, we obtain

(30)

4 B 1 4 1 4
Reus(l) = /0 bs(S)dS+§ /0 pl(s)bl(s)ds:l:% /0 pi(s)ds, (31)

f(f plbl ds
Jo prds

2 l
Re(u1(€) — ns(f)) = ﬂ:% /0 p1ds, (33)

4 B 1 4 1 4
Rejw,(€) :/O b4(S)dS+5/O p2ds ¢%/0 p2(S) ds, (32)

‘ ‘  pibids 2
Re(ua(€) — pa(f)) =/ pob, ds — / P2 dsf()f# + —/ p2ds.  (34)
0 0 Jo prds vnJo

It follows from (31) and (32) that Reus(£) and Reu,(¢) are uniformly bounded with
respect t;. Thus there exists& > 0 such that

| exp(13(£)) exp(pa(0))| > 81 (35)

Using the elementary inequality

. o1, o, > 0;
|eal+|z + 1| > |eal . 1| - 1 1=

36
- {|01|—012/2, -2 <01 <0, (36)

with oy = Re(u1(€) — us(£)), we obtain from 83) that there exishy, §, > 0 such
that
| exp(ua(€) — ps(@) + 1| > 8/4/n (37)

provided thah > n;.
Since| exp(uz(f) — ua(f)) + l| > | exp(Re(uz(£) — ua(l)) — l| and

[/ [/ [/ [/ -1
Re(uz2(f) — ua(l)) — / P2, dS—/ P2 ds/ P1b1d5</ P1 ds) # 0,
0 0 0 0
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asn — oo there exish,, §; > 0 such that
| expliua(f) — j1a(€)) + 1] > 8, forn > n,. (38)

Therefore, substituting36), (37) and @38) into (27), we have

816203
p1(0) o2 (0)«/5’

Furthermore, it is easy to see that there exis$, > 0 such that

|detE| > Yn > n3 = maxng, Ny, Ny} (39)

|ATEo(M)| < 8a/n, VN > Ny (40)
Combining B9) and @0), we get

|2 'Eo)| < |detE| Y e A

1n>»

n > maxns, N4}. (42)
On the other hand, if
re AL ={reG [Imi=Imiy+1/V/n R — Ay < 1/4/n},

then

(’,N 1 4 1
R OH =1 b d+—/ b d+ﬁ<—>,
eus(f) /0 3(s)ds 2/, p1(S)bi(s)ds NG
f(fplblds_i_ﬁ(l)’

Jo prds

/n
2 l
Im(p1(€) — ps(f)) = ﬂ:% /0 p1ds+ (2n + Dym,

¢ ¢ fk plblds 1
Re(1,(€0) — pa(£)) =/ b ds—/ ds°—+ﬁ<—>.
H“2 22 . P22 A P2 f(f Dy ds «/ﬁ

4 _ 1 4
Re.(€) :/ b4(s)ds+—/ 0o ds
0 2 0

Itis easy to see that there exisf 65 > 0 such that
85
> —, Vn=>ns,

2 4
in| — d
S'”(ﬁ/o & S) NG
where we have used the elementary inequdléyp(c + it) + 1| > |sint| with

7 = Im(u1(€) — us(€)). Therefore, similar to the casebfe AJ,, we know that there
exists amg > 0 such that

| exp(uy(6) — ps(f)) + 1] =

|2 'Eo)| < |detE|, ¥a e A}

1n>»

n > Ng. (42)
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THEOREM 2. Assume that is an eigenvalue of the systdB). If |A| is sufficiently
large and conditior(30) holds, then there exists somsuch thafx — 1;,| < 1//n,
j = 1or 2, wheren is dependent only oh. Furthermore satisfies

4 .
__foﬂjbjd5;|(2n+l)7f+ﬁ<i>’ i=12
2, pids

NG

for largen.

PrROOF. From (41) and @2), we obtain

|detE + A "Ey) — detE| < [detE|, Vie A=A UAL, j=12
provided tham is large enough. Since dét + A ~E;) and detE are analytic for
A€ Ajp, N >Ny, j =1,2, it follows from Rouche’s theorem that détJr )rlél)
and de€ have the same number of zeros inside the rectangleOn the other hand,
it is easy to prove that there are no zeros of Het »~1E,) outsideA, U A,, when
n is large enough. Thus the desired result is obtained.

REMARK 1. If [ pibyds/ [ prds= [, p,b,ds/ [ podsand, pids/ [, pods
is an irrational number, then by a well-known result of number theory (%6g |
Theorem 7.9)),

. L li@2n+1 i2m-+1
inf [A1n — Aom| = Inf ( [+ )7 — ( [+ il =0
n#m nFmi 2 [ pyds 2 [, p2ds

which means that there is no gap between the zeros d dit this case, we cannot
use Rouche’s theorem to obtain the explicit asymptotic expressions for the eigenvalue:
as for the case given in Theorein

4. Energy exponential decay rate of the closed loop system

In the following discussion, we denote biw’) andw (%) the spectrum bound of
«/ and the growth bound of the semigrotigt) generated by, respectively.

In [8], it is shown that for a uniformly bounde@,-semigroupT (t) on a Hilbert
spaces”, the spectrum-determined growth assumption holds, thatdig) = w (%)
andT (1) is exponentially stable if and only if

{iw|weR}C p), (43)
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and for everyyg € (s(«), 0],
Ky = sup{[l(x — @) 7*|| | Rex € [0o, 0]} < oo, (44)

where.s/ is the infinitesimal generator af (t). To verify the spectrum-determined
growth assumption and the exponential stability of the semigrbup generated
by «, it is sufficient to show that43) and @4) hold, because the semigroljt)
generated by is uniformly bounded in terms of Theoren

LEMMA 2. The imaginary axis is a subset of the resolvent setofo (<), that is,
{io]we R} Cp(ah).

ProOOF. Otherwise there exists any # 0 (because G p (%)) such thatiwy ¢
p(«). Since has a compact resolvent, we havey, € op(4). Thus3Y, =
[wo, Zo, Yo, Yol" € Z () with Yy # 0, satisfying

Re(</ Yo, Yo) + R&(#Y,, Yo) = Re(i wo) [ Yoll5 = O.

Hence Ré#Y,, Yo) » = 0. Itfollows from (7) that#Y, = 0, which, in turn, implies
thatﬂYo = ia)oYo, that iS,

ZO = ia)OU)07
—(K(po — wp)) = i wop 2o,
Yo = ia)0<p0, (45)

(E|<06)/ — K(po — w()) = iwo';ﬂ/’o,
@o(l) = wu(£), @) =0,
and z(x) = Yo(X) = 0Vx € [c,d]. From the first and third equations of5), it

follows thatwy(X) = @o(X) = 0 VX € [c,d]. Thus @5) has only the zero solution,
which contradicts’y # 0. The proof is complete.

Next we proceed to show that4) holds for.«; with the help of the asymptotic
solutions of the resolvent equation obtained in Secfion

Let ¢, be a positive constant fdr = 1, 2,... and defineH = (L?[0, £])*. For
everyog € (s(#), 0], letA = o + iw for areal numbew ando € [0y, 0]. It follows
from (10) that forY; = [wy, Z1, @1, ¥1]° € 57,

4 4
H(,\y_g/l)wl”;:/ K|go—u/|2dx+/ Ellg'|*dx
0 0

4 4
+/ plkw—wllde+/ I, 1A — @1|* dx
0 0

< ¢ (IYallZe + Iaull) (46)
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whereu is determined by¥2) with A = o + i w.
On the other hand, by virtue of the triangle inequality, we have

4

2
||Au||2H=||AQv||2Hscz(Z(nxpkan[om||Ark||Lz[o,a)), Al > N.  (47)

k=1
If the following estimates for largg.| are satisfied,

IAPlLz0,ep < Csll Yalloes (48)
ATkl L2000 < CallYallze, (49)

then by taking into account the continuity|gf. — <% ) || » with respectto. € p (<),
it follows from (46) and @7) that (44) holds.
Note that there exidtly, M; > 0 such that for € [0y, 0] and 1< j < 4,

|e:tuj(x)| — e:tfox Bj(s)ds:t(rfox mj(s)ds < MO7 VX € [O, g]’ (50)
lskup4{|sk;(x,x)|, Img(X, DI} <My, ¥xe[0€], »eG. (51)
=K,]=

First, we verify @8) for |x] > N. For this, we prove48) only for k = 1 and the
proofs for other cases are similar. Usiri) and the triangle inequality, we obtain
(f(f |)Lp1(x)|2dx)l/2 < J, + J,, where

, 12 4 ¢
([t o) -5 ([ i runt o
0 j=1 0

Similarly, it follows from (20) that J; < Mo(Jy;1 + Ji2), where

¢ 2 1/2
‘Jll = (/ dX) s
0
5 12
dx) .

4 X
/ N (S, Mh,(s)e " ds
0
Then, by the definition olfi,, and the triangle inequality, we have

Ju:;(/:
Ji < (/OK 2 dx)l/2
+ (/0[ 2 dx)l/z. (52)

1/2

/ re1®n (s)ds
0

/ re 9 p2(s)w; (s) ds
0

X
/ ef’“(s)plz(blwl + Zl) ds
0
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Integrating by parts yields

/ 2&79 p2(S)wy (9) ds = / G,.(X, $)(pZwy) (8) ds, (53)
0 0
where
X X 1 d t 1=
G , — )\‘e*m(l) dt = / - - ef)»f p1(0) do eff b1(0) do dt
269 /s s ppdt ( ' ) '
—pa(t) | X X R /
_ e’ - / bl(t)pl(Z) + pl(t) e*ﬂl(t) dt, 0 <s<x< ‘.
p1t) | Js pi(t)

Thenit follows from @) and £0) thatG,; (X, s) is uniformly bounded, thatigM, > 0,
such that|G, (x, s)] < M, provided that 0< s < x < £ andA = o + iw with
o € [0y, 0]. Hence, by Schwarz's inequality, we get

< Ca(llwyllzio,e + llwallLzgo.e)- (54)

/ G,.(X, S)(pfwy)'(s) ds
0

Substituting §4) into (52), and again using Schwarz’s inequality, we obtain

Jin < G|l Yalloe. (55)
Similarly, we obtain

4 ¢ 1/2
Ji2 < MoMy£ ) ( / |hn(s)|2ds> < Coll Yalle- (56)
n=1 0

Thus it follows from @0), (50), (51) and the triangle inequality that
L < ¢l Yalloe. (57)

Combining 65)—(57), we conclude that4®) holds.
Now we turn to verifying 49) for large|1|. By the proof of Theorer, we get

¥4
Jy pib; ds j:l,z}.

Thus using 86) with o3 = Re(u1(€) — s(£)), we obtain

o9 > S(&) > max{—

1(£) 30| — 3(£) 1(6)—pz (L)
|le®@ 4 39| = |e?] |e +1]

~ [ [
> gl b9 ds (/ pib ds+ 200/ o ds) > 0. (58)
0 0

By a similar argument, we have

B [4 [4
|e® 4 40| > glo bu(s) ds ( / paby ds+ 20y / p2d8> > 0. (59)
0 0
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Thus it follows from @7), (58) and 69) that| detE| > cg > 0, and hencé& ! exists.
So (23) can be written a§I4 +A1E- 1E1)® — E-10. Since the entries & andE;
are uniformly bounded with respecttos G~ and| detE| > cg, the entries oE~1and
E-'E, are also uniformly bounded with respectie G-. Hence(l4+)rlléfllél)7l
exists provided that| is sufficiently large, and

O =(l4+ 2 EE) EO. (60)
Thus it follows from @0) that there exists aN; > 0, such that
4 4
D 10l <co Y IApd. [l > Ny (61)
k=1 k=1

Using (19), (50) and 61), we obtain

4
[AP(O)] < Mo|Aak(6)] + MMy Z 19; (D)1, 1<k=<4 (62)
j=1
Using 63) and 64) with x = ¢ and Schwarz’s inequality, we have

A0 (O)] < CuallYalles l<k=<4 (63)
Substituting 63) into (62), we get
IApk(O < Call Yalle,  for|al >N, 1<k <4 (64)
Therefore it follows from 21), (50) and 61) that
1/2
( / AR dx) < MoVe|20] + MoMyve Z 16;1. (65)

Finally, by substituting §4) into (61) and then into §5), we obtain 49). Thus we
prove the main result of this paper.

THEOREM 3. With the assumptior(g), (8) and(9), the spectrum-determined growth
assumption for the closed loop systgiholds, thatiss(«4) = w(«#). Furthermore,
the Co-semigroupr (t) generated by, is exponentially stable.

REMARK 2. By using the frequency domain multiplier method, we can prove that
the closed loop system is exponentially stable without the assumption of different
wave speeds, which will be reported in another article.
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