ANZIAM J.44(2002), 103310

PROPAGATION OF AN ELECTROMAGNETIC SOLITON IN A
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Abstract

We study the propagation of electromagnetic waves (EMWSs) in both isotropic and
anisotropic ferromagnetic material media. As the EMW propagates through linear charge-
free isotropic and anisotropic ferromagnetic media, it is found that the magnetic field and
the magnetic induction components of the EMW and the magnetization excitations of the
medium are in the form of solitons. However, the electromagnetic soliton gets damped
and decelerates in the case of a charged medium. In the case of a charge-free nonlinear
ferromagnetic medium we obtain results similar to those for the linear case.

1. Introduction

Electromagnetic wave (EMW) propagation through ordered magnetic material media
has assumed lot of importance in recémes in the field of magneto optic&]]. In

this direction, some time ago Nakafd and Leblond §] separately studied the EMW
propagation in a ferromagnetic medium without taking into account the exchange
interaction in ferromagnets and found soliton excitations of magnetization of the
medium. In this paper, we present the results of EMW propagation in an isotropic
charge-free (both linear and nonlinear) as well as charged ferromagnetic material
media by taking into account the basic spin-spin exchange interaction. Our study
is based on the interaction of the magnetic field component of the EMW with the
magnetization of the ferromagnetic medium. The dynamics of magneti2dtiort)

in a ferromagnet in the classical continuum limit are in general governed by the
Landau-Lifshitz (LL) equation with Gilbert damping][

Mi=MAMg+aMAMAMg, M2=1, (1)
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whereM ¢ represents the effective field due to various magnetic interactions including
interaction with the external magnetic field. Here the suffisepresents partial
differentiation with respect to time. To study the propagation of EMWSs in any
material media we have to consider Maxwell’'s equations describing the dynamics of
the electromagnetic field.

1

V-E=—p, V.-B=0, (2a)
€0
B oE
VAE = ——, VAH =1 — 2b
ot teog (2b)

HereE = (E*, EY, E?) is the electric fieldB = (B*, BY, B?) is the magnetic in-
duction,H = (H*, HY, H?) is the magnetic fields, is the dielectric constant of the
medium, p is the charge density antlis the current density. For slowly-moving
charges the current density given above takes the foemo E, whereo is the con-
ductivity of the medium. Using this an@#) in the continuity equation for the free
current given by - J = —dp/dt, we obtainp (t) = p(0) exp(—ot/e). This shows
that any initial free charge densip(0) dissipates and therefore the first equation of
(29) takes the fornV - E = 0. Now, taking curl on both sides of the second equation
of (2b) and using the second relation dfg] and the first of 2b) and after a little
algebra, Maxwell's equations can be put in the form

V(V-H) — V?H + 0B, = By. (3)

Thus the set of coupled equatiori3 &nd @) completely describe the propagation of

an EMW in a ferromagnetic medium and by solving them, we will obtain the nature
of propagation of the EMW in the ferromagnetic medium and the magnetization
dynamics of the medium. Therefore in the next section we solve them in the case of
one spatial dimension for specific magnetic interactions.

2. An electromagnetic soliton in an isotropic ferromagnetic medium

A. Charge-free medium The effective field due to spin-spin exchange interaction
and interaction with an external field in the case of an isotropic ferromagnet can be
written asM¢; = [V?M + 2AH]. When there are no free charges present in the
medium the term proportional to Gilbert damping i) {s irrelevant and hence the

LL equation in this particular caselj(whena = 0) can be written as

M =M A[JVM +2AH], M?=1, (4)

whereA = guy, g is the gyromagnetic ratigy, the Bohr magneton andi represents
the exchange integral. Hek¢ represents the external magnetic field which in our
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case is taken as the magnetic field component of the propagating EM field. In the case
of untreated ferromagnetic materials, the magnetizafiopthe magnetic inductioB

and the magnetic fieldl are connected by the linear relatibn= B/, — M, where

1o is the permeability of the ferromagnetic materil [After using the above relation

and dropping the term proportional 4g (3) can be written as

1
c’V?B — By = —[V°M — V(V - M)]. (5)
€o

Herec = 1/./1o6 is the velocity of propagation of the EMW in the medium.
Equations 4) and 6) govern the propagation of EMWSs in a charge-free isotropic
ferromagnetic medium. We solve the above equations in the one-dimensional case
after making a multiple scaling and perturbation analyi$Z?]. For this we introduce
the wave variablé = x — vt and stretch the wave and time variables by introducing
£ = g€, T = &3, wheree is a very small parameter. We then exp&handM [2, 12]
uniformly asM = Mg+ &My + M, +---, B = By + ¢B; + 2B, + - - -, substitute
them in the one-dimensional version dj &@nd 6), collect the coefficients of different
powers ofe and solve the resultant equations. The result®@at’) show that the
magnetizatiorM, is restricted to they-z) plane ¢ = n/2) and hence we choose
My = (0,sinf(§, 7), cosd(&, 7)). At O(e') we obtainBf = 0, B = kM¢ and

M = (uov/2ABE)(0M/0§), wherek = [eo(c? — v*)] ! anda =y, z. At O(e?)
after using the results oD(¢°) and O(e?) (after lengthy calculations), we finally
obtain (for details se€?])

3
f1+5,uf2f§+,uf§g§ =0, (6)
where
060 ,LLok 2 U2k2
f=— = J— .
oz 2N k= e [ 2A

Equation 6) is the well-known completely integrable modified Korteweg-de-Vries
(mKdV) equation possessing-soliton solutions I4]. For instance, the one-soliton
solution of @) can be written ad = 2asechas, where; = &€ — nt,a? = n/u and

n = constant. Knowing , 6 can be calculated and hence we obtainthedz compo-
nents of magnetization at the lowest existing ordeMigs= 1 — 2 sechaz andMZ =
2tanha¢ sechag. Using the solution oM in the relation forMX we obtain thex-
component of magnetization at the lowest existing ord& is= (uoavk/A) sechas.

From the values dfl andB, H can be calculated. The results show that the excitation
of magnetization, the magnetic induction and the magnetic field are highly localized
and appear in the form of solitons. To elucidate this we have plotted the components
of the magnetizatioM}, Mg andM¢ in Figuresl (a)—(c).
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FIGURE 1. Soliton excitation of the magnetization (d}, (b) M3 and (c)M¢ in the isotropic charge-free
ferromagnetic medium fof = 0.001,a = 1 andA = —u,vk.

B. Medium with free charges When there are free charges present in the medium,
one expects damping and the LL equation in this case should be the complete versiol
of (1) with Gilbert damping.

Mi=M A [JVPM + 2AH] + a{M A [M A (VM +2AH)]}, M2=1 (7)

Now the set of coupled equation8) (and (/) describe the EMW propagation in
the ferromagnetic medium with free charges. Following the same procedure as in
the case of charge-free mediutZ], by choosing the conductivity aso = £%c
and the damping parameter@s= c«, after lengthy calculations we end up with a
perturbed mKdV equation with a dissipation tesd (82 f /0£2), which upon making
the transformation$’ — f/2 andt’ — ut/2 becomes

f,+6f2f +2f,, = —2% fl. (8)
whereJ = 4(uA/uovk). The term proportional te in (8) leads to slow variation
of soliton parameters and distortion of the soliton shdpeThe one-soliton solution
of this perturbed mKdV is of the fornf’ = 2gq(z")[sechz) — W(z, t')], where

Z = 200(t")[E — ¢o(r")] and the parametergy(z’) and ¢o(tr’) are found from the
relations

d_go_l

drr 2

and — =49’ + — :
_ coshz dr’ g°+4g§ . coshz

/OOR dz depo 1 OOR zdz



(5]

EMW propagation in a ferromagnetic medium 107

=
=
$~? 5

il
[
7
il
Vi1

iy

N\

M
\\\\Q\\

e
N\

\
NN
N
MR
AN
NN
\\\\\\\\

\

N\
N\

/
7
7y

7
iy
7
N

/

a7

7,
N
N
N\
\

°
g

.
\\\\

\\§§\\\\§§§

\
\
A\

N\
N
NN
AN
\

\QQ\

|

\

{

N\

<
ON
.
7
Y%
7y
N

l//
7

7%
Ty

_
7

__
2
%

7,

7

7

il

7
a7
iy

5//
7
W
%

7
7
i

7
7

7
7
iy

)

[ °
NU e U0 G0

Y
4
W

(c)

FIGURE 2. (a) Deceleration of the electromagnetic solitondoe= 1.0, J/u = —1/4 andu(0) = 1;
(b) damping of the magnetization solitohl;); and (c) distortion of the magnetization solito¥?) in a
charged ferromagnetic medium.

The correction to the solitoldV(z, ') is determined from a cumbersome expression
which has the asymptotic forw = (z%e7%/32g3) [~ (R/coshz)dz, z — oo, and

W = (20'2/3293) [° Rdz z — —oo, where Yo' = 8 [ g2dr’. HereR stands

for the right-hand side of the perturbed mKdV equation. The above results give the
variation of soliton shape and we observe that the effect of Gilbert damping leads to

(i) the deceleration of the electromagnetititem, which is illustrated in Figure (a),
(i) damping of the magnetization soliton which is shown in FigRi@®) and (iii) the
distortion of the magnetization soliton at one end which is illustrated in Figce

A. Linear medium

3. An electromagnetic soliton in an anisotropic ferromagnetic medium

In nature, not all ferromagnetic materials are isotropic. The spin-

orbit coupling of the ferromagnetic ion in the medium may interact with the crystal

field of diamagnetic ions thus creating an easy axis or easy-plane-type anisotropy. The

anisotropy of the medium due to the crystal field effect can be introduced by inducting
a term of the form-28M*n to the effective field wherg is the anisotropy parameter
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andn = (1, 0, 0). The undamped LL equationli{whena = 0) in this case takes the
form

MtzM/\[jVZM +2AH—2/3MXn], M2 =1. (9)

Here the anisotropic axis (easy axis) is chosen to be along the direction of propagatior
of the EMW (x-direction). The set of coupled equatior) @nd &) explain the
EMW propagation in an anisotropic ferromagnetic medium. Now we solve them
after stretching the wave variable to the same extent as in the previous cases and th
time variable byr = 2. Also, we rescale) andg asJ — ¢J and 8 — ¢ !8.

Due to the anisotropic nature of the medium here we nonuniformly perttite
magnetization adl* = Mg + eMS + &M} + -+, MY = 2[M] + eM) + -+ -],

M? = &¥2[M? + ¢M% + --- ], and also the magnetic induction in the same way.
Now we solve the coupled equatior @nd 6) in one dimension using the same
perturbation analysis. A©O(¢°), we obtain the relatioBf = kMg, wherek =
(Bo/Mg) = [e0(c? — v?H)]7L. At O(el), after using the results d (), we finally
obtainB} = 0 and

V. —1/fxxx++)/[|1/f|2‘/f]x =0, (10)

wherey = (M) —iM2), |¢|2 = M}, y = —2Ak/JMouo andt is rescaled as
(4Aeovk?/ J o) 7. While writing (10) we have used the transformati#n= & + g/J
and considered/M, < J. The N-soliton solution of {0) can be obtained using
Hirota’s bilinearisation proceduré]. Using the same procedure it is found that the
one-soliton solutionq] of (10) takes the form

¥ = Gp secG(X + G’1) + 48], (11)
where

_[_—2exp2n0) 17 and 5 — Ly [ Z7eX000 + 109
y €Xp(no + no*) 2 8G?

Heren, is a complex constant ar@@lis a real parameter used in Hirota’s bilinearisation
technique. Further, thid-soliton solution can also be constructed as dongirlJsing

(11) in the relation fory and|v|? and also in the relation connecting the magnetic
induction and the magnetization, we obtain the components of magnetic induction
and the magnetic field. The above results show that the excitation of magnetization,
the magnetic induction and hence the magnetic field of the EMW are highly localized
and appear in the form of solitons.

B. Nonlinear medium Ferromagnetic materials when treated show a nonlinear re-
lationship between magnetic induction and the magnetic field which is represented
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byH = [B + By.1/1o — M, whereBy, is the nonlinear component of the magnetic
induction. For our analysis we choose the nonlinear part of the magnetic induc-
tion By, in terms of the magnetization of the ferromagnetic medium by writing
Bni = —Uuo /M - [V - M]dX. Using this the LL equation can be written as

A 2A

M, =M A [JVZM +—<B—u,u0/M .[V.M]d?() —Z/SMXn} , M2=1 (12
Mo

Similarly, using the nonlinear relation i8)and solving it with the LL equationl@)

as done in the linear anisotropic cadég][at O(e') by making the transformation

v(n, t) = q(n, )@ 1+18/6 wheren = £ + /18 andf = t and after rescaling as

as—(4Aek?v/ o), we finally obtain

1 :
0 + 50y, + 1a1°a + i [y, + 6lalq, + 3(a®),q] = 0. (13)

While writing (13) we have choselk = 3JuoMo, B = J/36,u = —1/2M, and
assumed /M, <« J. Equation (3) is the well-known integrable nonlinear evolution
equation proposed by Sasa and SatsuhGhwhile studying the integrability aspects

of generalised nonlinear Sadihger equations and thi-soliton solutions were
obtained by them using the inverse scattering transform method after finding the Lax
pair. Equation {3) also describes the propagation of optical pulses through dielectric
fibre medium when the higher order effect of the medium, namely the Raman process
is taken into accoung]. For example, the one-soliton solution df3 can be written

as [10]

(. f) = k1€F[2coshG + (L — 1)e©]
408 = T T cosh2G —log L[]

where

G=x; [n — (Ko — (2 — ) - n(o)] ,
F =k [n+{(f — kD)2 + (cF — 3D —n™],
6| K1

L=1- ——.
6k, — 1)

Herex, = ko + 1/6, n® = k)P /i andk, andk; are real parameters ané® and

n® are real phase constants used in the inverse scattering technique. As before usin
the above one-soliton solution andcsessive transformations we obtain the one-
soliton solution fory: and finally the components of magnetic induction and hence
the components of the magnetic field. This clearly shows that the nonlinearity of the
medium has modulated the magnetic field component of the EMW in the form of a
soliton.
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4. Conclusions

We have found that the propagation of EMWs in a charge-free isotropic ferro-
magnetic medium is governed by soliton modes. While soliton excitations of the
magnetic induction are restricted to the plane normal to the direction of propagation,
the magnetic field is restricted to the normal plane at the leading order of perturbation
and comes out at higher orders during propagation. However, when free charges ar
added to the isotropic medium the electromagnetic soliexetérates, the arifude
of the soliton decreases and the shape of the soliton is distorted. Also when the EMW
propagates in a charge-free anisotropic (linear and nonlinear) ferromagnetic medium,
the magnetic field component of the electromagnetic field and the magnetization of
the medium are identified in the form of solitons.
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