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A BACKLUND TRANSFORMATION AND NONLINEAR
SUPERPOSITION FORMULA FOR THE LOTKA-VOLTERRA
HIERARCHY
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Abstract

A hierarchy of bilinear Lotka-Volterra equations with a unified structure is proposed. The
bilinear Backlund transformation for this hierarchy and the corresponding canonical Lax
pair are obtained. Furthermore, the nonlinear superposition formula is proved rigorously.

1. Introduction

Recursion operators and Hirota bilinear forms have played an important role in the
development of soliton theory. Recursion operators were first introduced by Olver
in 1977 R3] and developed by Fuchssteinéi pnd by Fokas and Santin24, 4],

while Hirota bilinear forms were introduced by Hirota in 19F). [By using recursion
operators, we can easily generate a hierarchy of integrable equations. However
recursion operators cannot be applied directly to bilinear equations. Instead recursior
operators are characterized by bilinear equations with a unified structure (or canonica
form). For example, starting from the isospectral problem

_( —iA axb _ ("
Y= (r(x,t) i A )\p, V= (1//2)

we can obtain the AKNS hierarch$,[1, 22]
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whereRis a recursion operator which is given by

_ 1 (—d+299.  2q3,7q
2 —2ra o —2ratq)”

By introducing an infinite number of variables= tj, t,, t3,... and consideringy
andr to be functions of = (t;, t5, t3, ... ) we have the equivalent equation

Ol 1 (—d+209,r  299.'q Ok,
= A -1 -1 , n=> 1
My 2i —2ro_-r 0y —2ro. g/ \ry,

Using the dependent variable transformatipa: o/, r = p/t one can deduce the
bilinear equations, which have a unified structt® [L2]:

i i
(Dtn+1_EDt1Dtn>0.T:O’ (Dtn+1+§Dt1Dtn>p°T :O, Dé‘[.‘[:—ZG,O,

where the Hirota bilinear operatoy! D;" are defined as3] 10, 19]
Dy’ Dla(x, t) «b(x, t) = (3 — 3,)™ (3 — d)"a(x, HbX', t') [x—x v=t-

It should be noted that the unified bilinear form (UBF) for the AKNS hierarchy was
obtained by NewellZ2] without explicit use of the recursion operator.

There are two systematic ways to obtain such a UBF; one way is the so called
recursion operator approach? 11] and the other is based on the structure of the
soliton solutions25]. As a result UBFs for several hierarchies of integrable equations
can be obtained. Since UBFs are candidates for recursion operators in bilinear form, it
is natural to derive such unified bilinear forms by using recursion operators where they
are available. Compared with the second method, this also avoids tedious calculation:
in testing multi-soliton solutions.

Onthe other hand, the remarkable advantage in finding UBFs based on the structurt
of the soliton solutions is that this approach does not depend on knowledge of the
recursion operator. This can lead in some cases to an unknown recursion operator.

In this paper, we will generalize UBFs to the case of differential-difference equa-
tions. By using a corresponding recursion operator, a UBF for the Lotka-\olterra
hierarchy is proposed. To our knowledge, this is the first example in literature giving
a UBF in the differential-difference case. Furthermore, a bilinezskBind transfor-
mation (BBT) for the Lotka-Volterra hierarchy is presented. From this BBT we obtain
the Lax pair for the Lotka-Volterra hierarchy in a concise form. Finally, a nonlinear
superposition formula is proved rigorously.
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2. A UBF for the Lotka-Volterra hierarchy

The Lotka-Volterra (LV) or Kac-van Moerbeke equation is given by
Uny = un(un—l - un+1) (1)

with u,, = d,U,. Much work has been performed of) @nd its generalization (see
for example 18, 26, 9, 16, 17, 3, 21, 27, 7, 20, 13, 15, 14]). In [27] a recursion
operator for {) was presented in the following form:

R=u,1+T)u,T- —T,u)(L—T) tu?
whereT.u, = U,41. As aresult, higher order LV equations can be written as

un,[k = Rkilunytl, k > 1
or equivalently
Unt = Rl’hytk—l' (2)
This equation can be bilinearized using the dependent variable transformation

_ fn—3/2 fn+3/2
" fn—1/2 fn+1/2 '
Using this last transformation we have that

fn+3/2,tk fn+1/2,tk fn—l/z.tk
-2

A+ T) U, Uny) =

’

fn+3/2 fn+1/2 fn—1/2
fn+3/2,tk,1 _ fn—l/z.tk,l

(1= T MU Uy ) =
fn+3/2 fn—1/2

Furthermore,1) and @) can respectively be transformed into the bilinear equations
[Dy, sinh(D,) + coshZD,) — coshiDy)] fae fa =0 (3)
and
Dtk fn+1/2° fn—1/2 = fn+3/2 fn—3/2,tk,1 - fn+1/2,tk,1 fn—1/2

— focr2n frryznc, + frrvyzises fnm12- (4)
Using (3), we can rewrite4) as
[Dy, sinh(3D,) + 3Dy, , sinh(ZDy)
+ 1Dy, sinh(3D,) — 1D, Dy, , coshZDy)] fne fh = 0, (5)

which is nothing but the UBF of the Lotka-Volterra hierarchy. Equatid)saqd 6)
together constitute the whole hierarchy of LV equations in bilinear form.
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3. Aunified BBT and a unified Lax pair for the Lotka-Volterra hierarchy

By application of the exchange formalism one can construct, using the neces-
sary exchange formulag\{)—(A6) (see Appendix for details) a bilinearaBklund
transformation for) and 6),

eDn fnogn = )\.fngn + MeiDn fn°gn’ (6)
(D, —re P — ) freg, =0, (7)
A A 22
[Dtk + EDtk,leiDn - ZDtkfleDn - ZDtkl] fn°gn = O’ (8)

wherei, u andy are arbitrary parameters.
Using the linearizing transformatiotr, = f,/0s, vn = On;10n-1/0> OnNe can
transform the unified BBT&)—(8) into the following Lax pair:

I—n‘,/fn = vnvfnJrl - )\K/fn - Mvnwn—l =0, B,gl)l/fn = wn,tl - Avnwn—l - VK/fn =0,
A2 A2
Brgk)‘/fn = ‘S[/n,tk - ;Un,tHK/’n - )\'vn(Unytk—l + Un+1,tk71)1/fn—1 - ;wn,[k—l =0

with k > 1 andU, = >;°,In(v,_1_1). The compatibility condition
(L,B® — B¥Ly)y¥n =0

is satisfied whem, = vy, 120,12 Satisfies ).

4. A nonlinear superposition formula for the Lotka-Volterra hierarchy

In this section we present a superposition formula for the solutions of the B)BF (
and 6).

ProPOSITIONL. Let f, be a solution of the system given 8y and (5). Suppose
that f; (i = 1, 2) are two other solutions of3) and (5) which are related tof, under

the unified BBT(6)~(8) with parametersh;, wi, 1), thatis, fo "2 f, (i = 1,2),
wherexd, #0, f; #0(j =0,1,2). Thenfy, defined by

eféDﬂ foo f12 =C |:)\-1€7%Dn - )\-Ze% Dn] fl‘ f27 (9)

wherec is a nonzero constant, is a new solution which is related;tand f, under
the unified BBT6)—(8) with parametersga,, u,, ¥») and (A1, p1, y1) respectively.
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PrOOF. Similar to the deduction inl4], we can show that

fofio = c[ni€® + ue™] fie fy, (10)

—Dy, fre fo+ (2 — y) f1 fo — (1/0)e P fou f1, = 0, (11)
[€% — & —pje™] fief,=0, i#j i,j=12
[Dy —Aje P —y] fiefo=0, i#£j, i,j=12

In order to prove Propositioh, it suffices to show that
|:Dtk + % D, e > — % D,_,e" — % Dt“] fiof=0, i#j,i,j=12 (12)
Since f; and f, are two solutions of3) and 6), we have that
[2% f,. f,] {[ Dy, SINN(2Dy,) + 1D, , sin(2D,) + 1D, , sinh(1Dy)
—1D,, Dy, coshiDy)] fie f1} — {[ Dy sinh(3Dy,) + 2D, , sinh(2D,)
+1D,, , sinh(1D,) — 1D, Dy, , coshiDy)] fze fo) [€2° fye 1]
— 2[ D, ,€2% f,« f,][ Dy, SINN(ED,) + €22 — €200 f,. 1,
+ 1[ D, ,%% f;4 f1][ Dy, SINN(LD,) + 2% — ei2] f,. f, = 0. (13)
Using formulas A1)—(A10), (9)—(11) we can rewrite {3) as
—%e%D" fofie {|:Dtk + A—z‘DtHefDn - % Dy e — % Dt“] fie flz} =0,

fori # j,i, ] = 1, 2, which means thatlQ) holds. Therefore we complete the proof
of PropositionL.

As an application of the nonlinear superposition form@)aye shall now construct
soliton solutions of the Lotka-Volterra hierarchy in bilinear form. Choose for example
fo=1,c=1/(A1 — XA,). Itis easily verified that

/ F12
14 emn (A1, 1, Y1)

(A1s 1, Y1)

(A2, 2, v2)
where
— P1 _ P2 P2 P1
Fo=1+ mem + Mehz + Meamnz)
A — A2 Ao — A A — A2
withn; = —p n+wi(l)tl+. . ._|_a)i(k)tk_|_. .. ’wi(l) — sinh(2pi), A = 1427, Wi = — 2

¥ = —(1+ ) ando® = (—1)*le2k-Dp (1 4 e27)2k-D sin2p,). In general,
along these lines, we can obtain multisoliton solutions for the Lotka-Volterra hierarchy
(3) and 6) step by step.
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5. Conclusion

In this paper we derived a UBF for the Lotka-Volterra hierarchy through the bilin-
earization of the recursion operator. Applying the exchange formalism we obtained
the corresponding unified BBT leading to a unified Lax pair. Finally, we proved a
nonlinear superposition formula for this Lotka-Volterra hierarchy.
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Appendix A. Hirota bilinear operator identities

The following bilinear operator identities hold for arbitrary functien®, c andd:
[€P"b.b][ D, sin(§D,)a.a] — [e'Pa.a][ D, sinh(8 D,)b. b]
= 2sinh(6D,)(D,a«b).ab, (A1)
[D,D;et™a.a][e:>b.b] — [D,D;e:>b.b][e:"a.a]
- [Dye%D"a.a][Dtele"b.b] + [Dyele"b.b][Dte%D"a.a]
= 2D, cosh: D,)(D;a.b).ab, (A2)
[DyegD"a.a][ele"b.b] — [DyegD"b.b][ele“a.a]
- [egD"a.a][Dye%D"b.b] + [Dyele"a.a][egD"b.b]
= 2Dy cosh3D,)[ePa.b].[e Pra.b], (A3)
sinh(6Dy)a.a =0, (A4)
Dy cosh3D,)[e Pra.b].ab
= —sinh(3 D,){[Dye "a.b].ab+ [Dya.b].[e "ra.b]}, (A5)
Dy cosh(3Dy)[e™a.b].ab
= sinh(3 D,){[Dyea.b].ab+ [Dya.b].[ePa.b]}, (A6)
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2sinh(8D,)(D,a.b).ab = D;[e’Pa.b].[e*Pra.b], (A7)
D[€'P"a.b].[e*""c.d] = €°"[(D,a.d).bc— ad.(D;c.b)], (A8)
2D, cosh(3D,)[e Pa.b].cd
= e*%D"{[Dye*D“a.d].cb— ad.[Dye "c.b]
+ [Dya.d].[e"""c.b] — [e ™a.d].[Dyc.b]}, (A9)
2D, cosh(3 D,)ab.[ePc.d]
= e*%D"{[DyeD"a.d].cb— ad.[D,e”c.b]
+ [Dya.d].[e>c.b] — [e®ra.d].[Dyc.b]}. (A10)
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