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DIFFERENTIAL EQUATIONS OF THE P, AND K; HIERARCHIES
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Abstract

Using the Backlund transformations for the solutions of fourth-order differential equations
of the P, andK; hierarchies, corresponding discrete equations are found.

1. Introduction

In recent years interest in integrable mappir@jg,[discrete equations and especially
discrete Painlevequationsd] has grown considerably. The latter appear in the theory
of orthogonal polynomials and some physical applications. For example they arise
in two-dimensional quantum gravitylB, 14, 24, 26]. Discrete Painleg equations
have many properties in common with those of the usual Pardepiations. They
can be presented in the form of Lax pairs, they also haaekBihd transformations
and can be written in bilinear form. Some of them have special solutions for specific
parameter values.

Discrete equations are conceptually identical to recursion formulas that connect
solutions of differential equations for different parameter values. From mathematical
physics we know the recursion formulas

2v
Jr1(X) + Jo1(X) = ?JU(X),
N+ DPy1(X) — (@2n+ DXRy(X) + nR_1(X) =0,
Hn+1(X) — 2X Hn(X) +2n Hn—l(X) - 0,

where J,(x) is the Bessel functionR,(x) is the Legendre polynomial and,(x) is
the Chebyshev-Hermite polynomial. Certainly all these recursion formulas can be
considered as discrete equationsJoix), P,(x) andH,(X).

IDepartment of Applied Mathematics, Moscow Engineering and Physics Institute, 31 Kashirskoe
shosse, 115409 Moscow, Russia; e-makud@dpt31.mephi.msk.su
© Australian Mathematical Society 2002, Serial-fee code 1446-8735/02

149


http://www.austms.org.au/Publ/ANZIAM/V44P1/1977.html
mailto:nkud@dpt31.mephi.msk.su

150 N. A. Kudryashov and M. B. Soukharev [2]

It is known [7, 10, 25] that discrete Painlevy’'equations can be obtained using
Backlund transformations for solutions of corresponding differential equations. This
approach was realized irl][ where discrete equations for the PII, Plll and PIV
equations were found.

Let us demonstrate this method to obtain the discrete equation corresponding to the
second PainlexequationT]

Yz =2Y° +zy+a. (1.1)
The Bédcklund transformations for the solutions @f1) are known. They have the
form[1, 2, 23]
200+ 1
2y2(z, o) + 2Y,(z,a) + Z°
20 — 1
2y2(z, o) — 2Y,(Z,a) +Z
Substituting to remove the derivative(z, «) from (1.2) and (L.3) and rearranging
we have
200+ 1 N 20 — 1
y(zs o+ l) + Y(Z’ Ol) Y(Za O[) + y(z7 a — 1)

Substitutingy(z, o) = X,, « = @, = n+ k — 1/2, wherek is an arbitrary parameter,
nis a number and, is a variable into {.4) we get a discrete equation of the form

YZoa+1) =-y(Z o) - o #-1/2, (1.2)

Yz a—1) =-yza) - a #1/2. (1.3)

+4y*(z,a) +22=0. (1.4)

n+k n—1+k
Xn+1 + Xn Xn + Xn-1

+2x2+2z2=0 (1.5)

wherez is the parameter ofl(5).

This approach for constructing higher order discrete equations corresponding to the
second Painlexhierarchy was formulated id][ Later we shall present the solution
of this problem for two fourth-order differential equations.

Recently hierarchies of nonlinear differential equations with solutions having prop-
erties similar to those of the solutions of the Paieleguations were introduced. This
enables hierarchies of the first and second Painéyiations to be presented in the
form [16, 19, 20]

L™ [yl=2z (h=12...), (1.6)
|:diz + Zy} L[y, — y] —zy—a =0, (1.7)

where the operatdr" is determined by the recursion formulzg] 29
iLn+1 =L0 +4yLi+2y,L", L°[yl=1, L'[y]l=y. (1.8)

d Z 72727



[3] Fourth-order DEs of thé>, andK, hierarchies 151

The first Painlee hierarchy {.6) was introduced in€], but the second Painlev”
hierarchy (.7) was considered earliet[6, 11, 12].

Two new hierarchies of nonlinear differential equations were presenté@,ia()].
They take the form

Hn+1 [y] = Z? (n - lv 21 .. )v (19)
and

d
(d_z + 2y> Ho[y. —y?] —2zy—-B=0 (1.10)

where the operatdt,[y] is determined by the recursion formulés p, 22

Hoio = J[YI0LyIHn,  Holyl =1, Hily]l = Yy, + 4y?
J =D*+3(yD + Dy) + 2(D?’yD ' + D~ 'yD? + 8(y’D~* + D 1y?)
D=d/dz D*'=[dz 6=D%+2yD+y,.

Taking into account the recent 150-th anniversary of Sophie Kovalevski’s birth and
Martin Kruskal's 75-th birthday let us call hierarchids®) and (L.10 the K; andK,
hierarchies respectively.

It was shown in p, 17, 22] that fourth-order differential equations obtained from
(1.6), (1.7), (1.9 and (.10 atn = 2 have solutions in the form of transcendental
functions with respect to constants of integratit, [L8].

Using Backlund transformations for the solutions of the fourth-order differential
equations of theP, and K, hierarchies, we shall first present discrete equations
corresponding tol(.7) and (L.10).

2. Discrete equations corresponding to the fourth-order
differential equation of the P, hierarchy

From theP; hierarchy (..7) for n = 1 we have the second Pain&egquation.1),
but in the case that = 2 we get the fourth-order differential equation in the form

Y2222— 1Oy2yzz - 1Oyy22 + 6y5 —Zy—o = 0. (21)

In this section we are going to find the discrete equations correspondidL}o (
Backlund transformations for solutions d¢f.{) have the form¢, 8, 11, 12, 17]

2yzzz"|'4'yyzz_2yz2 - 12y2y2 - 6y4+2 2
2yzzz_ 4'yyzz'|'2yz2 - 12y2y2+6y4 —Z 2
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wherey = y(z, ).
Relations 2.2) and @.3) can be written in the form

20+ 1
2zzz'|'4' 22_22_1 22_64+Z=_ , 2.4
y VY2 — 2y, — 12y°y, — 6y Yot yZatD (2.4)
20— 1
2)/zzz - 4yyzz + 2y22 - 12y2yz + 6)/4 —Z (25)

T Yz o) +yZa-1)°

For solutions of 2.1) we are going to prove the following lemma.
LEMMA 2.1. Lety(z, « — 1) andy(z, «) be solutions 0{2.1), then we have
Yoz ) + ¥ (zoa = 1) = Yz @) — YAz o — D). (2.6)

PrOOF. Replacex by « — 1 in (2.4). Equate the left parts of the equation found
with (2.5. We then getZ.6) after transformations.

REMARK 2.1. Relation @.6) is valid for all solutions of theP, hierarchy. This
statement can be proved strictly by analogy with Len¥iaonsidering the Béklund
transformations for th&, hierarchy and properties of the Lenard operaio8)(

Let us denote

y(Z, o — 2) = p’ y(21 o — 1) = hv Y(Zv Ol) = fs

2.7
y(z,a+1) =9, yZa+2) =r.
The sum and the difference dt.@) and @.5) can then be written in the form
-1 1
af,,— 2at2f,= X —1_ 2+l
f+h f+g
-1 1
8ff, —4f2 12t y27= 21 _2H1 (2.8)
f+h f+g

Taking into accountd.7) and Lemma2.1, we have the following corollary.

COROLLARY 2.1. Let p, h, f, g,r be solutions of thd>, hierarchy determined by
(2.7). The following equalities then hald

gz = 92 — f2 —_ fz, (29)
Oy, = —f,,— 211, + 29° — 292 — 2gf,, (2.10)
he= f2—he— 1, (2.11)

h,, = —f,,+2ff, — 22 4 2h® 4 2hf,. (2.12)
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Replacingx by « + 1 anda — 1 in (2.8), we get solutions fog andh respectively:
20+1 20+3

890,, — 492 — 129* + 2z + + =0, 2.13

09, — 49; g f7g  oir (2.13)
— ~1

8hhzz—4h§—1214+22+2a 3+2“ —0. (2.14)
h+p f+h

Substitute to remove, and g,, from (2.13 by means of 2.9 and .10. Next
remove derivative®, andh,, from (2.14) using .11 and @.12. Then excluding
f,, by means of 2.8) from the relations obtained and multiplying by (f + g) and
f/(f + h) respectively, we finally get the following equalities:

—4f2 —8f2f,—8gff,—4f*—8f3g+2z+

f+h
20+ 1 (2o — 1) f (20 + 3) f

frg ((imi+9 (T+9@+n (2.19)
—4f22+8f2fz+8hffz—4f4—8f2h+22+2a_1
f+h
1 20 + 1) f 20 —3) f

20 + (20 + 1) (20 — 3) 0 2.16)

f+g (F+h(f+g (F+hh+p
Subtracting 2.15 from (2.16), we find an expression fof, of the form

2
—_— 2 —_ —_—
= garrorn [Sf h=9+ T g+
n 200 + 3 B 200 — 3 i|
fro@+n (rmhipl

(2.17)

Substituting 2.17) into (2.15, we obtain a recursion formula for solutions &f.1)
for different values of parameter.

[f(f+g)+;<f2(h—g)+ L =3

2f+g+h 4f+h(f+g) 8(f+hyh+p
L 2+3 )T_ 2o Z_ 2041 gRoe-—1)
8(f+9)(@g+r) 2 4Af+g9 4f+g(f+h

f (2 + 3)

—— =0 2.18
Af +9)(@g+1) (2.18)

We note thatZ.18 is not valid for« = —3/2, -1/2,1/2, 3/2.
We can find a similar equation by substitutiriyX(7) into (2.16. However, calcu-
latingr at given solution, h, f andg, we get two roots and one of them does not

satisfy @.1).
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The unique solution of4.1) can be found using?(9) and @.17). The recursion
formula looking for six solutions of4.1) takes the form

2 2 2 20(+3
ot [f h=9+ T od+m T8F o@D
. 2a-3 } 1 1 F%f_”
8(f +hyth+p | 2f+g+h @2g+r+ 1)
1 20 +5 200 — 1

n n _ =0, (219
A4F +g)(g+r) 8(g+r)r +d 8(f+g)(f+h)} ( )
whered = y(z, « + 3). Equation 2.19 is not valid fora = —5/2, —3/2, -1/2, 1/2,
3/2. This equation allows us to find solutiods= y(z, « + 3) or p = y(z, « — 2) for
the given five solutions of2 1).
Assumingx, = Y(z, an), anp1 = o, + 1, we have a discrete equation froth19

in the form

2 2 1

- 2Xn + Xn+1 + Xn-1
1 20 + 3

2
(Xn (Xn—l - Xn+1)

+ +

4(Xn + Xn+1) (Xn + Xn—l) 8(Xn + Xn+1) (Xn+1 + Xn+2)

2o — 3 ) ! <x2 (Xn — Xni2)
8(Xn + Xn—l) (Xn—l + anz) 2Xn+1 + Xn+2 + Xn L 2
1 n 200, + 5
4(%n + Xny1) Kngr + Xng2)  B(Xng1r + Xns2) Kngz + Xngs)
20, — 1

- n >=0 (2.20)

8(Xn + Xn+1) (Xn + Xn—l)

One can see that this equation is not valid dgr= —5/2, —3/2, —-1/2,1/2, 3/2.
Equation 2.20 can be used to find the unique solutigp ; of (2.1) for given x,_,
Xn—ly Xn1 Xn+11 Xn+2-

3. Recursion formulas corresponding to the fourth-order
differential equation of the K, hierarchy

Assumingn = 1 in (1.10, we get a fourth order differential equation in the
form [2Q]

yzzzz+ 5yzyzz - 5yy22 - 5y2yzz + y5 - Zy_ :8 =0. (31)

Later in this section we shall suggest the discrete equations which corresp@rit.to (
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Solutions of 8.1) are essentially transcendental functions with respect to constants
of integration and have properties like those for the solutions of the Paielgwations
[8, 20]. There are Bicklund transformations for solutions &.{). They allow us to
obtain solutions of §.1) for a given solutiony(z, 8). These transformations have the
form [15

2 -2

2—B)= 1 2

y(z,2-p) y(z,ﬁ)+z_ym Y3y L Ay Y B#1, (3.2)
2+1

Yz, -1-p)=y(z )+ B#-1/2, (3.3)

Z+ 2yzzz+ 4yyzz+ 3y22 - 2y2yZ - y4 ’
where we denotg = y(z, 8) on the right-hand sides 08(2) and @.3).

LEmMMA 3.1. Lety(z, B), y(z, 2 — B) andy(z, —1 — B) be solutions 0f3.1). The
equalities

1 2 1 2
yZ(Zs ﬁ)_yZ(ZsZ_,B) = Ey (Zs ﬁ)_Ey (212_/3)7 (34)
yZ(Zs /3) - yZ(Zs -1- ﬁ) = _y2(21 ﬁ) + yz(zs -1- ﬁ) (35)
then hold.

PrOOF. Relations 8.2) and @.3) can be written in the form

2-28
Z— Y7, + zz_3zz+4zz_ t = s 3.6
e e SN p -y 2 p) ©o
2 1
Z+ 2yzzz+ 4yyzz + 3y22 - 2y2yz - y4 '3 ks (3-7)

Tz A Yz -1-p)

Replaceg by 2 — g in (3.6) and by—1 — B in (3.7. Equate the left parts of
the expressions obtained and the left parts6)(and @.7). As a result we have
equalities 8.4) and @.5).

Substituting to remove,,, from (3.6) and @.7), we get

4B -1
2 72z 22 222_ ’
YWer = Yot &Y Y =Y 4 24 50 B vz 2= B)
2p+1 =0, B#-1/2,1. (3.8)

T3z p vz 1-p)

Let us introduce for the sake of convenience the following notation:

f =y(zp), g=vy¥zZ2-8), h=yz -1-58),
r=yzp-3. p=yzp+93.
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One can write .4) and (.5) in the form
g, = f,— f2/249%/2, (3.9)
h,=f,+ f>—nh?% (3.10)
From 3.9 and @.10 we obtain
9, = f,,— ff,+gf,— f2g/2+ g°/2,
o> = f2— f2f,+ g*f, + f4/4— f%g?/2+ g*/4,
h,,= f,,+2ff,— 2hf,— 2f%h 4 2h3,
h?= f2+2f%f,—2h?f, + f* — 2f?h? + h*, (3.11)
Relation @3.8) for f, g andh takes the form
4p-1 128+1

2ff,,— f24+2f2f, — f* - =0, 12

.+ +Z+3f—g+3f—h 0 (3.12)
48—-1 128-5

209,, — 9% + 29%g, — ¢* - - =0, 3.13

99::—9; +29°9 g4i+3f_g 3g_r (3.13)
4B+2 128+1

ﬂmu—@+zﬁm—h“+z——ﬂ+ Prl_o (3.14)

3h—p 3f—h
Substitute to remove the second derivativeg @ihdh with respect tax in (3.13
and @.14). Taking into account3.9)—(3.11) we get
1
2g9f,,— f2+ f2f,— 2gff, + 3g°f, — Zf“— gfzngr §g4+ z
48-1 128-5
- - =0, 3.15
3f—g 3g-r ( )

4+2 128+1
thzz_ f2_2f2fz 4hffz—f4 — = — —
z + +z 3h—p+3f_h

Substitute f,, from (3.12 into (3.15 and @3.16. Multiply the relation obtained by
f/(g— f)andf/(h— f)accordingly to get

0. (3.16)

1, 3. 3 3 4g-1
2 _ 4 T g3 Y242 = 3 _ s =
f7—(f=3gff,+ 71— 219+ 21°g"+ 2 fg’ — 2 3T g
128 +1 28 +1)f (28 —5) f
21 —0 3.17
3F—h 3ot 3 —g@_n (317)
48-1 28+1
f2pof2f,4 fro 2P
B e )
4 f(B—-1 4 f 2
B-1) B+2) 3.18)

3(f—h(f—g  3(f—hh—p
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Substituting to remové 2 from (3.17 and 3.18, we find f, in the form

-5 4 B+2
(f —92(f —h)y  9(f —h)(f —g)(h—p)

_ 1 2 _
f=—3(f+92—
265
Tof—grg_n"

(3.19)

Substitution of 8.19 into (3.18 leads to a recursion formula for the solutions ®f1j
in the form

g 4 B+2 28-5 1 1 \7?

4+ 2 4 9(f—h)(f—g)(h—p)+9(f_g)2 (f—h_g—rﬂ
26+1 4 h(p-1 4 f(p+2)

23 —m T3 —m(f-9 3 —mh-p " (3.20)

[92 f9 34

Note that 8.20 is not valid for8 = —2, —1/2, 1, 5/2. Equation 8.20 can be written
substituting 8.19 into (3.17). However, calculating value (or p) at the four given
valuesofh, f, gandp (orr), one obtains two roots. One of them does not satizfi) (

A unique solution can be found if the recursion formula for six solutions3df) (
is used. Let us obtain this equation. Replgday —8 — 1in (3.19. In this case we
have derivativén, in the form

26+7 4 B—1
(h—p2th—=1)  9th—-Hth—p(f -9

1
h,=—-=(h 2
4( +p) +9

B 2B+ 7
9h—p2(p—d)’

(3.21)

whered = y(z, —8 — 4). Taking into account the expressior&19, (3.21) and
relation 3.10, we get the following recursion formula:

1 1 4
f2—h+>th+p?—=>(f +09)72—
+4( +p) 4( +9) AT 9=
286-5 [_1 1 26+7 [ 1 17
+9(1‘—@1)2[@1—r_f—h} 9(h—p)2|:p_d+f_hi|_o' (3.22)

Equation 8.22 is not valid forg = —7/2, —2,—-1/2,1,5/2. Note that 8.22 is
invariant under the transformatigh— —g — 1.
Replacingg by —8 + 2 in (3.19 we have the derivativg, in the form

2p+1 [ 1 1 } 4 B—4 (3.23)

1
;= —= f+ 2 - 9 ’
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whereq = y(z, —8 + 5). Taking into account the expressior&19, (3.23 and
relation 3.9), we get the following recursion formula:
g 4 [ 1 1}_§ B—4

3(f-g?Lf-h g-r] 9(f-9@-nNr-q

8 B+2
TS —o-nh-p (524

Equation 8.29) is notvalid for8 = —2, —1/2,1,5/2, 4. The lastequationis invariant
under the transformatiof — —g + 2.

We cannot introduce a discrete equation for one variable fta22( (or (3.24)
because there are positive and negative values of paraghetdowever, assuming
Vo = Y(Z, Bn), X = Y(Z, —Bn — 1), Bnr1 = Bn+ 3, One can find the system of discrete
equations from%.22 and @3.24). It takes the form

VXt 4 ( 1 1 )
" nt 3(yn - Xn—l)2 yn—l — Xn-1 yn — Xn

+ § IBn -4
9 (yn—l - anz) (yn—l - Xn—l) (yn - Xn—l)
8 B+ 2

_° =0, 3.25
9 (yn - Xn—l)(yn - Xn)(yn+1 - Xn) ( )

2_

V2 X 2 (in X0 — 2 (Yo + Ko )2
n n 4 n+1 n 4 n n—1
4
+
3(yn - Xn—l) (yn - Xn)(yn+1 - Xn)

2B, -5 ( 1 N 1 )
9(yn - Xn—l)2 yn—l — Xn-1 yn — Xn

280+ 7 ( 1 1 )
+ =0. 3.26
9(yn+1 - Xn)2 yn — Xn yn+1 - Xn+1 ( )

This systemis not valid fg8, = —7/2, —2, —1/2,1,5/2, 4. The system of equations
(3.29), (3.26 can be used for finding solutiong,; andX,.1, given X,_», Xn_1, Xn,
Yn_1 @andy,.

Thus the results of this work show that the method used,i7,[ 10, 25] can be
applied to finding the discrete equation corresponding to the fourth-order differential
equations of the®, and K, hierarchies. These equations are given hy(), (3.25
and 3.26.
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