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GROWTH THEOREMS FOR HOMOGENEOUS SECOND-ORDER
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Abstract

In this paper we investigate the boundedness and asymptotic behaviour of the solutions
of a class of homogeneous second-order difference equations with a single non-constant
coefficient. These equations model, for example, the amplitude of oscillation of the weights
on a discretely weighted vibrating string. We present several growth theorems. Two
examples are also given.

1. Introduction
In this paper we shall study the second-order linear difference equation of the form
Xni1 + baXn + X221 =0, neN, 1)

wherex, is the desired solution artg) is a given real sequence. We shall investigate
the boundedness and asymptotic behaviour of the solutiof)of (

This equation models, for example, the amplitude of oscillation of the weights on
a discretely weighted vibrating strind,[pp. 15-17].

Results for similar problems for second-order differential equations can be found
in [3].

If b, = —2,n € N, we havex,.; — 2x, + X,_1 = 0. This equation has a general
solution in the forman + b, wherea, b are arbitrary real numbers and thus has
unbounded solutions. It is well-known thathf = d € R, n € N, whered > 2
ord < —2, then the equation also has unbounded solutions. This motivates us to
investigate the caseswhet? < b, < 2,n € N, especially whety, — 0 asn — oc.
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The following “symmetry principle” is very useful in the consideration df. (If
we make the changg, = (—1)"x,, (1) becomes

(_1)n+1(yn+1 - bnyn +Y¥-1=0, neN,
that is,
Yor1 —bnYn+ Y1 =0, neN.

Thus it is enough to investigate the cases whén< b, < 0,n € N. For example,
if we show that, under some conditions, whef < b, < 0,n € N, (1) has either
bounded or unbounded solutions, then this also holdsjariien O< b, < 2,n € N.

Using the substitutiol, = —2/(1 + ¢,) we may transform the relation of interest
into

Xnp1 — 2Xn + Xpo1 + Ci(Xnp1 + X0—1) =0, neN, (2)

which is in a more suitable form for the calculations which follow (see &$o [

2. Preliminaries

For investigation of the boundedness and asymptotic behaviour of the satytion
we will need a few auxiliary lemmas. The first of these is a discrete variant of the
Bellman-Gronwall lemma. The continuous case of this lemma can be fourf] in [
and [].

LEmmA 1. If x5, C, > O, C is a positive constant ank, < ¢ + Zi”;ll CiX,neN,
thenx, < cexp(3/-,;c),neN.

Proof of this lemma and further generalizations can be found]i(sge also §]).

LEMMA 2. Letc,, n € N U {0}, be a positive sequence arglbe a solution of the
difference equatiof2). Then

(Xnr1 — %n)® + CoXZ, g 4 CooaX?
n—-1
= (X — X0)? + e x& + cox® + Z(Ci+1 —G_1)x2, neN. (3)

i=1
PrOOF. Multiplying (2) by Xn11 — Xn_1 = Xny1 — Xn + Xn — Xn_1 We get

Xnp1 — X2 = (X — Xn-1)? + C(X2, — X2 ) =0, neN. 4)
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It follows from (4) that

D L0 =X = (6 =%+ )G 0¢, — X7 ) =0.
i=1

i=1 i=

Hence for alln € N we obtain B).

3. Main results

We are now in a position to formulate and to prove the main results of this paper.
From hereafter we shall exclude the trivial solution from our considerations.

THEOREM 1. Letc,, n € N U {0}, be a positive nonincreasing sequence apte
a solution of(2). Then the sequences,; — X, andc,_;x? are bounded. Further, if
lim,_« C, > 0, thenx, is bounded.

PrOOF. From (3) we have
2 2 2
(41 = Xn)® 4 CaXZyy + CnoaX? < (X4 — X0)® + C1X5 + CoXf

sincezi";ll(ciH — Gi_1)x? < 0. From that we have the first part of our theorem. In
particular,c,_1x2 < (X; — Xo)* + C1X3 + cox? = M, for all n € N. Therefore if
lim,_« C, > 0, we have

M M

< ——— < +o0.
Cro1 ~ limp_ oy

xZ <
Thus the second part of our theorem follows.

THEOREM 2. Letc,,n € N U {0}, be a positive nondecreasing sequence such that
¢, > & for n > ny andx, be a solution of(2). Thenlimsup, ., ., ¢,x2 > O.

PrOOF. Without loss of generality we may suppose that= 1. From @) we get
(a1 = Xn)® 4 CaXZyy + CoaX? > (X4 — Xo) + C1X) + CoX?.

On the other han@k; — %0)? + €1X3 + CoxZ > 0, since we may suppose thgtandx;
are not both equal to zero at the same time.

By the inequality between the arithmetic and geometric means andcinee,
we have

2
(X1 — Xn)? < 206, +X2) < g(cnxnz+l +C1X?), neN.
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From all of the above we obtain

2
(1 + 3) (CaXiiy + Cro1X)) = (X — X0)® + C1Xg + Cox; > 0, neN.

Lettingn — oo in the last inequality we obtain that

4\ .
(2 + 3) limsupc,x? > (X; — Xo)* + C1X5 + CoX2 > 0

n—o00
Thus the theorem follows.

The following theorem was essentially proved &.[In order to make this paper
more complete we shall present its proof here.

THEOREM 3. Letc,,n € N U {0}, be a sequence such thgt> 6 > 0,n € N and
> %Y ICi41 — Gi_1| < oo. Then all the solutions of2) are bounded.

PrOOF. From (3) we have

n-1
2 2 2 2 2
CoaX? < (X4 — X0)? + X3+ CoxE+ Y |G —Goalx?, neN
i=1

sincec; > 0.
Sincec, > § > 0,n € N, by the Bellman-Gronwall lemma we get

-1
(X1 — Xo0)2 + C1x2 + CoX2 1«
2 0 1
X, 5 exp g ig:l |Ci+1 —Ci_1] ).

IA

Hence

IA

X1 — X0)2 + C1X2 + CoX? 15~
X2 e 510 COleXp §Z|Ci+1—cifl| < 00,
i=1

Therefore all solutions of) are bounded.

THEOREMA4. Letc,, n € N U {0}, be a positive nondecreasing sequence such that
1<m=<cyi/Ch < M < oo,neNU{0} andx, be a solution of(2). Then

—2. —1
Xﬁ _ ﬁ(crl:/I(M+l)fl) and X,? iy (CrI;AP/mP +MP/mP 71)

foreachp > 2, peN.
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PrOOF. From (3) we have

n-1

2 2 2 2 2
Coo1X? < (X — X0)* +CX§ +CoXf + ) (G —GpX, neN
i=1

sincec; > 0.
The last inequality can be writen in the form

G G
Cn—lxﬁ S C + Z Mcl+pilxi2’ (5)

whereC = (X — Xo)? + C¢1X2 + CoxZ andp € N is fixed.
Sincec, > 0, (5) is equivalent to

n+p— 1 -1 (C C )
i+1 i—1 2
Co p1Xs ]_[ Z—cwpflxi,
i=1 Citp1
that is,
n+p-1 n-1
C (= Ci_1)
2 i i+1 7 V-1 2
Chpp-1Xy = — | C+ ——— G p-1X
iy G —y Ciip-1
n-1
(G2 —Ci—1)
<MP{C+ s — Ci+p-1X
i=1 Ci+p71

By the condition of the theorem and the discrete Bellman-Gronwall lemma we obtain
n-1 C C
2 i+1 — Gi—1
Chpp_1Xs < Cexp|MP Y — ——
n+p n < ; Ci+p,l

sinceci,; — C_; > 0.
Let us estimate the su@”;ll(ciH — Ci_1)/Ci4p-1. First, we note that

n-1 n-1 p—2 n-1 p—-1
ch+l C|+l l_[ C|+] +ZC| —GC1 C|+j71
i=1 C'+p 1 i=1 C'+l j=1 C'+]+l i=1 j=1 Ci+j

By the condition of the theorem we haeg/ci,; < 1/mfor alli € N. Thus, for
p > 2, we have

n-1 C —c n-1 C —c n-1 C —C
Z i+1 i—1 < i+1 i + i i—1

; p-2
C|+l m =1 Ci

6
i1 G-t i=1 - ©
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and forp =1,
n-1 C n-1 C —c n-1 C —0C
|+1 i+1 IM +Z i |71'
i=1 G i1 G+ i=1 G
On the other hand, we have
n-1
Cii1— G & dx
ST < / =2 (7)
- Cin g X
and
n—-1
G —GCi_ S dx
- < — (8)
— G o X
By (6)—(8), we get
n-1 : o~ Cn Ch-1
i=1 Citp-1 me-2 q X me-t Co X
1
— Incy), for p=> 2,
and
n-1 C C
22~ Mdnc, —Inc) + (Inc,_; —Incy), for p=1.
i=1 !
Hence, since, is nondecreasing, we have
n-1
Ciy1—GCi1 1 1
Inc,+C, for p>2
=t (mp2+mpl) - p=
and
n-1 C C
%S(Mle)lnanrC, for p=1.
i=1 !
From all of the above we get
Cnip 1XZ < Cexp(M P (mPZ p1> Inc, + C) , for p>2
andc,x? < Cexp(M(M + 1)Inc, + C), for p = 1. Thus we have
Cn+p—1X§ < CCn P/mP=24MP/mP-1 < CCanéTiferMp/mP*l’ for p>2
that is,
= Caypny M 9)

andc,x? < CcMM+D for p = 1. From that the theorem follows readily.
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ReMARK 1. Throughout the above proof we us€dio denote a positive constant,
the value of which may vary from line to line.

COROLLARY 1. Letc,, n € N, be a positive bounded nondecreasing sequence such
thatl <m < c¢,,1/¢, < M < o0, n € N. Then all the solutions of2) are bounded.

REMARK 2. Note that the condition ¥ m < ¢,,.1/¢, < M < oo, n € N, implies
that the sequendg,) in Theoreml and Corollaryl is nondecreasing.

THEOREMS. Letd,, n € N, be a positive, unbounded, strictly concave sequence.
Then Equatior{1) whereb, = —(d,,1 + d,_1)/d, has unbounded solution arg —
—2asn — oo.

PrOOF. It is obvious that, is an unbounded solution of), Sinced, is a strictly
concave sequence, that @&,.;+d,_;<2d,, neN, we haved,,;—d,<d,—d,_1, neN.
Thus the sequenak,; — d, is decreasing. Therefore there exists,lim (d,+1 — dy)
of finite or infinite value (that is;-00). Let lim,_ o (d.1 — dy) = d. If d < O from
d, =d; + Zi";ll(diH — d) we conclude thatl, is negative for sufficiently larga.
Then we arrive at a contradiction with the positivity assumptiordgnSo we have
d > 0. Hencel,,; > d,, n € N. Since

lim (Ohy1 — dy) = lim d, (% - 1) =d < 400

n

and lim,_, . d, = +00, we get lim_ . (dr+1/dy) = 1. It follows that

. . d (o
lim b, = — lim GriatChos 5
n—o00 n—o0 dn
ExamvpPLE 1. Consider the difference equation
Inn+1 +Inn-1
Xnt1 — (nt+DH+nl )Xn+Xn71=O, n=> 2.

Inn

This equation is of the form oflj and obviously has solutiox, = Innandd, = Inn,
n > 2, satisfying the conditions of Theorein

ExamvPLE 2. Consider the difference equation

n—+ 1)¢ n— 21
Xn+1_( + ) :;( ) Xn+Xn71=O, I’IGN,O(E(O,l).

This equation is of the form oflj and obviously it has solutior, = n®. Itis clear
thatd, = n® is a positive, unbounded and strictly concave sequence, since the function
f(X) = x*% a € (0, 1), is such a function.
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By the “symmetry principle” we can obtain analogous theorems in thelzase
(0,2),n € N.
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