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Abstract

We study the propagation of electromagnetic waves (EMWs) in both isotropic and
anisotropic ferromagnetic material media. As the EMW propagates through linear charge-
free isotropic and anisotropic ferromagnetic media, it is found that the magnetic field and
the magnetic induction components of the EMW and the magnetization excitations of the
medium are in the form of solitons. However, the electromagnetic soliton gets damped
and decelerates in the case of a charged medium. In the case of a charge-free nonlinear
ferromagnetic medium we obtain results similar to those for the linear case.

1. Introduction

Electromagnetic wave (EMW) propagation through ordered magnetic material media
has assumed lot of importance in recenttimes in the field of magneto optics [11]. In
this direction, some time ago Nakata [7] and Leblond [6] separately studied the EMW
propagation in a ferromagnetic medium without taking into account the exchange
interaction in ferromagnets and found soliton excitations of magnetization of the
medium. In this paper, we present the results of EMW propagation in an isotropic
charge-free (both linear and nonlinear) as well as charged ferromagnetic material
media by taking into account the basic spin-spin exchange interaction. Our study
is based on the interaction of the magnetic field component of the EMW with the
magnetization of the ferromagnetic medium. The dynamics of magnetizationM.r ; t/
in a ferromagnet in the classical continuum limit are in general governed by the
Landau-Lifshitz (LL) equation with Gilbert damping [5]

M t = M ∧ M eff + ÞM ∧ M ∧ M eff; M 2 = 1; (1)
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whereM eff represents the effective field due to various magnetic interactions including
interaction with the external magnetic field. Here the suffixt represents partial
differentiation with respect to time. To study the propagation of EMWs in any
material media we have to consider Maxwell’s equations describing the dynamics of
the electromagnetic field [4].

∇ · E = 1

ž0
²; ∇ · B = 0; (2a)

∇ ∧ E = −@B
@ t
; ∇ ∧ H = J + ž0

@E
@ t
: (2b)

HereE = .Ex; Ey; Ez/ is the electric field,B = .Bx; By; Bz/ is the magnetic in-
duction,H = .H x; H y; H z/ is the magnetic field,ž0 is the dielectric constant of the
medium,² is the charge density andJ is the current density. For slowly-moving
charges the current density given above takes the formJ = ¦E, where¦ is the con-
ductivity of the medium. Using this and (2a) in the continuity equation for the free
current given by∇ · J = −@²=@ t , we obtain².t/ = ².0/exp.−¦ t=ž0/. This shows
that any initial free charge density².0/ dissipates and therefore the first equation of
(2a) takes the form∇ · E = 0. Now, taking curl on both sides of the second equation
of (2b) and using the second relation of (2a) and the first of (2b) and after a little
algebra, Maxwell’s equations can be put in the form

∇.∇ · H/ − ∇2H + ¦Bt = Bt t : (3)

Thus the set of coupled equations (1) and (3) completely describe the propagation of
an EMW in a ferromagnetic medium and by solving them, we will obtain the nature
of propagation of the EMW in the ferromagnetic medium and the magnetization
dynamics of the medium. Therefore in the next section we solve them in the case of
one spatial dimension for specific magnetic interactions.

2. An electromagnetic soliton in an isotropic ferromagnetic medium

A. Charge-free medium The effective field due to spin-spin exchange interaction
and interaction with an external field in the case of an isotropic ferromagnet can be
written asM eff = [∇2M + 2AH]. When there are no free charges present in the
medium the term proportional to Gilbert damping in (1) is irrelevant and hence the
LL equation in this particular case ((1) whenÞ = 0) can be written as

M t = M ∧ [
Ĵ∇2M + 2AH

]
; M 2 = 1; (4)

whereA = g¼b, g is the gyromagnetic ratio,¼b the Bohr magneton and̂J represents
the exchange integral. HereH represents the external magnetic field which in our
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case is taken as the magnetic field component of the propagating EM field. In the case
of untreated ferromagnetic materials, the magnetizationM , the magnetic inductionB
and the magnetic fieldH are connected by the linear relationH = B=¼0 − M , where
¼0 is the permeability of the ferromagnetic material [4]. After using the above relation
and dropping the term proportional to¦ , (3) can be written as

c2∇2B − Bt t = 1

ž0

[∇2M − ∇.∇ · M /
]
: (5)

Here c = 1=
√
¼0ž0 is the velocity of propagation of the EMW in the medium.

Equations (4) and (5) govern the propagation of EMWs in a charge-free isotropic
ferromagnetic medium. We solve the above equations in the one-dimensional case
after making a multiple scaling and perturbation analysis [2, 12]. For this we introduce
the wave variablê¾ = x − vt and stretch the wave and time variables by introducing
¾ = "¾̂ , − = "3t , wherež is a very small parameter. We then expandB andM [2, 12]
uniformly asM = M 0 + "M 1 + "2M 2 + · · · , B = B0 + "B1 + "2B2 + · · · , substitute
them in the one-dimensional version of (4) and (5), collect the coefficients of different
powers of" and solve the resultant equations. The results atO."0/ show that the
magnetizationM 0 is restricted to the (y-z) plane (� = ³=2) and hence we choose
M 0 = .0; sin�.¾; −/; cos�.¾; −//. At O."1/ we obtainBx

1 = 0, BÞ
1 = k MÞ

1 and
M x

1 = .¼0v=2ABz
0/.@M y

0 =@¾/, wherek = [ž0.c2 − v2/]−1 andÞ = y; z. At O."2/

after using the results ofO."0/ and O."1/ (after lengthy calculations), we finally
obtain (for details see [2])

f− + 3

2
¼ f 2 f¾ + ¼ f¾¾¾ = 0; (6)

where

f = @�

@¾
and ¼ = ¼0k

4Avž0

[
Ĵ − v2k2

2A

]
:

Equation (6) is the well-known completely integrable modified Korteweg-de-Vries
(mKdV) equation possessingN-soliton solutions [14]. For instance, the one-soliton
solution of (6) can be written asf = 2a secha� , where� = ¾ − �− , a2 = �=¼ and
� = constant. Knowingf , � can be calculatedand hence we obtain they andzcompo-
nents of magnetization at the lowest existing order asM y

0 = 1− 2 sech2 a� andM z
0 =

2 tanha� secha� . Using the solution ofM y
0 in the relation forM x

1 we obtain thex-
component of magnetization at the lowest existing order asM x

1 = .¼0avk=A/ secha� .
From the values ofM andB, H can be calculated. The results show that the excitation
of magnetization, the magnetic induction and the magnetic field are highly localized
and appear in the form of solitons. To elucidate this we have plotted the components
of the magnetizationM x

1 , M y
0 andM z

0 in Figures1 (a)–(c).
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FIGURE1. Soliton excitation of the magnetization (a)Mx
1 , (b) M y

0 and (c)Mz
0 in the isotropic charge-free

ferromagnetic medium for� = 0:001,a = 1 andA = −¼ovk.

B. Medium with free charges When there are free charges present in the medium,
one expects damping and the LL equation in this case should be the complete version
of (1) with Gilbert damping.

M t = M ∧ [
Ĵ∇2M + 2AH

] + Þ
{
M ∧ [M ∧ .∇2M + 2AH/]}; M 2 = 1: (7)

Now the set of coupled equations (3) and (7) describe the EMW propagation in
the ferromagnetic medium with free charges. Following the same procedure as in
the case of charge-free medium [12], by choosing the conductivity¦ as¦ = "3¦

and the damping parameter asÞ = "Þ, after lengthy calculations we end up with a
perturbed mKdV equation with a dissipation termÞJ.@2 f=@¾ 2/, which upon making
the transformationsf ′ → f=2 and− ′ → ¼−=2 becomes

f ′
− ′ + 6 f ′2 f ′

¾ + 2 f ′
¾¾¾ = −2

ÞJ

¼
f ′
¾¾ ; (8)

whereJ = 4.¼A=¼0vk/. The term proportional toÞ in (8) leads to slow variation
of soliton parameters and distortion of the soliton shape [1]. The one-soliton solution
of this perturbed mKdV is of the formf ′ = 2g0.−

′/[sech.z/ − W.z; − ′/], where
z = 2g0.−

′/[¾ − �0.−
′/] and the parametersg0.−

′/ and�0.−
′/ are found from the

relations

dg0

d− ′ = 1

2

∫ ∞

−∞
R

dz

coshz
and

d�0

d− ′ = 4g2
0 + 1

4g2
0

∫ ∞

−∞
R

z dz

coshz
:
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FIGURE 2. (a) Deceleration of the electromagnetic soliton forÞ = 1:0, J=¼ = −1=4 andu.0/ = 1;
(b) damping of the magnetization soliton.Mx

1 /; and (c) distortion of the magnetization soliton.Mz
0/ in a

charged ferromagnetic medium.

The correction to the solitonW.z; − ′/ is determined from a cumbersome expression
which has the asymptotic formW = .z2e−z=32g4

0/
∫ ∞

−∞.R= coshz/dz, z → ∞, and
W = .2¦ ′z=32g4

0/
∫ ∞

−∞ R dz, z → −∞, where 1=¦ ′ = 8
∫

g2
0 d− ′. Here R stands

for the right-hand side of the perturbed mKdV equation. The above results give the
variation of soliton shape and we observe that the effect of Gilbert damping leads to
(i) the deceleration of the electromagnetic soliton, which is illustrated in Figure2 (a),
(ii) damping of the magnetization soliton which is shown in Figure2 (b) and (iii) the
distortion of the magnetization soliton at one end which is illustrated in Figure2 (c).

3. An electromagnetic soliton in an anisotropic ferromagnetic medium

A. Linear medium In nature, not all ferromagnetic materials are isotropic. The spin-
orbit coupling of the ferromagnetic ion in the medium may interact with the crystal
field of diamagnetic ions thus creating an easy axis or easy-plane-type anisotropy. The
anisotropy of the medium due to the crystal field effect can be introduced by inducting
a term of the form−2þM xn to the effective field whereþ is the anisotropy parameter



108 V. Veerakumar and M. Daniel [6]

andn = .1;0;0/. The undamped LL equation ((1) whenÞ = 0) in this case takes the
form

M t = M ∧
[

Ĵ∇2M + 2AH − 2þM xn
]
; M 2 = 1: (9)

Here the anisotropic axis (easy axis) is chosen to be along the direction of propagation
of the EMW (x-direction). The set of coupled equations (9) and (5) explain the
EMW propagation in an anisotropic ferromagnetic medium. Now we solve them
after stretching the wave variable to the same extent as in the previous cases and the
time variable by− = "2t . Also, we rescaleĴ andþ as Ĵ → " Ĵ and 2þ → "−1þ.
Due to the anisotropic nature of the medium here we nonuniformly perturb [13] the
magnetization asM x = M0 + "M x

1 + "2M x
2 + · · · , M y = "1=2

[
M y

1 + "M y
2 + · · · ],

M z = "1=2
[
M z

1 + "M z
2 + · · · ], and also the magnetic induction in the same way.

Now we solve the coupled equations (9) and (5) in one dimension using the same
perturbation analysis. AtO."0/, we obtain the relationBÞ

1 = k MÞ
1 , wherek ≡

.B0=M0/ = [ž0.c2 − v2/]−1. At O."1/, after using the results ofO."0/, we finally
obtainBx

1 = 0 and

 − −  X X X + +
 [| |2 ]
X

= 0; (10)

where = .M y
1 − i M z

1/, | |2 = M x
1 , 
 = −2Ak= Ĵ M0¼0 and − is rescaled as

.4Až0vk2= Ĵ¼0/− . While writing (10) we have used the transformationX = ¾ + þ= Ĵ
and consideredv=M0 � Ĵ. The N-soliton solution of (10) can be obtained using
Hirota’s bilinearisation procedure [3]. Using the same procedure it is found that the
one-soliton solution [9] of (10) takes the form

 = G² sech
[
G.X + G2−/ + Ž

]
; (11)

where

² =
[ −2 exp.2�0/


exp.�0 + �0
∗/

]1=2

and Ž = 1

2
ln

[−
exp.�0 + �0
∗/

8G2

]
:

Here�0 is a complex constant andG is a real parameter used in Hirota’s bilinearisation
technique. Further, theN-soliton solution can also be constructed as done in [9]. Using
(11) in the relation for and | |2 and also in the relation connecting the magnetic
induction and the magnetization, we obtain the components of magnetic induction
and the magnetic field. The above results show that the excitation of magnetization,
the magnetic induction and hence the magnetic field of the EMW are highly localized
and appear in the form of solitons.

B. Nonlinear medium Ferromagnetic materials when treated show a nonlinear re-
lationship between magnetic induction and the magnetic field which is represented
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by H = [B + BN L]=¼0 − M , whereBN L is the nonlinear component of the magnetic
induction. For our analysis we choose the nonlinear part of the magnetic induc-
tion BN L in terms of the magnetization of the ferromagnetic medium by writing
BN L = −u¼0

∫
M · [∇ · M ] dEx. Using this the LL equation can be written as

M t =M ∧
[

Ĵ∇2M + 2A

¼0

(
B−u¼0

∫
M ·[∇ ·M ] dEx

)
−2þM xn

]
; M 2 =1: (12)

Similarly, using the nonlinear relation in (3) and solving it with the LL equation (12)
as done in the linear anisotropic case [13] at O."1/ by making the transformation
 .�; t̂/ = q.�; t̂/ei .−�+t̂=18/=6 where� = ¾ + −=18 andt̂ = − and after rescaling− as
as−.4Až0k2v= Ĵ¼0/− , we finally obtain

iqt̂ + 1

2
q�� + |q|2q + i

[
q��� + 6|q|2q� + 3.|q|2/�q

] = 0: (13)

While writing (13) we have chosenAk = 3Ĵ¼0M0, þ = Ĵ=36, u = −1=2M0 and
assumedv=M0 � Ĵ. Equation (13) is the well-known integrable nonlinear evolution
equation proposed by Sasa and Satsuma [10] while studying the integrability aspects
of generalised nonlinear Schr¨odinger equations and theN-soliton solutions were
obtained by them using the inverse scattering transform method after finding the Lax
pair. Equation (13) also describes the propagation of optical pulses through dielectric
fibre medium when the higher order effect of the medium, namely the Raman process,
is taken into account [8]. For example, the one-soliton solution of (13) can be written
as [10]

q.�; t̂ / = �1ei F [2 coshG + .L − 1/e−G]
|L| + cosh[2G − log |L|] ;

where

G = �1

[
�− {�2 − .�2

1 − 3�2
2/}t̂ − �.0/

]
;

F = �2

[
�+ {.�2

1 − �2
2/=2�2 + .�2

2 − 3�2
1/}t̂ − �.1/

]
;

L = 1 − 6i �1

.6�2 − 1/
:

Here�2 = �0 + 1=6, �.1/ = �0�̂
.1/=� and�0 and�1 are real parameters and�.0/ and

�̂.1/ are real phase constants used in the inverse scattering technique. As before using
the above one-soliton solution and successive transformations we obtain the one-
soliton solution for and finally the components of magnetic induction and hence
the components of the magnetic field. This clearly shows that the nonlinearity of the
medium has modulated the magnetic field component of the EMW in the form of a
soliton.
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4. Conclusions

We have found that the propagation of EMWs in a charge-free isotropic ferro-
magnetic medium is governed by soliton modes. While soliton excitations of the
magnetic induction are restricted to the plane normal to the direction of propagation,
the magnetic field is restricted to the normal plane at the leading order of perturbation
and comes out at higher orders during propagation. However, when free charges are
added to the isotropic medium the electromagnetic soliton decelerates, the amplitude
of the soliton decreases and the shape of the soliton is distorted. Also when the EMW
propagates in a charge-free anisotropic (linear and nonlinear) ferromagnetic medium,
the magnetic field component of the electromagnetic field and the magnetization of
the medium are identified in the form of solitons.
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