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Abstract

In this article, we generalise Newton’s diagram method for finding small solu&ions

of equationsf (¢, 1) = 0 (f (0, 0) = 0) with f analytic (see4, 6, 1, 2]) to the case of a
multi-dimensional functionf, unknown variablé& and small parameter. This method

was briefly described inl]. The method has many different applications and allows one
to solve some inflexible problems. In particular, the method can be used in very difficult
bifurcation problems, for example, for systems with small imperfections.

1. Introduction

In this paper, we propose a new method for finding all the small soliiti¢8s) of
equationsf (¢, o) = 0 (f (0, 0) = 0) with f analytic, where the small parameteis
multi-dimensional:A = (A4, ..., Ay). This method has many different applications
and allows one to solve a number of inflexible problems. In particular, it can be very
useful in problems related to dynamic systems (bifurcations of equilibrium states,
boundedness and stability of limit cycles), deformed systestts, which can be
reduced to the above defined problem. Some examples of typical problems of static
systems are presented B pnd in [6, pp. 454—469].

In this article, the method is described in three sections. In Se2tibe method
is explicated for two small parameters£ 2). In Section3 we consider the critical
situation when the method does not give the SS but, nevertheless, the problem cal
be solved by means of some additional considerations. In Seétthe method is
generalised fon (n > 2) small parameters.
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2The continuous solutiof(}) is defined to be an SS§f(,) — 0 asi — 0.
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2. Case of two parametersif = 2)

First, we describe this method for an equation with two small scalar parameters:
A1 andi,, that is, when is two-dimensional:

FEr )= ) emdEAS =0, €y

m+n+k=1
wheres = (&1, ..., &), omuk(®) = {@and©), - o}, @n(€) is @ scalar ho-
mogeneous polynomial relative fg, ... , &, of degreem with real coefficients or

a zero polynomial. Let us assume thako(§) = 0 atm < my andgmo(§) # O.

It is also assumed that the seriésonverges in some neighbourhood of zero. We
are studying the problem about $8.,, A,) of (1) for (A4, A,) near the straight line
A1 = 0 but away from the line., = 0. The indicated neighbourhoddmust satisfy
the condition that0, 0) € T and|A,/A3| is bounded ifT; s € N. The minimal value

of sis found from the method.

Let us denoté®OMNK to be a Cartesian coordinate systenRif) 7, andr, to be
operators of the orthogonal projection®t on the coordinate plan€éMN andOMK
respectively,Q = {(m, n, k) : gnn(&) # 0} and Qg = {(m,n, k) € Q : m < my} to
be integer latticesdR; = 71(Qq) andR, = m,(Qy). First of all, we construct Newton’s
diagram (denoted bip,) for R; on the plan®OMN.* We denote its links and slopes
asLy, ..., L*andp®,..., p* respectively. Moreover, it is assumed that the links
are numbered in order of the increase of their slopes (the count is made from right to
left) so that 0< p® < ... < p™. Further, let us construct Newton’s diagram on the
planeOMK for the latticern, (7; (L") N Qo), i € {1, ..., x}. Let us also denote its
links and slopes ad.'’} and{pi,} (9 = 1, ... , «;) respectively. If it has been done
for all links L' of D,, we get a broken line (a diagrarB), on the plan@OMK.

Two cases can arise. The first one (the standard case), @hénthe standard
diagram forR,, that is, Newton’s diagram foR, with a unique attenuation—the
slopes corresponding to the adjacent linksDaf can coincide;pi,, = Piy11, | €
{1,...,»—1} and the second case (the general case) arises hsmot a standard
diagram forR,.

Let us now show that by the conversion

A= arS, A= Ag, (2)

3Newton’s diagranD; for R; is a convesbroken line without vertical links. All tops oD, belong toR;

and the links oD, satisfy the minimal condition, that is, there are no points fiRisituated below the
support lines of links. If the equation of the support line of a link is k(x — Xo), then the slope of this
link is equal to—k. All links of D; (except maybe the right link) have positive slopes. The slope of the
right link can be equal to 0. The Newton’s diagram method of construction is presented widely in the
literature, see for exampl&,[pp. 10-15].
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wheres is a natural number, the general case reduces to the standard case. Indeet
making the substitution?) in (1), we obtain

TE uur)= Y gniEuPs™ =0, (1)
m+n+k>1
wheregn,(&)uirsst is the image of the terma,(£)A7A%. Therefore 2) induces a
linear conversion of the space of multi-india@s, n, k) with the matrix

1 00
A=|0 1 O0f.
0 s 1

Under that conversion the diagrdd remains unchanged but the diagrém= (L9}
transforms into the diagrai, = {L"?} and the slops; , of the link L'’ satisfies the
relation

Pio = Pio+sp’. 3)
From @) it follows that if we takes as the least non-negative entire numiyesatisfying
the inequalities

P — Pre11

g =Ll 4)

S =
then all the linksD, will be arranged in non-decreasing order of their slopes (the count
is made from right to left):

Pri<- " <Pruw<Po1<-<Pictas < Pr1 << Pra,-

NoTE 1. If instead ofs, we takes, + 1, then all links ofD, will be aranged in order
of the increase of their slopes.

Letussupposeth& (m;, k) (i = 1,...,«)isthe setof all points fronR, situated
underD,. For each poin®, let us put in accordance the poigmt;, n, k') such that
(m;,n’) € D; and(m;, k') € D,. By n; we denote the least ordinate of the points of the
setr, *(P) N Qp, Al = n; —n’ andAl, = k/ — ki. Let us use the conversioh Then
the points(m;, n;, k) and (m;, n/, k') map to the pointgm;, n;, k) and (m, n/, k)

accordingly, wherdé =k + sn andk’ = k' + sr{. Thus we obtain the relation
Ny=ay—sa (A=K —K). ©)

From () it follows that if s is replaced by the least natural numBesatisfying the
inequalities

§>AL/AL i=1,...,a, (6)
then all points fronR, = 7,(AQ,) will not be situated under the diagrady.
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NoTE 2. If instead ofS we takes + 1, then all points fronRR, lying below D, map
to points situated abou®,. If s = max(s, §), then by the conversio) the equation
(1) is standardised, that is, it transforms into that for the standard case.

Let the equationk) be standard. Let it be represented in the form

FE M) = Y omnd©XAE+ Y Gnmd&)aihs =0, (1)

where)"" denotes the sum of all non-zero terms @f guch thatim,n) € L' and
(m,k) € LY (L' is any link of D; andL'? is one of the links ofD, corresponding
to L") and}." is the sum of the rest of the terms df)( We denote also by /s, the
slope ofL!, byr,/s, the slope ofL'” and suppose thdt,,s,) = (1>, S,) = 1 ((a, b)
denotes the greates common divisor (GCD)da@andb). If r; = 0, then we assume
s=1,i €{1,2.

Let us make the substitution

ry, I

E=nuiny, A =py, Ap=p3. (7)

Then (") has been reduced to the form

Y Gt S D T ey =00 ()

From the convexity ofD; and the minimal condition of its links, it follows that
mr, +ns = I, forall (m,n) € L' N R,, wherel, is a non-negative integer, and for
each(m,n) € m,(Q) \ L' the inequalitymr, + ns, > I, is true. Analogously, for
all (m, k) € L' N R, the relationrmr, + ks, = |, holds ( is a non-negative integer)
and for all(m, k) € m,(Q) \ L' the inequalitymr, + ks, > |, is true. Moreover,
I; +1, > 0. From this point, £) is transformed into

F. p1. 112) = P) + D @™ ez = 0, (8)

whereP (1) = 3~ gma(1).*

Let us suppose thaf, is a simple non-zero root d@(n). ThenF(ne, 0,0) = 0,
detF; (1o, 0, 0) # 0 and according to the implicit function theorerf)) fas a single
solution in a neighbourhood of the poia, 0, 0):

n=no+ Y MMy 9)
i+k>1

All coefficients{n;} are defined using the indefinite coefficients (IC) method. More-
over, ifng € R" and all coefficients ofX) are real, then al;, € R". Substituting 9)

“We name the polynomid®(n) (respectively, the equatioP(n) = 0) and the defining polynomial (DP)
(respectively, the defining equation (DE)) for the link’ .
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into the first relation of {) and using the second and third parts ©f, (ve arrive at
the SS (or real SS) ofl]:

S — nOA'ELl/Sl)"rZZ/SQ + Z nik)\-;([r1+i)/51)"(2r2+k)/sz' (10)

i+k>1

(When we writea'* (s € N), we are taking into account only the arithmetic value of
Ja.) Thus every simple non-zero root of the DP provides a single S$)afnd this
solution is represented in the form of the convergent sefi€s (

Let no be a multiple root ofP (). Then assuming = n, + u in (8), we obtain
a new equatiorf (u, i1, up) = 0 and the problem is reduced to obtaining the SS
of the last equation. Standardising this equation (if required) and then repeating the
same deduction as fot'], we obtain a unique SS for every non-zero simple root of
its DP. For every multiple root the procedure is repeated. If after a finite number of
steps the process of obtaining multiple roots is stopped, then every SS of the problem
corresponding to)g, is represented as a convergent series for integer or fractional
non-negative powers of the parametgssandt, wherex; = tij (o > 0). If the
process of obtaining the multiple roots is nonfinite, that is, when the SS is a multiple
solution, then for a scalar equation all SS also have the structure described above
This is established in just the same way as for a scalar equation with a single small
parameter (se€l]).

From Weierstrass’ preparation theorerf, (p. 39]) it follows that for the scalar
equation (), the total number of non-zero SS is finite and equatto— I (each
solution is counted as many times as its multiplicity)Using all links of D, andD,
and all DP, the described method gives all non-zero SS because the total number o
all non-zero roots of all DP is equal toy — | (each root is counted according to its
multiplicity).

ExamMPLE 1. As an illustration of this method, we consider the problem for the
scalar equation

T(§, A, do) = A3 + 20pA05 + AJAZE? — A36° + 43 8° + 6™
+ > Lo =0. (11)

m+n>11
SOLUTION. The diagranD; is represented in Figuré(a). It consists of 3 links:
A1 Az with slope 1,A; A, with slope 72 and A;As with slope 0. Two pointsA, and
As from R; are also shown in Figurk(a); they belong td;. The other part oR; is
not situated below the straight ling | passing through pointd.1; 0) and(0; 11). The
diagramD, is represented in Figurk(b). It consists of 4 linksB, B; with slope—1,

5The numbel is equal to the multiplicity of the zero root of the DP for the left linkDj.
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FIGURE 1. The diagram for1) (see Examplé&).

B;B, with slope 0,B,Bs with slope 1 andB;Bg with slope %2. The diagranD, is
not standard. For standardising we udp (For the pointB, and Bs, the right side
of (4) is equal to 2; we havg, = 2. Using €), Figuresl (a) and (b), we defing = 1.
Thuss = max(2; 1) and by the substitutioh; = 1112, (11) is standardised. Further,
we construct the diagram, (see Figure. (c)). It consists of 4 linksB, B; (the slope
is equal to 1, the DP i? + 2 + 1, its roots are-1, —1 (double root));B; B, (the
slope is 1, the DP is-n® + 2, its non-zero rootay (k = ., 6) are the system
of all roots+/1, each root is simple)B,Bs (the slope is 1, the DP ispd — 18 the
unique non-zero root of the DP s = 1/4 (simple)); BsBs (the slope is 12, the
DP isn'* + 4n°, the non-zero roots of this polynomial are simple, theycire= 2i,
(2) —9i )
We obtaln for(AsAs, BsBy), six SS:EW = af iAo + 3 s @™ 20T,

k = 9_'-'_1 61 for (A4A67 B4BS)I one SS% = b0)¥2 _|_ Zm+n>1 man )\‘n+]_ for
(AsAs, BsBs), two SS:6® = ¢4 + 3o CouPAg %, v = 1,2, where
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A1 = [1A3.
For obtaining the SS corresponding(i&, As, B, B;), we use the substitutiof =
(v — Dusrp. We get the equation

Pl =0, (12)

where the left-hand side does not include the terms of the &orfrandbakv (k is a
natural number). Equatiori®) is standard. The diagram, for (12) consists of a
unique link joined to the point§0; 3) and (2; 0) (the slope is 32); the diagranD,
also consists of one link denoted @gC, (C1(0;0 andC,(2;0)). Both roots of the
DP forC,C, are simple and equal to 1 ard.. Equation {2) has two SS; they are of
the form

k) 3/2 (k) (m+3)/2 n 1) @ _ _
= f9ud?+ > f0uMPA, (V=1 1y 1, k=12).

m+n>1

Finally, the pair of links(A;As, B;Bs) provides two SSE® = —pu1,(1 — v®),
wherek = 1, 2, andi; = uqA3.

3. Critical situation

If (1) is vectorial(r > 1), then the described method may not always obtain all the
SS. For example, the two-dimensional equation

©200(8) + @300() + @o10r1 + Yoorro = 0, (13)

whereé = (&1, &), p200(6) = {357 — £Z; 0}, @a00(§) = {0; (&1 — £2)%}, @o10 = @001 =

{1; 8}, has six SS. However, if we use Newton’s diagram method, we get the following.
The diagramD, for (13) consists of one link with end®; 0) and (2;0) (p® = 0);

the diagranD, consists of a unique linlAB (A(0; 1), B(2; 0)) with slope ¥2. The
substitutionk; = w14, reduces13) to the standard case:

©2008) + @300(8) + Porirtara + @oorre = O, (13)

where@g; = @o10. The view of D, is the same aB,, but D, is a standard diagram.
The DP forAB of D, is {32 — n2 + 1; 8}. This polynomial is not solvable ii?> and
therefore Newton’s diagram method gives nothing.

In order that the total number of SS be finite for the vectorial equaiipar{d all
the SS be obtainable by using Newton’s diagram method, the following condition is
sufficient: all the fields, corresponding to the right ends of the link®o{for all
stages of using this method), are non-degenerat€ inThe above condition is a
corollary from the following theoren].
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THEOREM. Let
Qi(Xg, ..oy Xn) + Q2 (Xq, ..., %) =0, i=1...,n, (14)

be an algebraic system with complex coefficients, wiggres a homogeneous poly-
nomial of degree; (n; > 1) and; is a zero polynomial or a polynomial of degree
m; < n;. Then the following is trueif the field{Q;, ..., Q,} is non-degenerate in
C", then(14) is regular inC", that is, (14) is solvable inC" and the total number of
its solutions is finite.

The non-degenerating condition for polynomial field€this also described ir?].
For (13) the sufficient condition for using Newton’s diagram method is infringed,
because the field,q, is degenerate (the poi2, 0, 0) € Q, provides the right end of
the link AB € D). Moreover, the DE forAB is not solvable inC2. The point ofQ
providing the right end link oD, is called a bad point o if the DE for this link is
not regular inC". Inthe case whef@, has bad points, we can offer two methods. The
first one is the combination of Newton’s diagram method and a new method called
the method of removal of the bad corner points. The main idea is the following: if
(m,n, k) € Qis abad point, we remove it fro® and construct for the rest @ the
diagramsD, andD,.® In this situation we use the diagram only to define the possible
exponents for the small parameters. For obtaining the coefficients of the expansion of
the SS, we use a substitution in the form

£ = nuPAS + X(pg, AP A5, (15)

wheren = (1, ..., nr), X = (Xq, ..., %) andx(uq, Ao) — 0as(uqg, Ao) — (0, 0).
To illustrate this method we choos&3j. The lattice for {3) is

Q=1{(20,0),(3,0,0),(0,1,0), (0,0, 1)}.

We showed before tha®, 0, 0) is a bad point ofQ. According to this method,
we remove(2, 0,0) from Q and construct the diagrani3; and D, for the lattice
{(3,0,0),(0,1,0), (0,0, 1)}: the diagramD; consists of a unique link with slope O;
the diagramD, also consists of a unique link joinin@; 1) and(3; 0) with slope /3.
Using the substitution, = 114,, we get the standard diagra. The view ofD; is
the same a®,. Thus the possible exponents are 0 afidl. 1

Now, for obtaining the SS ofi(3), we use {5), wherep, = 0 andp,; = 1/3. We
get the system

—X2 4 312 — 2 + 61,X, — 2n,%, + 3xZ + 1,050 +25° = 0,

16
[(n1— n2) +(X1—X2)]3+8+8,u1 =0. (16)

5When we say “Newton’s diagram” for; (Q) or 72(Q), we have in view only their decreasing branches.
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Passing to the limit aguy, A») — (0, 0) in (16), we obtain the DE fon:
3i—n5=0, (m—n)°+8=0. (17)

The system 17) is regular and has exactly six simple roats = (nf), n;‘)), i =
1,...,6 (only two of themlare real). For obtaininguy, 1,), we substitute., = u3
into (16) and for each rook' obtain the system

an)xl - an)xz + 3X12 - X22 + mapo + po =0,

18
372(%, — %) + 3 (X1 — X0)? + (X — Xo)° + Bty = 0. (18)

where7, = n{” — 5$’. Again using the method for eachg), we obtain the first

term of the expressions for. However, the rootg' are simple and we can use the
IC method.
Consequently, the problem fat) has exactly six SS and they have the view

(o]
E=nuatpe Y dukuy, Gu=pud lo=pdi=1...6).
k4+v=1

Two SS among them belong R7.

The second method, called the NDE method, is a combination of Newton’s diagram
method for scalar equations and the method of elimination. In the case of a single
scalar small parameter it was described4n€]. For several small parameters the
way to obtain the SS is analogous. According to the NDE method, we get the scalar
equations for each component of the unknown variables and use Newton’s diagram
for each equation. The main difference is in the following: in the case of a single
parameter we use the classical Newton’s diagram method, in the case of severa
parameters we use the method described in this article.

Note here that the necessary and sufficient condition for the general system with
a single small parameter to be regular is presented,ifi][ In the case of several
parameters the condition is the same.

4. Case ofn (n > 2) parameters

In this section, Newton’s diagram method is extended to the general case, when the
equation includes more than two small parameters. We investigate the equation

[ee}

PE A ) = ) kg A M =0, (19)

MKy +--+kn=1
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wherex,, ..., A, are small parameters (> 2), ¢n,.(§) is a vectorial homogeneous
polynomial of powemn or a zero polynomial. Let us assume thap..o(&) = 0 at
m < my andgmyp..o(§) # 0. We are studying the problem about the&s,, . .., Ap)
of (19) for (A1,...,An) near(0,...,0) and near the hyperplartg = 0 without
Ay = -+ = Ay = 0. Let us denoteQ = {(M, Ky, ..., Ky @ @mi.k (&) # O},
Qo ={(MKky,....k) e Q:m=<mg}, R =m(Qp),i =1,...,6, wherer, is the
orthogonal projection oR""* on the coordinate plan@MK;. On the planeéDMK;,
we construct Newton’s diagra®, = {L"* | i, = 1,...,a;} for R,. After that
we construct, on the plar@MK,, Newton’s diagram for eachttice m,(z; *(L'*) N
Qo), i1 = 1,...,01. We get a diagranD, = {L"%2 | i, = 1,...,a0"; iy =
1,...,a1}. If D, is Newton's diagram for the lattic®, and it has no points from
R\ U, o (L) N Qy), then! using D, by analogy withD,, we construct the
diagramD; on the plan®©MKs;. If D, does not satisfy these conditions we first reduce
D, to D, (to Newton’s diagram without additional points), substituting= 115" (S
is chosen according tef)l and @), and Notesl and2) and only after that we usb,
and construcD;. This procedure is continued until the diagr&y comes onto the
planeOMK,. If D, is not a standard diagram, we use the substitutjon = pn_1A7*
and reducé, to the standard form. For the last diagram it is assumed that the slopes
of its links make up only a non-decreasing sequence and these links can include point:
of R, with prototypes not belonging tB,,_;.

For example, we consider the equation

00200(E )M + 92111 Ay hyha + Pao2dE)A5AS + Pe101(E) Aihg
+ @g001(§) A3 + P10,0008) + Z Ptk ()M 2545 =0 (%)

m+k;>11

with three parameters?’, A2, 5. We get the following.

The diagranD; (Figure2 (a)) consists of two linksA; A; with slope /2 andA; Ag
with slope 0. The point#\,, A, and As from R; also belong td;. The other points
of R, are situated on the right of the line connecting the paigf40 and(10;0).

The diagramD; is presented in Figur@ (b). Using the substitution; = w23,
the diagramD, is reduced to Newton’s diagrai, without additional points. The
diagramD, (Figure 2 (c)) consists of three links:B,B; with slope 1, B;Bs with
slope 72 andBs By with slope 0. The other points %, are situated on the right of
the line connecting the point§; 30) and(10; 0).

The diagranD; is represented in Figuiz(d). The substitution., = u,A3 reduces
D; to the standard diagram; (Figure3).

Let us suppose thdd, for (19) is Newton’s diagramp,, ... , D,_; are Newton'’s
diagrams without additional points amyj, is a standard diagram, that is, we have the

"We name this diagram Newton’s diagram without additional points.
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(Dy)

ol 1 1N "1 o VN R G B V] M
0 1 2 3 4 5 6 7 8 9 1011
(@)
Bs
*—— M M
10
() (d)

FIGURE 2. The diagram®;, D, D, and D3 for (»).

standard cas&. We write (19) in the form

D G R A+ D fmies (AL Ay =0, (19)
where} " denotes the sum of all non-zero terms which satisfy the condition:
(m, kl) S Lil’ (m, kz) c Li1,iz’ o (m’ kn) c Lil"”'i",

HereL' is any link of Dy, L'~z is any link of D, corresponding ta." andetc; at last,
L'+~ js any link of D, corresponding to the link'+-»1, The sum)_" denotes the
sum of all other terms ofl(9). We assume also that/s, ((r«, ) = 1) is the slope of
Livolk k=1,...,n.

Let us make the substitutiogs= nu7 - ulr, Ay = u, ..., Ay = ¥ in (19).
Then the equation is reduced to the form

P() + Z Pk ML - =0,

wherevs, ... , v, are non-negative numbeis+- - - +v,>0andP ()= " ¢mi..k, (1)
is the DP for the linkL'>~». The further operations, reasons and conclusions are
analogous to the case of two small parameters.

Finally we can make some additional remarks.

81f not, we, at first, reducel@) to the standard case.
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FIGURE 3. The diagranDj; for (x).

REMARK 1. The stated method allows us to find SS defined in a neighbour-
hood of a hypersurface, = g(ii, ..., An_1), Whereg is an analytical function
relative toA7’™, ... , A" (p. ..., p._. are natural numbers) angl — 0 as
Ay oev s Ane) — (0,...,0).

Indeed, lettingh, = ub*, ..., A1 = uht, Ay = g+ g in (19), we reduce this
problem to the problem about the SS {an, . .. , ©,) defined in a neighbourhood of
the hyperplang,; = 0.

REMARK 2. If (19) is represented by the standard case and all roots of all the
DP are simple, then all the SS of9) are defined in some full neighbourhood of
)\.1="'=)\n=0-

Ifthe diagram®; (i = 1,... , k; k < n)are Newton’s diagrams without additional
points and all root of the DP are simple, then the SS are defined in a neighbourhood
of the hyperplane.; = --- = A = 0. In this situation the numbdx is called the

coefficient of standardisation. This coefficient is important in some applications.
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